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Abstract: This study presents a deterministic mathematical model to investigate the
transmission dynamics of HIV/AIDS, with a particular focus on mass rape as a significant
driver of new infections and the mitigating effects of post-exposure prophylaxis (PEP) and
antiretroviral (ARV) treatments. The model explicitly incorporates intensity of rape into the
transmission framework and assesses the impact of PEP in reducing new HIV infections.
Analytical results include the existence and uniqueness of positive solutions, equilibrium
points, the basic reproduction number (R, ), and global stability conditions for both disease-
free and endemic equilibria. Numerical simulations are performed to support and illustrate
the analytical findings. The results reveal a linear relationship between the incidences of rape
and R, while showing an inverse relationship between PEP coverage and R, indicating that
timely and widespread PEP administration can significantly reduce HIV transmission,
especially in regions affected by sexual violence. Furthermore, the study demonstrates that
combined intervention strategies involving both PEP and ARV treatments produce
synergistic effects, substantially suppressing HIV transmission. These findings emphasize the
importance of integrated treatment strategies over isolated interventions. Despite the
substantial impact of these interventions, the model suggests that the disease remains
endemic under certain conditions. By explicitly integrating conflict-related factors,
particularly mass rape and treatment disruption, this model provides a novel, evidence-based
framework for informing policy in humanitarian emergencies. It enables global health actors
to prioritize interventions and allocate limited resources more effectively.

Keywords: HIV/AIDS; conflict related rape ; PEP: ARV; mathematical modeling; stability
analysis

1. Introduction

The human immunodeficiency virus (HIV) continues to pose a serious public
health challenge worldwide [1,2], with an estimated 38.4 million people currently
living with the virus [3]. HIV primarily affects the immune system and, if left
untreated, can progress to acquired immunodeficiency syndrome (AIDS). The
primary transmission routes of HIV include unprotected sexual contact, mother-to-
child transmission, sharing of contaminated needles, and transfusion of infected
blood [4,5]. However, in recent decades, conflict-related sexual and gender-based
violence (SGBV), particularly rape, has emerged as a significant and underexplored
mode of HIV transmission, in conflict-affected regions [6—8].

The intersection of HIV transmission and SGBV is particularly alarming in
regions plagued by civil unrest, where widespread rape is used as a weapon of war.
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Studies show a marked increase in HIV incidence in countries undergoing armed
conflict, with evidence from seven conflict-affected sub-Saharan nations indicating a
sharp rise in sexual violence and HIV transmission rates [7,8]. Data from the war in
Tigray, northern Ethiopia, revealed that in a community based survey; approximately
2.7 % of women who survived conflict-related sexual violence were HIV-positive
[9]. Furthermore, in Rwanda, 60-80% of women raped during the 1994 genocide
were estimated to be HIV-positive, compared to 13.5% in the general population
[10]. The increased vulnerability of women and children during conflicts, due to
displacement, weakened healthcare infrastructure, and limited access to protection
further exacerbates the risk of HIV acquisition [11-14].

To mitigate the spread of HIV, major advances have been made in treatment
and prevention. ARV has significantly reduced morbidity and mortality among
people living with HIV [4]. Moreover, pre-exposure prophylaxis (PrEP) and PEP
have emerged as crucial biomedical interventions in HIV prevention strategies. PEP,
in particular, involves the intake of antiretroviral drugs for 28 days following a
potential exposure, such as rape, and is most effective when initiated within 72 hours
[15-17]. Nsuami and Witbooi [17] demonstrate that timely initiation of PEP
significantly reduces the risk of HIV acquisition after recent possible exposure to
HIV.

Despite these medical advancements, the implementation of PEP in conflict
settings remains limited. Many survivors do not receive timely care due to stigma,
lack of access, or disrupted healthcare systems. Integrating PEP into emergency
response protocols in war-affected areas is therefore critical to curb rape-related HIV
infections [16,17].

Mathematical modeling has emerged as a powerful tool to understand the
complex dynamics of infectious diseases, including HIV/AIDS. These models offer a
cost-effective, flexible, and scalable approach to assess transmission patterns,
evaluate intervention strategies, and predict epidemic trajectories under different
scenarios [17-25]. Models incorporating rape and SGBV as specific transmission
pathways have been relatively limited, with most focusing on general HIV
transmission dynamics. Nonetheless, a few studies have highlighted the importance
of including these factors. Anema et al. [7] and Virginie et al. [8] have demonstrated
the importance of including SGBV-related parameters to evaluate epidemic
outcomes in conflict zones. Additionally, Baba et al. [26] and others [27] presented
models highlighting how behavioral and treatment interventions can mitigate the
impacts of rape-driven HIV transmission.

In this study, we extend previous models by explicitly incorporating mass rape
as a transmission driver and the role of PEP as a mitigating intervention. Our
compartmental epidemic model integrates key HIV dynamics with the effects of
sexual violence and post-exposure treatment. This approach allows us to simulate the
epidemiological consequences of conflict-related rape and assess how PEP coverage
levels influence HIV incidence and prevalence.

The main aim of this paper is to investigate the potential impact of mass rape
during conflict on HIV transmission dynamics and to examine the effectiveness of
PEP in reducing rape-related HIV infections. By combining epidemiological data,
clinical intervention strategies, and mathematical modeling, this study provides a
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novel and comprehensive framework for understanding and responding to HIV
epidemics in conflict settings.

2. Model description and formulation

The model we developed here is an epidemic model for the transmission
dynamics of HIV-AIDS with treatment. The model incorporates some essential
variables and parameters that enable the assessment of the effect of mass rape on the
transmission dynamics of HIV/AIDS as well as the effect of PEP on reducing new
HIV infection. The model assumptions and descriptions of the system variables and
parameters are presented in the next sub sections.

2.1. Description of model variables and parameters

For our study purpose, the total population N at time t was divided into five
mutually exclusive compartments: susceptible individuals S(t), infected individuals
with no clinical symptoms I(t), infected individuals due to rape with no clinical
symptoms I,.(t), infected individuals with clinical symptoms J(t) and a class of
individuals with full-blown AIDS A(t) . The total population N(t) is

N(t) = S() +1(0) + L(t) +] () + A() (1

The model specifically focuses on the HIV transmission dynamics due to rape
incidents by considering settings where rape is prevalent. In conflict-affected regions,
mass rape is frequently used as a weapon of war, and access to healthcare is often
severely disrupted due to infrastructure collapse, stigma, and population
displacement. These disruptions hinder timely access to PEP and ARV, both of
which are critical for preventing HIV transmission and progression.

To reflect these real-world constraints, the model incorporates variable PEP (¢1)
and ARV treatment rates (¢») across different scenarios. For conservative estimation
under parameter uncertainty, it assumes an equal average number of sexual contacts
(¢) and a uniform transmission probability (;) for both consensual and non-
consensual (rape) sexual encounters, although evidence suggests that rape carries a
higher per-act transmission risk. The model also assumes equal natural birth and
death rates (u), maintaining a demographically stable population in the absence of
AIDS-related mortality.

While treatment effectiveness in practice depends on adherence and timeliness,
the model simplifies these dynamics by assuming that individuals receiving PEP or
ARVs return to less infectious or susceptible compartments with full efficacy.

2.2. Assumptions and model formulation

The hypotheses and guiding principles of our HIV epidemic model are
translated into the following core assumptions:

(A1). Homogeneous Mixing: The population mixes homogeneously, meaning
each individual has an equal probability of interacting with any other individual,
regardless of demographic or geographic distinctions.
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(Az). Large Population Size: The total population size N(t) is assumed to be
sufficiently large to allow deterministic modelling using continuous variables and
ordinary differential equations.

(A3). Constant Natural Demographic Rates: Births and natural deaths occur at
a rate pu and we assume demographic equilibrium where the birth rate equals the
natural death rate.

(A4). Recruitment rate: New individuals enter the susceptible population at a
rate LA, maintaining the replenishment of susceptible in the system.

(As). Transmission Pathways: HIV is transmitted through two primary routes:

e  Non-rape-related exposures: including consensual sex, needle sharing,
contaminated blood, and vertical transmission.

e  Rape and SGBV-related exposures: This rout reflecting the distinct progression
associated with conflict-related sexual violence.

(As). Uniform Transmission Probability and Infectivity: Though it is well
documented that Probability of transmission in SGBV is high, for conservative
modeling, the same transmission rate (f;) is assumed for all sexual exposures,
removing the distinction between consensual and rape-related transmission
probabilities. The symptomatic class J has a higher transmission rate 8; with ,>
p; reflecting greater infectivity due to higher viral load and more advanced disease
stage.

(A7). PEP and ARV Intervention:

e  PEP is administered to individuals in the I, compartment at rate ¢4, allowing
them to return to the susceptible class if effective.

e ARV is administered to individuals in the ] compartment at rate ¢,, allowing
them to return to the asymptomatic infected class I, and reflecting treatment-
induced viral suppression.

(As). AIDS Stage Assumption: Individuals who progress to full-blown AIDS (A)
experience a high death rate 9, and their ability to transmit the virus is assumed to be
negligible due to disease severity, immobility, or death.

(Ay). Constant Disease Progression:

e Disease progresses from the asymptomatic classes [ and [, to ] at a constant
rate of k; and a; respectively. Furthermore, from the symptomatic class J to the
full-blown AIDS class A at a constant rate of k.

. Impact of rape during conflict: a fraction 8 of new infections result from rape-
related exposures, reflecting the epidemiological burden of SGBV during armed
conflict.

(Ao). Effectiveness of PEP: PEP is assumed to be most effective when initiated
within 72 hours of exposure and continued for 28 days, which is modelled by the
parameter ¢;.

Based on the model assumptions, the above list of variables as well as
parameters, the population flow diagram of the HIV epidemic model is presented in
Figure 1.
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Figure 1. Flow diagram of the HIV/AIDS model with raped compartment and PEP
intervention.

With an appropriate in-flow and out-flow rates of each compartment, the
population flow diagram shown in Figure 1 can be translated into HIV/AIDS
epidemic model. Thus, deterministic HIV/AIDS epidemic model involving raped
compartment with the use of PEP is presented using a system of DEs with non-
negative initial conditions in Equation (2).

ds

dl

== (=045 — (ks + WI+0,]
dl

d—tr =0AS — (ay + 0 + I, ¢ ()

dj

__k11+a117-_(k2+®2 +ll)]

dt
dA

== ko) =~ (u+ )4

S5(0)=S5,>0,0)=1,=20, ,(0)=1,=20, J(0)=]J,=0and A(0) =
Ay = 0, where A = c(B41 + S11- + B2]) is force of infection.

3. Invariant region, existence of solution and positivity of the
solution

Since the model addresses changes in the human population, the variables and
the parameters are expected to be positive for all t = 0. Furthermore, our system
needs to be analyzed in a bounded feasible region; i.e., if the system has nonnegative
initial data, then the solution of the system needs to remain positive inside the
feasible region for Vt > 0.

3.1. Invariant region

Here we show the invariant region, in which the model solution is bounded. For
this purpose, we consider the following theorem.

Theorem 1. Let S(0) > 0,1 (0) = 0,1,.(0) = 0, J(0) = 0,A(0) =0 be the
initial conditions of the model system. Then, the solutions {S,1,1,,], A } of the system
are bounded ¥t = 0.
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Proof: First we considered the total human population N =S+ 1+ [, + ] + A.
Then, differentiating N both sides with respect to ¢t leads to;

dN
— =S+ '+ +] + A 3)
dt

Combining (2) and (3), we can get 2—1;] < pun —uN — 8A.

In the absence of mortality due to AIDS becomes

dN
— < un —uN 4
gr S H (4)

Equivalently this inequality can be expressed as Z—IZ + uN < un . Upon solving

the inequality, the general solution is given as N(t) < A + Ce ¥, but, N(0) is the
initial values of the respective variable N(t) = N(0) att = 0. Thus, the particular
solution is expressed as

N(t) < A+ [N(0) — ale Ht (5)

Moreover, N(t) — A ast — oo. That is, the total population size N (t) takes off
from the value N(0)at the initial time t = 0 and ends up with the bounded value A
as the time t — oo, Therefore, it can be concluded that N(t)is bounded as 0 <
N(t) < A .Thus, the feasible solution set of the system of equations for the model
enters and remains in the region:

r={@S,11,],A) €R3:N(t) < A} (6)

Therefore, the epidemic model (2) is epidemiologically and mathematically
well posed. Hence, it suffices to study the dynamics of the basic model in the region
r.

3.2. Existence of the solution

Theorem 2. (Existence) Solutions of the model (2) together with the initial
conditions S(0) > 0, 1(0) = 0, 1,,(0) > 0, J(0) = 0, A(0) > 0 exist in R3; i.e, the
model variables S(t),1(t), I.(t),] (t) and A(t) exist for all t and will remain in R3.

Proof: The right hand sides of the model equations in (2) can be described as
function of f;(S,1,I,.,],A) = f; , where i = 1,2,3,4,5.

fi=un = (A+DS+0ul;
fo= A =0)AS — (ky + WI+0,]
fz =045 — (a; + @1 + W1 (7)
fa=kil+aily — (ky + 0, + 1))
fs =k —(u+d)A
Let I" denote the region I' = {(S,1,1,,],A) € R}: N(t) < a}. Then according
the Derrick and Groosman theorem cited in [28], the DEs in (2) have a unique
solution if df;/ dx; ,i = 1,2,3,4,5, are continuous and bounded in I". Here, x; = S,
Xp=1,x3=1I,x4,=J]andxs = Aand A = c(B,] + B11 + B2]).
Table 1 bellow summarizes the continuity and boundedness of the system:
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Tablel. Continuity and boundedness of the mode derivatives.

ofi s

§=|—(A+M)|SA+u<oo (3S=|i9’/1|<°o
%=|—cﬂlsl<oo %= |c6B;1S| < o
g—€=|—cﬁ15+®1|<00 Z—]IE=|C931S—(‘11+@1+#)|<°°
T sl <o L~ rcopsi <
%=0<oo %=0<°°
%=I(1—9)Al<oo %=0<°°
%=|C(1—9)ﬂ15—(k1+ﬂ)|<00 %=Ikll<°°
g—f=|c(1—9)ﬁ15|<oo g—ﬁ=lall<oo

aa—];z= lc(1 — 0)B,5+0,| < %—];4= |—(ka + @, + pul < o0
%=O<oo %=0<°°

%=0<00 aa_];j=|k2|<°°

% —o<on Dt o)<
g—];f=0<oo

Thus, all the partial derivatives df;/ dx; ,i = 1,2,3,4,5 exist, continuous and
bounded in I". Therefore, by Derrick and Groosman theorem, a unique solution for
the model equations in (2) exists.

3.3. Positivity of the solution

Assuming the initial condition of the system of the DEs in the model system (2)
to be nonnegative, now we show that the solution of this system of DEs is also
positive.

Theorem 3. Let I' = {(S,1,1,,],A) € R3:S(0) >0, 1(0)=>0, I,(0)=>0,
J(0) = 0, A(0) > 0}; then the solutions for {S,1,1,,], A}are positive for all t > 0.

Proof: Positivity is verified separately for each of the model
S(t), I(t), I.(t),](t) and A(t).

Positivity of S(t): The DE corresponding to is given by % = UA —

(A+w)S + 041, After eliminating the positive terms which appear on the right

hand side of the equation, the equation can be expressed as % >—(1+ws
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where A = c(B11 + B11 + B2)). Using integration by method of variable separation,
the solution of the earlier differential inequality can be given as S(t) = Sye~A+Wt,
We also know that an exponential function is always non—negative irrespective of
the sign of the exponent. Thus, S(t) = 0 for all t follows from the as the non-
negativity of the exponential function e ~A*+#t

Positivity of I(t): The DE associated with I(t) is % =(1-6)AS —

(ki + w)I+@,]. This can also be expressed as % > —(ky + p)I after eliminating
the positive terms. Using integration by method of variable separation, the solution
of the differential inequality can be written as I(t) > I,e~1+®¢ Furthermore, the

non-negativity of the exponential function e ~*1*#t implies I(t) > 0 Vt.

Positivity of I.(t): The DE corresponding with [.(t) is % = 0AS —
(a + @1 + w,. After eliminating the positive terms, the DE can be written as % >

—(aq + @1 + wI,. Integrating the differential inequality after separation of variables
give the solution I.(t) = (t) I,ge~ (@ +217MWt  Since e~ (*1+P1+M)1 5 always non-
negative; and hence I,.(t) = 0 Vt.

Positivity of J(t): The DE associated with J(t)is given by % =kl + oyl —
(ky + @, + u)J. After eliminating the positive terms, the DE can be reduced to
% > —(k, + 0,4+ ). Integrating the differential inequality also gives J(t) =
Joe~ k20241t However, the exponential expression e~ (*%2+@2+W) tis always non
negative. The positivity of the solution for J(t) Vt, therefore, follows from the
positivity of J(t) = Joe~ (kat02+m) ¢,

Positivity of A(t) : The DE corresponding with A(t) is % =k,] — (u+d)A.
Eliminating the positive term k,/ from the DE leads to the differential inequality
Z—': > —(u+8)A . Integrating the differential inequality also gives A(t) =

Age~+Mt In a similar fashion, the positivity of A(t) for all t follows from the
positivity of A(t) > Age~+tH ¢,

Hence, it can be concluded that the model variables S(t), I(t), I,-(t),J(t) and
A(t) representing population sizes of different HIV infection level are positive and

will remain in RS for all t.

4. Reproduction number and Equilibrium points

To understand the behaviour of the system (2) as well as the conditions under
which the disease may be eradicated or become endemic, the basic reproduction
number and equilibrium points are epidemiologically important; for instance see
[17-29]. In line with the methodological framework of Lu and colleagues [30], who
incorporated multiple infection pathways into reproduction number and equilibrium
analyses, our HIV model similarly integrates both conventional (non - rape)
transmission routes and conflict-driven rape exposure into the next-generation matrix,
thereby capturing how these parallel pathways jointly shape the threshold condition
and long-term stability of the endemic.
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4.1. Reproduction number

Epidemiologically, the reproduction number reflects the number of secondary
cases that one infectious individual will produce in a population consisting only of
susceptible individuals. Different approaches, including Jacobian and next
generation matrix approaches can be employed to compute the reproduction number
of a given model. In this work, we used the next generation matrix method. To
calculate the basic reproduction number via the next generation matrix, we take the
infectious compartments to be I, I. and J. With these considerations, now let

c(1 = 0)(B1! + Prly + B2))S
Fi(x) = O(B1! + Bily + B2))S , and Vi(x) =
0
(ky + )1 — @,]
(ay + @, + Wi, , then system (2) is written as
kil —a .+ (ky + 0, + 1))
x'=F-V ®)
where x =[I, I, J]¢; F = (%) is the rate of appearance of new infections in
]
compartment I,[,.,and J; V = (%) is the rate at which the population in each
j

compartment changes due to compartmental transfers as a result of status changes
caused by disease dynamics.

c(1-6)S c(1—-0)BS c(1—-6)SB,S)
Consequently, we have F = ( c0pB.S c0B,S c0p,S )
0 0 0
kl +u 0 _Q)z
andV = 0 a,+0,+u 0 .
-k, —ay ky+0,+u

The matrix F computed at the disease-free equilibrium €3= (»,0,0,0) is

c(1=0)Bin c(1=0)Bin c(1 —86)SByn)
F(€p) = ( cOBin cOBn cOf,n )
0 0 0
The matrix F is a nonnegative matrix of rank one for 0 < 8 < 1, whereas V is a

non-singular M-matrix and a nonnegative matrix has a real eigenvalue equal to its
spectral radius [31]. According to Van den Driessche and Watmough [29], the
reproduction number R, of our model is the spectral radius of the matrix FV ™1 and
the spectral radius of the matrix FV ™1 is defined as the maximum modulus of its
eigenvalues and is given by p(FV™1). Thus, to determine the spectral radius of
FV~1, we first represent the inverse of V by the following matrix:

. 1 Uiz Vi2 Vi3

v-1l= v v v
ClCaEE )

where vy1 = (a3 + 01 +)(ka + 02+ 1) , vz =a1B; , vz =01(a; +0; +
W) 5 V21 = 0,055 = (ky + )k + Oy + 1) — k1D, , Vo3 = 05031 = ky(a; + 01 +
W), v3z = ay(ky + 1), v33 = (kg + w(ay + @ + w) and

kl + 1% 0 _Q)Z
_kl —aq kz + @2 + )2
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= (ay + 01 + @) [ulky + 02 + ) +ky(ky + )]
Thus, the next generation matrix for the model (2) is
Ay A Ags
Fy—1= <A21 Az A33>
A3y Azp Azz
where,
@ =-0)n [Brlay + @1+ p)(ky + By + 1)
(o + 01+ ) [ ulky + By + 1) + Ky (ky + 1)
Bzki(ay + @1 + p) ]
pky + @ + p) + ky(ky + 1)
_c(1—=0)n B1(ky + p)(ky + @, + 1)
(g + 01+ ) [k + 0y + 1) + kg (ky + 1)
Bila19; — k19,] ]
plky + @; + @) + ky(ky + 1)
+ Bzas(ky + 1) ]
pky + @ + p) + ky(ky + 1)
_c(1=0)n P191(ay + 01 + 1)
(o + 01+ ) (ks + Dy + 1) + Ky (ky + 1)
Bo(ky + p)(ay + 1 + 1) ]
plky + @, + @) + ky(ky + 1)
_ con Bi(ay + @1+ w)(ky + @, + 1)
(g + 01+ ) [ pulky + 02 + ) + ke (ky + )
Bz2ki(as + @1 + 1) ]
plky + @, + @) + ky(ky + 1)
_ con [ Bi(ky + w)(ky + @, + 1)
(g + 01+ ) [k + 0y + 1) + kg (ky + 1)
Bilai1®; — k1D,] ]
pky + @ + p) + ky(ky + 1)
Baai (ki + ) ]
plky + @, + @) + ky(ky + 1)

_ con B191(ay + 01 + 1)
(g + 01+ ) Lulky + 05 + 1) + kg (ky + 1)
Bo(ky + p)(ay + @1 + 1) ]

plky + @, + @) + ky(ky + 1)
A3y = A3, =A33=0
Since matrix F has rank 1, the spectral radius p(FV 1) is equal to the trace of
matrix FV™1;ie., p(FV™Y) = tr(FV™1) = Ry = Ay; + Ay, + Ass.
Thus, the reproduction number is given by

All

A12

13

A21

AZZ

A23

_ c(1 = 0)npy(ar + 01 +w)(ky + 0, + 1)
(ay + 01+ W ulky + 0z + p) + ky(ky + )]

0
(10)
c(1 = 0)nBrki(ay + B, + 1)
(ar + 01 + W ulky + 05 + 1) + ky(ky + )]

10
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cONB1S[ay By + (kg + ) (ky + Oy + 1) — k10, ]
(ay + 01 + W [ulky + 0, + w) + kqy(ky + ]

+ cOBynay (ki + 1)
(ay + 01 + W [ulky + 0, + w) + kqy(ky + W]

4.2. Equilibrium points

The two epidemiologically important equilibrium points are the disease-free
and endemic equilibrium points. The disease-free equilibrium point €, is an
equilibrium point with no infectious individuals, and in our case, it is also a rape-free
equilibrium point. On the other hand, the endemic equilibrium point €" is a point at
which the disease persists in the population. The equilibrium points of the model
system (2) are computed from the equilibrium Equation (11).

pn— (A+ WS + @41, =0 ]
(1—0)AS — (ky + W)I+0,] =0
6AS — (ay + @1 + 1)L, = 0 (11)
kol + oyl — (ky + Oy + )] =0

ko) —(u+8)A=0

The disease-free equilibrium point €, is obtained by setting | =1, =] = A = 0.
Solving (4.1) at these values yields €,= (§*,0,0,0), where S$* = A.

The endemic equilibrium point €*= (S*,I*,I*,.,]*,A") is also obtained by
solving the equilibrium equations in (11) for S # 0,

A1[(k1+u)A—k105]

5= c(1-6)[B1A242+ B2k A1]+c [B1((a1—k1)D2+(k1+u)Az)+B2aq (kq+1)]
I = uA[(1-6)A1 22 +60 a1 0,] ( _ i)
(A1-001)[A2 (k1 +p)—k102] Ro
% Oun 1
I = e (1= 7) SN
J = UA [kl((1—9)/11/12+9a1¢2)+a19((k1+y)—k1¢2] (1 _ i)
A2(A1-601) Az(k1+p)—k102 Ro

A = kaun k1((1—9)11/‘12+90‘1®z)+0‘19((k1+ﬂ)—k1¢2] (1 . i)
A5 (A1-691)(4+3) Aot i) —k10 R/

where 4y =a; + 0, +u and A, =k, + @, + p.

5. Global stability

In this section, we study the behaviour of a solution that starts at any point in
the feasible region I" as time t — co. We now use the Lyapunov method to prove the
global stability of the equilibrium points for system (2). Thus, we approach the
problem by constructing a Lyapunov function considering the first four
variables S, 1, I,- and J.

5.1. Global stability of the disease-free equilibrium

Theorem 4. The disease free equilibrium point €g of the system (2) is locally
asymptotically stable if Ry < 1 and unstable if Ry > 1.

11



Mathematics and Systems Science 2025, 3(3), 3811.

Proof. To prove the global asymptotic stability of the DFE we use the
method of Lyapunov function. Systematically, we define a Lyapunov
function V such that:

V(S,I,Ir,])=A1(/\_S)+A21+A3Ir +A4_] (13)
By direct calculating the derivative of V in equation (13),we have

dv
E= _A15,+A21,+A3],r+144]’ (14)
Substituting S’,I',I' -and J'from (2) in to (14) also give

dav
— = —Ayfurn — (A + WS + 0,1 ] + A, [(1 — 0)AS — (ky + I + B,]] +

A3[02S — (ay + 01 + W] + Aylkal + ayl — (kg + @5 + p)]]

B

dv
= F—A(n = S) + A AS + AAS — Oyl + A12S — A1025 — Ay (ks + W] +

A,0] + 41008 — Ay(aq + By + W, + Au[ky] + agl, — (ky + @ + 0]
=l A, u(n = $) + AJAS + AJAS — B 1, + A4S — Ay (ey + I + A, 0] —
N Ai(ag + 0y + Wi ALk + agl, — (ky + 0 + )] <
U —Apu(n = 8) 4+ AAn — @11, + AjAn — A (ky + I + A, 0]

—Ai(ay + 0y + WL + Aylky I + oL — (ky + @ + W]

(16)

A=
A, = Az, (15) is reduced to

The condition Ry <1 leads to cfin<ky+u, cfin<a;+0;+u and
cPfin <k, + @, + 1.

Thus, Equation (16) can also be written as

A1AS — Ay (ky + W1 — Ay (ay + 01 + WL <D (Ro — D[c(By! + 1Ly + B2]] (17)
where D = (a; + 0y + @) [p(ky + O + 1) + k1 (k; + W]

Again Ry < 1 allows to find sufficiently small positive numbers A; and A,
such that

=D (Ro—1)cB> D (Ro—1)cPy [ cBan
Ay <P and 4, < 2RO | P (18)

Combination of (16 —18) gives

dv
E < _All.l.(/\ - S) + [Alcﬂl/\ + A4k1 +D (Ro - 1)Cﬁ1]] + [Alcﬁ]_/\ + A4k1 +
(19)
D (Ro — DcPylly + [ArcBaon + A1@2]ky + D (R — Dcf,]] — A10:1, <0
So 2. < 0if Ry < 1. Furthermore, 5 = 0if § = A1 = 0,1, = 0 and ] = 0).
From this we see that, €,= (5%, 0,0,0) where S* = A is the only singleton
. . Lav _
m{(s ,0,0,0) € 2 = o}.
Therefore, by LaSalle’s invariance principle (LaSalle’s, 1976), the DFE is
globally asymptotically stable in I if Ry < 0.

5.2. Global stability of the endemic equilibrium point
Theorem 5. If Ry > 1, the endemic equilibrium €" of the model (2) is

12



Mathematics and Systems Science 2025, 3(3), 3811.

globally asymptotically stable.
Proof: To prove the global asymptotic stability of the endemic equilibrium
we use the method of Lyapunov functions. Define

S I
V(S I", I, ] A") = (s -5 — s*m§) + (1 - I*an—*) +
(20)

I

(b =1 = 1) + (1 = = in L)

Using computation of the derivative of V along the solution of system 2 we have,
dV_<1 S*)S'+A (1 ]*)1'+A 1=V s =Ly 21
Substituting (2) into (21) gives

d * *
T=(1-3) I — A+ WS +0:L] + (1= T) [(1 = 0)2S — (ky + i) + 8,J] +
L* I (22)
1 A [0AS — (a1 + @1 + W] + (1 _7)[k11 +ayly — (ky + @y + 1]
r
Collecting positive and negative terms together yields
av I
== [;M FAS* 4 Kyl + (@ + B + Uy + 0,))" + u]]* + 9,157] _
. . . 23)
|un + 0110 % + (S + 0,) = + 62+ (lul + arl) o4 ko) + uIl|
% =K—-Q, where, K=un+AS"+ kI" + (a1 + 0)I" + (ky, + 0,)]" +

BAST+ U1, Q = (un + 911)> + (AS + 0) - + 9/15% + (kyl + allr)’]—*+
k) +ullL,lII'=S"+I"+1I".+ J,[[=S+1+1.+].

Using the equilibrium Equation (10) and Ry > 1, it is possible to show % < 0.
However, in order to show % <0, we show K-Q<0 for all V=
S, L1.,],A) #V(S*,I",I",,]",A"). Thus, we have the following,

o 01S--25L=(0-1)aS- < 0since 06 <1
o (q+0)I", — 9/15% <0, since 0AS = (a; + 0, + W1,
o (ky+ @) — (ki + ‘1’11r)]]_* <0, kil +ail, = (ky+ 0, +p)

By similar reasoning, it can also be shown the negativity of the difference of the

remaining terms. Thus, % < O0forV=(I1I,],A) #V(S*,I",I,]",A").
Furthermore, %= 0 if and only if S=S"I1=1I"1.=I".and] = J* .
Therefore, the largest compact invariant set in { @&, 1, r,.,J)er: % = 0} is the

singleton endemic equilibrium €* of the model system in (2). Thus, LaSalle’s
invariance principle (LaSalle’s, 1976) implies that € is globally asymptotically
stable in I if K < Q.
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6. Numerical simulation

In this section, we present numerical simulations to illustrate the analytical
results of the deterministic model (2). The simulations were conducted to investigate
how the trajectories of each subpopulation (S, I, I, J,A) and the basic reproduction
number Ry respond to different treatment rates as well as varying rates of rape over
time. The numerical simulation was executed using MATLAB software using a set
of meaningful values of parameters.

6.1. Treatment access scenarios

In order to make a realistic and comprehensive simulation analysis of PEP and
ARV treatment interventions, we employ different treatment and rape intensity
scenarios. Worst case, limited, moderate and high treatment accesses are assumed
based on WHO (2022) treatment availability classification in low income and
conflict affected settings as shown in Table 2. Most documented instances of HIV
infection resulting from conflict related rape are also used as base line for our
simulation.

Table 2. WHO (2022) HIV treatment access in low income and conflict setting

Scenarios
Treatments Values
Worst case Limited Moderate  High
PEP Min-Max 0 0-0.2 0.3-0.5 0.6-0.8
Average 0 0.1 0.4 0.7
ARV Min-Max 0 0.1-0.3 0.4-0.6 0.7-0.9
Average 0 0.2 0.5 0.8

These scenarios assume complete collapse of health; fragile health systems with
disrupted supply chains, insecurity, and lack of infrastructure; partial healthcare
functionality in a health system recovering setting; more stable post conflict
situations where infrastructure is relatively restored.

6.2. Numerical simulations

The change in the number of individuals in each subpopulation S, 1, ,,] and A
against time both with and without PEP and ARV treatments are investigated. The
first type of simulation demonstrates the trajectories of the model solution for Ry <1.
The parameter values presented in Table 3 yields Ry, = 0.973 when there is no PEP
and ARV treatment while Ry = 0.826 at @; =0.3 and @, = 0.3 of PEP and ARV
treatment rates respectively.

Table 3. Parameter values for Rp < 1

Parameter A c B1 B2 a ki k 0 n o

Values 120 3 0.0001 0.0005 0.1 02 02 02 001 0.01
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The corresponding solution curves in Figure 2 and Figure 3 are constructed
with two different initial values 100, 70,44,56,30 and 148, 36, 2,30,54 of
S,1,1,,] and A against time. The trajectories in these indicate that the system with
different initial values converges to the point (120, 0, 0, 0, 0). The subpopulations
S,I,I.,Jand A tend to zero both in the presence and absence of PEP and ARV
treatments. Thus, HIV invariably converges to the disease-free equilibrium,
regardless of treatment availability. However, the presence of PEP and ARV
accelerates the rate at which the disease fades, indicating a clear benefit of early and
consistent treatment even in potentially sub-threshold epidemics.

Final values —S: 11396, I: 000, Ir: 000, J: 000, A 002
T T

53]
[==ljcz)
== (Vagera| |

Jitews)
et

Tire (deys)

Figure 2. Model trajectories with @1 =0, @, =0, and 6 =0 for Ro < 1

Final values —: 12000, 1: 000, I: 000, J: 000, A: 000
T T

53]
[==ljcz)
== Vagera)

Jitea) |
et

Tire (deys)

Figure 3. Model trajectories with @4 = 0.2, @, = 0.4, and 6 = 0.2 for Ro < 1

The results we obtained from the numerical simulation are consistent with the
results of the analytical analysis that the disease-free equilibrium is globally stable
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whenever R, < 1.This result implies that there is no transmission of disease in the
population.

Some numerical simulations of the endemic solution of system (2) and its
reproduction number Ry, in a general context, are performed to investigate the
impact of PEP and rape on the HIV transmission dynamics. The parameter values
that lead to the endemic equilibrium of our model system are presented in Table 3.
Thus, throughout our next works on simulations, computation of the endemic
equilibrium points and the computation of reproduction numbers, we are going to
use these parameter values presented in Table by varying PEP treatment rate @; and
the rate of rape 0.

The parameters values in Table 4 with @, =0,=0 give Ro= 3.922 while Ry =
2.209 whenever @; = 0.1 and @, = 0.3. To illustrate the stability of the endemic
equilibrium of the model (2), model solution curves corresponding to these
parameter values are constructed in in Figures 4 and 5.

Table 4. Parameter values for Ro> 0.

Parameter A c P B2 o ki k 6 p 0

Values 300 3 0.00005 0.0001 0.01 0.3 0.05 0.2 0.01 0.01

These graphs show that the solution of the system converges to an endemic
equilibrium point for Ro> 1. It can be seen that as the system (2) evolves over time,
the solutions with meaningful parameter values and initial conditions are convergent
to an endemic equilibrium point €*. However, if there are PEP and ARV treatments
the disease becomes less endemic, whereas in the absence of these treatments makes
the disease stabilizes at more endemic level.

i PEP=0., ARV:0.0R = 3922, §: 15979, | 362, Ir: 14.02,J: 2043, A: §1.07
: I T

160

W S | |

— ]

o /agert)

”E f IC R
/ — A Red

Population

I 1 1
60 80 100 0
Time (caysi

Figure 4. Trajectories with ¢; =0, ¢, =0and 6 =0.2 for Ro > 1
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Population

PEP=01, ARV=03R = 2209, § 11575, 1: 2003, I: 248, J: 16.92, A: 42.31
I [ I

m
IS T J
E / 4
// = (Green)
/ — (i)
ik / gt | ]
J{teb)
/ — R
nr / 1
pons’
/
e 4
il 1
% J
0 1
i J
) : ‘
0 m i) b i) 0

Time (days)

1200

Figure 5. Trajectories ¢; = 0.1, ¢, =0.3 and 6 = 0.2 for Ro > 1

How the solution of the model system (2) responds to different PEP treatment

rates are also investigated through simulation using different PEP scenarios with @; =
0.2, 0.3, 0.4, and 0.8. Figures 6 to 10 show how the subpopulations S, 1, I,,] and A

of our model behave against different PEP rates with time.

Population

PEP=02 ARV=0.1R, =204 , & 180.89, L 19,600 1.02, J: 1636, A- 02
T

'/’_"“H-.t__

| frmen)

| =i Vi)

m—rr M)

J{velow)

i)

a

‘ — . .
I}

0 0

40t L] LU
Time (days)

Figure 6. Trajectories with ¢, = 0.2, ¢, = 0.3 and 8 = 0.2 for Ro > 1
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Figure 7. Trajectories with ¢; = 0.3, ¢, = 0.3 and 6 = 0.2 for Ro > 1.
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Figure 8. Trajectories with ¢; = 0.4, ¢, = 0.3 and 6 =0.2 for Ro > 1.
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Figure 9. Trajectories with ¢; = 0.6, ¢, =0.3 and 6 = 0.2 for Rp> 1.
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Figure 10. Trajectories with ¢; = 0.8, ¢, =0.3 and 6 = 0.2 for Ro> 1.
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These trajectories in revealed that the susceptible population initially decreases
and then starts to increase to the endemic equilibrium state. On the other hand, the
infected compartments S,/,I.,/ and A gradually decline and stabilize at lower
endemic levels with increasing time.

These results confirm that increase in PEP coverage facilitate curbing new HIV
infections during or after recent possible exposure and hence significantly reduce the
disease burden within a population. Endemic equilibrium points and Ry are also
computed at different PEP (@) treatment rates as summarized in Table 5.

Table 5. Equilibrium points at different values of @; and 6 = 0.2.

PEP(@:) ARV(®:) S I I J A Ro(®1)
0.0 0.0 159.75 3.62  14.02 2043  51.07  3.922
0.1 0.3 175.75 2023 248 1692 4231  2.209
0.2 0.3 180.89 19.60 132 1636 4092  2.046
0.4 0.3 183.97 1922 0.68 1601  40.06  1.953
0.6 0.3 185.09 19.06 046 159 3975 1919
0.8 0.3 185.67 18.99 035 1585  39.59  1.903

Our results in the table illustrate that whenever there is no treatment, the
endemic equilibrium become stable at more endemic level compared with the
endemic points in the presence of treatment; for example, compare the rows of the
table. The table also illustrate that as the rate of PEP treatment increases from @; = 0
to @1 = 0.8, the susceptible population S increase from 159.75 to 185.67 and the
infected classes decreased from (I, I., J, A) decreases from (19.60, 1.32, 16.36,
40.92) to (18.99, 0.35, 15.85, 39.59) indicating the post exposure prophylaxis
significantly ease the burden of the epidemic by decreasing the rape related new
infections. In particular, the scenario of rape related HIV infection I; against PEP
treatment rate is very well observed in the table. The sub population Ir shows
significant decrease in fact sharp decrease, from 14.02 at no PEP treatment @; = 0 to
2.48 at PEP rate @; = 0.1 and then gradually decreased to 0.35 when @; = 0.8.
Furthermore, Table 5 clearly demonstrate that the basic reproduction number Ro
decreasing from 3.922 in the absence of PEP to 1.903 at PEP rate @ = 0.8. This
dynamic is particularly confirmed that lower PEP coverage significantly contributes
to the force of infection.

The effect of combined variations in PEP(@,) coverage, ARV(@,) treatment
rate, and rape prevalence (0) on the reproduction number (Ro) is illustrated using
simulation including surface and contour plots as shown from Figure 11 to Figure
20. These plots show how Ry responds to changes in PEP and rape prevalence, ARV
and rape prevalence, as well as the simultaneous variation of PEP, ARV, and rape
prevalence.

The result of Figure 11 and Figure 12 demonstrates that the relationship
between Ro with PEP and ARV coverage. These figures show as PEP and ARV
coverage decreases, Ro increases which is a clear inverse relationship between the
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coverage of PEP and ARV with Ry. Figure 13 also indicates whenever the rape
related infection rate increases the basic reproduction number increases linearly.
R0 vs ¢,
389 - . . ; . : .

- ] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
6, (PEP)

Figure 11. Effect of PEP rate (¢1) on Ry

Ryve é,

0 01 02 03 04 05 06 OF7 0B
¢y (ARV)

Figure 12. Effect of ARV rate (¢,) on Ry
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Figure 13. Effect of rape prevalence (6) on Ry

The surface plots in Figure 14 and Figure 15 further illustrate the combined
effects of PEP coverage and rape-related exposure rate, and ARV coverage and rape-
related exposure rate, on R, respectively. These surface plots show that R,
increases whenever PEP or ARV coverage decreases and rape-related infections rise.
Notably, R, increases more sharply with decreasing ARV coverage than with
decreasing PEP coverage, highlighting the stronger mitigating effect of PEP in
reducing the transmission of HIV from rape-related exposures compared to ARV
alone.

R, v ¢, and f (4, = 0.4

2.6

5 3 ]

R,

F

it [Riapa rate] [

i, (PEF coverage)
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Figure 14. Effect of PEP rate (¢1) and rape prevalence (0) on Rg
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Figure 15. Effect of ARV rate (¢2) and rape prevalence (8) on Ry

How the rape related infections impact the HIV transmission dynamics were

also examined through contour plots of R against varying levels of PEP and ARV
coverage under different rape prevalence scenarios (8 = 0.05,0.1,0.15,0.2,0.25), as
illustrated in Figures 16-20. These plots demonstrate that the basic reproduction
number R, consistently increases as the prevalence of rape-related infection rises,
even when PEP and ARV coverage are enhanced. This indicates that sexual violence
remains a strong driver of HIV transmission, and that while treatment interventions
can mitigate transmission, high rates of rape can substantially offset these gains. The
analysis highlights the critical need for combined strategies that address both
medical interventions and the prevention of sexual violence to effectively control

HIV spread in conflict-affected settings.

Ry ¥s , and ¢, (9= 0.05)

oy ARV treatmant)

1] '} [ ) o3 4 k5 [ i =1
1\, [PEP toveraga)

Figure 16. Effect of PEP (¢,) and ARV (¢) rates on R
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Figure 17. Effect of PEP (¢,) and ARV (¢) rates on R
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Figure 18. Effect of PEP (¢,) and ARV (¢) rates on R
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Figure 19. Effect of PEP (¢,) and ARV (¢,) rates on Ro.
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Figure 20. Effect of PEP (¢,) and ARV (¢,) rates on Ro.

Despite the significant impacts of treatments in curbing the disease, the
trajectories of the infected classes are at non-zero endemic levels even with high PEP
treatment rates. Furthermore, the values of Ry of the model system (2) presented in
Table 5 remain greater than the threshold value (Ro = 1), all of these indicating the
stability of the disease at an endemic level. These results also imply the persistence
of the disease in the population, and by which our analytical result of Theorem 5,
“the endemic equilibrium point is globally asymptotically stable whenever Ro > 17,
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is validated; this is, in fact, consistent with both biological plausibility and empirical
findings.

In general, the outcomes of this study signify the critical role of treatments. It
underlines those reductions in PEP coverage substantially increase the basic
reproduction number Ry, facilitating the persistence and expansion of the HIV virus.
It also demonstrates that in the presence of rape-related HIV infection, the disease
remains endemic even under high PEP treatment coverage for Ry > 1, emphasizing
the persistence of the virus in the population. This study, therefore, carries
significant public health implications for HIV control, particularly in humanitarian
crises, including conflict-affected regions where health systems are devastated and
sexual violence is prevalent.

Thus, maintaining or restoring access to PEP and ARVs in humanitarian crises
is essential not only for individual care but also to prevent escalation of the epidemic
to endemic proportions. Our study results advocate for the rapid deployment of PEP
kits, training of frontline health workers, and community sensitization to interrupt
viral replication before systemic infection occurs. International agencies, donors, and
governments must ensure continuity of HIV treatment services even during active
conflict through mobile clinics, cross-border care, and community health workers to
mitigate long-term epidemiological consequences.

7. Conclusion

In this paper, we investigated an HIV/AIDS transmission dynamics model that
explicitly incorporates rape-related transmission and the mitigating effects of PEP
and ARV treatment. We established the existence, uniqueness, and positivity of
solutions, and analyzed the basic reproduction number (Ro). Through this analysis,
we proved the global stability of both the disease-free and endemic equilibrium
points. Specifically, the disease-free equilibrium is globally asymptotically stable
when Ry < 1, indicating that the disease can be eliminated from the population.
Conversely, when Ry > 1, the endemic equilibrium becomes globally stable and the
infection persists at a steady level in the population. Numerical simulations were
conducted to explore the dynamics of HIV transmission under different levels of
PEP and ARV treatment. The results show that both interventions significantly
reduce HIV incidence, with higher coverage leading to faster disease elimination
when Ry < 1, and to lower endemic levels when Ry > 1. Without treatment, the
disease stabilizes at a higher endemic state. The study also underscores the
importance of timely administration of PEP, ideally within 72 hours of exposure, as
recommended by the World Health Organization. This has critical public health
implications, particularly for the tens of thousands of women and girls at risk of
rape-related HIV infection in conflict-affected regions. Our findings call for urgent
action from governments, United Nations agencies, and non-governmental
organizations to develop and implement comprehensive HIV prevention and
treatment strategies. These efforts should prioritize high-risk populations, with a
focus on survivors of SGBV and mass rape in humanitarian emergencies.
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