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Abstract: We consider a higher-order Riemann-Liouville fractional boundary value problem
with two-point boundary conditions. The higher-order fractional conditions are left-focal
inspired. Using fixed point results, the existence and nonexistence of positive solutions are
conditioned upon the size of the parameter ) in the differential equation. Our approach involves
constructing a Green function by combining the Green’s functions of a fractional problem of
lower order and a left focal boundary value problem. We then use induction to increase the

order. An example is provided to illustrate the existence and nonexistence regions.
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1. Introduction

Let m,n € N, m > 3, witha € (m — 1,m] and 5 € [1,m — 1]. Consider the

following Riemann-Liouville fractional boundary value problem

DS u(t) + (—1)"Ag(t) f(u) =0, 0<t<1 (1)

subject to the left-focal inspired fractional boundary conditions

u0)=0, i=0,1,....m—2, D u(l)=0,

2
DSy (0) = DY u(1) =0, 1=0,1,...,n—1

We stipulate A > 0 is a positive parameter and f : [0,00) — [0,00) and ¢ :
[0,1] — [0, c0) are continuous functions such that g(¢) # 0 on [0, 1]. We are concerned
with the existence and nonexistence of positive solutions to Equations (1) and (2).

Of interesting note is the alternating component of the nonlinearity. This is due to
the sign-changing of the Green’s function whenever the order is increased by a factor of
2. This added piece ensures that the Green’s function remains positive for any choice of
n. Additionally, we demonstrate through induction how to achieve any chosen higher
order 2n.

To that end, we construct the Green’s function associated with Equations (1) and
(2) following the procedure outlined in [1]. The idea is to convolve the Green’s function
Go(t, s) for a lower-order problem with the Green’s function of a left-focal boundary
value problem. Induction is subsequently implemented to increase the order of the
Green’s function. Next, we state properties of the lower-order Green’s functions found

in [2], and show that these properties are inherited by the higher-order Green’s function.
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Finally, we apply this framework in an implementation of the Krasnosel’skii Fixed Point
Theorem.

The major impetus for this result comes from two works, namely [2] and [3]. In the
former, Lyons and Neugebauer implemented the convolution of the Green’s function
for a fractional order boundary value problem with that of the Green’s function for
an ordinary boundary value problem. Subsequently, Neugebauer and Wingo increased
the order of the fractional boundary value problem by factors of 2n by applying an
induction argument. These two works in themselves are generalizations of the existence
and nonexistence results from the early 2000s by Graef and all [4-6]. Their motivation
initially was proving the existence of positive solutions to beam equations, which are
fourth-order ordinary boundary value problems, using the Krasnosel’skii Fixed Point
Theorem. However, in [7], the authors later generalized to an n-th order problem.

This work leverages existing manuscripts on fractional boundary value problems
that utilize Krasnosel’skii’s Fixed Point Theorem. A wide array of fixed point theorems
have been utilized to establish the existence or nonexistence of positive solutions for
similar problems, as seen in [8—15]. In this work, we posit parameter constraints on
A formulated in terms of the liminf and limsup of the nonlinearity f. The inherited
Green’s function properties are critically important to the implementation of the Fixed
Point Theorem. For further reading of recent work on proving the existence of solutions
for fractional boundary value problems, we refer the reader to [16-19].

The remainder of the work is organized as follows. In section two, we introduce
key definitions related to the Riemann-Liouville fractional derivative and present
Krasnosel’skii’s Fixed Point Theorem. The next two sections focus on constructing
the Green’s function using convolution and induction and proving crucial properties.
In sections five and six, we establish existence and nonexistence results based upon the

parameter A. To conclude, we present an example.

2. Preliminaries and the Fixed Point Theorem

We begin with definitions of the Riemann-Liouville fractional integral and
derivative. We refer to [20—23] for further study of fractional calculus and fractional
differential equations.

Definition 1. Let v > 0. The Riemann-Liouville fractional integral of a function u of

order v, denoted 1 g+ u, is defined as

I ou(t) = r(lm /0 (t — 5)"~Lu(s)ds,

provided the right-hand side exists.

Definition 2. Let n denote a positive integer and assume n — 1 < o < n. The
Riemann-Liouville fractional derivative of order o of the function u : [0,1] — R,
denoted D, u, is defined as

Dy u(t) = I‘(noz)dt”/o (t—s) Yu(s)ds = D I %u(t),
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provided the right-hand side exists.
Now, we present Krasnosel’skii’s Fixed Point Theorem.
Theorem 1 (Krasnosel’skii Fixed Point Theorem). Let B be a Banach space, and let
P C X be aconein P. Assume that 1, Qg are open sets with 0 € Qq, and Q1 C Q.
Let T : PN (Q2\Q1) — P be a completely continuous operator such that either
D |Tul| > [Jul|, w € PN, and ||Tul| < ||ul|, v € P N IQe; or
2) | Tul|l < |lull, we P noQ, and || Tu| > ||ul, v € P NOQs.
Then, T has a fixed point in P N (Q2\Q1).

3. The Green’s function

Now, we construct the Green’s function used for Equations (1) and (2) by utilizing
induction with the convolution of a lower-order problem and a left-focal problem. The

procedure is similar to that found in [3]. We include it here for completeness and note
that all integrals herein are Riemann.

The Green’s function for the left-focal boundary value problem

—u"=0, 0<t<l1, «'(0)=0, wu(l)=0,

is given by

1—5, 0<s<t<,
Gleft(t78): 1—t 0<t<s<l

The Green’s function for the Riemann-Liouville fractional two-point boundary
value problem

~Dgiu=0, 0<t<l, u«@0)=0,i=0,1,....m—2, DJul)=0

is given by ([24])

o1 =) 1P —(t—s)*7l 0<s<t<1,

Go(t, 8) = F(Oé)

to (1 — )18, 0<t<s<l.

Fork =1,...,n — 1, recursively define G(¢, s) by

1
Ghlt, ) = — / G (6, 7)Grega (s 5)dr.
0

Then,
1
Gn(ta S) == / anl(tv T)Gleft(ra S)d’l“ (3)
0
is the Green’s function for

—DgFu(t) =0, 0<t<l,
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with boundary conditions (2), and G,,—1(t, s) is the Green’s function for
—pePr Uy =0, 0<t<1,
with boundary conditions
u0)=0,i=0,1,...,m—2, DJu(l)=0,
DS (0) = DY u(1) =0, 1=0,1,...,n — 2.

We proceed with induction. For the base case & = 1, consider the linear

differential equation
DSFu(t) + h(t) =0, 0<t<1,
satisfying the boundary conditions
u(0)=0,i=0,1,...,m -2, D} u(l)=0,
DSHu(0) =0, Dgru(l) =0.
Now, we make a change of variable
ot) = DS 2u(h),
so that
D?*v(t) = D*D§*?u(t) = DY u(t) = —h(t).
Since v(t) = Dg, u(t),
v'(0) = DY u(0) =0 and v(1) = D§,u(l) = 0.
Therefore, v satisfies the left-focal boundary value problem

o+ h(t) =0, 0<t<l,

The solution of this boundary value problem is

1
=Aawwwmm.

Additionally, u now satisfies a lower-order boundary value problem,
Dgiu(t) =v(t), 0<t<l,

W(0)=0,i=0,1,....m =2, Dg.u(1)=0.
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The solution of the lower-order fractional boundary value problem is
1
u(t) = [ Golt,)(~v(s))ds
0

:Ai%@@<—4%%ﬁ@mmm@>m
:[f(ﬂlgdugmwgwmah@mp

Therefore,

1
u(t):/o G1(t,s)h(s)ds,
where
1
Gi(t,s) = —/0 Go(t,r)Glepe(r, s)dr.

For the inductive step, the argument is similar. Assume that kK = n — 1 is true, and

consider the linear differential equation
DS u(t) + k(t) =0, 0<t<1,

satisfying boundary conditions (2).
We make a similar change of variable

v(t) = Dy 20 Vu(t) = DT 2ut),
so that
D?v(t) = D§" = —k(t),
and
V'(0) = DI 0) =0 and (1) = DS V(1) = 0.

Thus, v(t) satisfies the left-focal boundary value problem

v+ k() =0, 0<t<l,
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By induction,

1
u(t) = /0 G (£, 5)(—0(s))ds

/01 (— /OlGnl(taS)Gleft(S,T‘)ds) k(r)dr

/1 Gn(t,s)k(s)ds.
0

Therefore,
1
u(t) = / Gr(t,s)k(s)ds,
0
where
1
Gn(t,s) = —/ Gn-1(t,7)Giepe(r, s)dr.
0
So, the unique solution to
DS u(t) + k(t) =0, 0<t<1,

satisfying boundary conditions (2) is given by
1
u(t) = / Gn(t, s)k(s)ds.
0

4. Green’s function properties

We now discuss properties for G, (t, s) that are inherited from Go(¢,s) and
Gleyi(t, s). The results of the first lemma regarding G, ft(t, s) are easily verifiable.
Lemma 1. For (t,s) € [0,1] x [0,1], Giepi(t,s) € W and Glefi(t, s) > 0.

The following lemma regarding G (t, s) is Lemma 3.1 proved in [2].

Lemma 2.

1) For(t,s) €[0,1] x [0,1), Go(t,s) € C.

2)  For(t,s) € (0,1)x (0,1), Go(t,s) > 0 and ;Go(t, s) > 0.

3)  For(t,s) €0,1] x [0,1), t*1Go(1, s) < Go(t,s) < Go(1,s).
Finally, we prove inherited properties for G, (¢, s) from Lemma 2.

Lemma 3.

1) For(t,s) €[0,1] x [0,1), Gp(t,s) € CD.

2)  For(t,s) € (0,1) x (0,1), (=1)"Gp(t,s) > 0and (—1)"g

8th(t’ s) > 0.
3)  For(t,s)€[0,1] x[0,1),

(=)™ 1G (1, 8) < (—1)"G(t, 5) < (—1)"G(1, ).

Proof. We proceed inductively for each part.
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For 1) with (¢, s) € [0, 1] x [0, 1), we begin with the base case k = 1:
Gi(t,s) / Go(t,r)Glepe(r, s)ds.

By Lemmas 1 and 2, G1(t,s) € C(V).
Assume that £ = n — 1 is true. Then, from Equation (3),

Gr(t,s) / Gn-1(t,7)Giegi(r, s)ds.

By induction and Lemma 1 1), G,,(t, s) € CV).
For 2) with (¢,s) € (0,1) x (0,1) and using Lemmas 1 and 2 2), we begin with

the base case k = 1:

(—1)*Gy(t,s) = — (— /01 Go(t,7)Giefe(r, s)dr) >0
and

(— )1(§tG1 t,s) ( / —Go t,7)Glefe(r, s)dr) > 0.

Assume that £ = n — 1 is true. Then, from Equation (3) and by induction and

Lemma 1,

(—1)"Gn(t, 8) = (—1)" < /0 1 Gt (t,7)Grepe (7, s)dr)
= (-1)? </01(—1)"_1Gn—1(757T)Gzeft(h S)dr>
>0,
and
1 Gt = 17 (- D G ()Gl o)
= (-1)? </01( 1) 1§th 1 (8, 7) Gl e (1, s)dr)
> 0.

For 3) with (¢,s) € [0,1] x [0,1) and using Lemma 2 3), we begin with the base

case k = 1:

(D416 (1, ) = o1 (— /1 Go(L,1)Grepelr, s)dr)

0

_ </01 NG (1, 1) Glrepi (1, s)dr)

- </o1 —Go(t, 7)Gree(r, S)dr)
- <_ /01 Go(t,r)Giese(r, S)dr>
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= (-1)'Gy(t, 5),

and

(-1)*G1(t,s) = — (- /01 Go(t,7)Glepi (T, s)dr)
= /0 1 Go(t,7)Giepe(r, s)dr

1
< / Go(lvT)Gleft(rv S)d?"
0

_ (_ /OlGo(l,r)Gleft(T’ S)dr)

= (-D'Gy(1, 5).

Assume that £k = n — 1 is true. Then, from Equation (3),

(191G (1, ) = (—1)n0~! (- /01 Gt (1,7 Gl e s)dr)
= (=1)? </1(—1)”_1t0‘_1Gn_1(1,T)Gleft('r, s)dr)

0

< (—1)? </01(—1)"_1Gn_1(t,T)Gleft(r, s)dr)

=(-1)" <— /01 Gr1(t,7)Grepi(r, s)dr)

= (=1)"Gn(t,s),

and

1

(—1)"Gn(t G (t, 1) Gl (1, s)dr>

0

(-

2( 0 (=)™ G (8, 7) Gl s, s)dr)
( 1) Gt (1,7) Gl (r, s)dr)
(

Gn 1(1,7)Grege(r, s)dr)

5. Existence of solutions

With the Green’s function established and necessary properties proved, we now
turn our attention to the existence of positive solutions to Equations (1) and (2) based
upon the parameter A using Krasnosel’skii Fixed Point Theorem.

Define the constants

1 1
Aa, = [ (071G (Ls)as)ds, B, = [ (<17Ga(19a(s)ds
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Fy = limsup flw) fo = liminf? (w)
u—0+ u u—0t u
Fy = limsup M, foo = liminfM.

U—00 u u—oo U

Let B = C|0, 1] be a Banach space with norm

ul|| = max U
[Jul] = e, 1]| (t)].
Define the cone

P ={u € B:u(0) =0, u(t) is nondecreasing, and
t* Ly(1) < u(t) < u(1) on [0, 1}.

The inequality condition P is an inherited result from G, (¢, s) in Lemma 3.

Define the operator 7' : P — B by

_ ”/\/G (t, $)g(s) £ (u(s))ds.

Lemma 4. The operatorT' : P — P is completely continuous.

Proof. Let u € P. Then, by definition,

1
1)”)\/0 Gn(0,9)g(s)f(u(s))ds = 0.

Also, fort € (0,1) and by Lemma 3 2),

0

g —[Tu(t)] = n)\/ 875 n(t,s)g(s)f(u(s))ds > 0,

which implies that T'u(t) is nondecreasing.
Next, for t € [0, 1] and by Lemma 3,

1
1o 1y(1) = 191 (—1)"A / (1, $)g(5)f (u(s))ds

”A/Gts ) F(u(s))ds
= Tu(t

and

= ")\/G (t,8)g(s)f(u(s))ds

”)\/G (1, $)g(s) f (u(s))ds
=Tu(l

Therefore, Tu € P, and by the Arzela-Ascoli Theorem, 7T is completely

continuous. O
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Theorem 2. If

L <AL L
Ag, foo Bg, Fo’

then (1), (2) has at least one positive solution.

Proof. Since FypABg, < 1, there exists an ¢ > 0 such that

(Fo +€)ABg,, < 1.

Also since

f(u)

Fy = limsup —=,
u—0t u

there exists an H; > 0 such that
f(u) < (Fop+e)u for wue(0,H].

Define Q1 = {u € B : ||u|]| < H1}. If u € P N 0Ny, then ||u|| = Hy, and

1
(Tu)(1)] = (—1)"> / Ga(1, 5)9(s)F(u(s))ds
1
< (-1 / Go(1,9)9(5)(Fo + Ju(s)ds
1

< (Rt Qu(A [ (-17Gu(1.9)9(s)ds

< (Fo + )[lul[ABg,

< lull.

Since Tu € P, ||Tu|| < ||ul| foru € PN oQy.

Next, since foo A > 1 there exists a ¢ € (0,1) and an € > 0 such that
G

n

-1

(o= > (-1 [ QRrents ate)ds)

Since

oo = liminf L (“),
U—00 u

there exists an H3 > 0 such that
f(u) > (foo —€)u for w € [Hs,00).
Define
H,; = max{cil_?’lﬂHl} ,

and define Qy = {u € B : |Ju|| < Ha}.
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Let u € P N 0Qs. Then, ||u|| = Hs. Notice for ¢ € [c, 1],
u(t) > to‘_lu(l) > T H, > 2 = .

Therefore,

(Tu)(1)] > (~1)"A / Gu(1,5)g(s) f(u(s))ds
>\ / (—1)"Gn(1, 8)9(5)(foo — €)u(s)ds
> A(foo — e)u(l)(—l)"/ 016 (1, 8)g(s)ds
>l

Hence, ||Tu|| > ||u|| for u € P N OQy. Notice since H; < Hs we have Q1 C Qs.
Thus, by Theorem 1 1), T has a fixed point v € P. By the definition of 7', this fixed
point is a positive solution of Equations (1) and (2). O
Theorem 3. If

<A< ,
Ag, fo Bg, Fx

then (1), (2) has at least one positive solution.

Proof. Since foAAg, > 1, there exists an € > 0 such that

(fo—€)A\Ag, > 1.

Then, since

fo = liminf M,
u—0t U

there exists an H; > 0 such that
fu) > (fo—e€u, te(0,H].

Define Qy = {u € B: ||u|| < Hi}. Ifu € PNy, thenu(t) < Hy fort € [0, 1].
So,

1
(Tu)(1)] = (~1)"A /0 Ga(1, 5)g(s) f(u(s))ds
1
> (~1)"A /0 G(L,8)9(5)(fo — OYu(s)ds

1
> A(fo — u(l) /0 (=1)"s* G (L, 5)g(s)ds

> M fo—o)llullAg,
> [ul].

Thus, ||Tu|| > ||u|| for u € P N O;.

11



Mathematics and Systems Science 2025, 3(2), 3577.

Next, since Foo B, A < 1, there exists an € € (0, 1) such that
(Fo +€)Bg, +e)A < 1.

Since

f(w)

Fo = limsup ——,
U—00 U

there exists an H3 > 0 such that
fu) < (Fx +€)u, u € [Hs, 00).

Define

M =
uen[})azs}f( u).

Now, there exists a k € (0,1) with

Gn(1, s < <.
/ $)9(s)ds < 37
Let

H;
Hy = max {2H1, o 1,1} ,

and define Qy = {u € B : |Ju|| < Ha}. Letu € P N 9Qy. Then, ||u| = Hs and so,

Now, u(0) = 0. So, by the Intermediate Value Theorem, there exists ay € (0,1)
with u(y) = Hs. But, for t € [k, 1], we have

_ _ L H
u(t) >t tu(l) = t* " Hy > k© 1kafl = Hs.

So, v € (0, k]. Moreover, since u(t) is nondecreasing, this implies
0<wu(t) < Hs, tel0,y),

and
U(t) > Hs, te (77 1]

Therefore,

1
1] = (-1 /0 Gu(1, 5)g(s) f(u(s))ds

(0 [ Gt + (-1 / G 9)g <s>f<u<s>>ds)
gA(M/OW(—l)”Gn(l, $)g(s)ds + ( / G(1, 5)g(s)(Foo + €)u ()ds>
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<\ (M]\Z + (F + )u(1) /71(—1)”Gn(1,s)g(s)ds>

< AMe+ (Foo + €)||ull Bg,,)

< Aellull + (Fo + €)[|ul| Bg,,)
= Aull(e + (Fs + €)Ba,)
<l

Thus, ||Tu|| < ||lu|]| for u € P N Q9. Notice that since H; < Ha we have
Q1 C Qo. Thus, by Theorem 1 2), T has a fixed point . € P. By the definition of T,
this fixed point is a positive solution of Equations (1) and (2). O
Remark 1. Since our interval is [0, 1], it is clear that Ag, < Bg,. Thus, the size
differential between fo and Fy for Theorem 2 and fo and F for Theorem 3. To further
expand, for Theorem 2, Fy < Ag, foo/Ba,, to ensure the existence of at least one

positive solution. Since Ag, and Bg, are independent of f, this is easily manageable.

6. Nonexistence results

Next, we provide nonexistence of positive solution results based on the size of the
parameter A. First, we need the following lemma.
Lemma 5. Suppose Dg‘f%u € C[o,1]. If(—l)”(—Dg‘fznu(t)) > 0forallt €[0,1]
and u(t) satisfies (2), then
) J(t)>0, 0<t<1,and
2) 7 lu(1) <wu(t) <wu(l), 0<t<L

Proof. Let0 <t < 1.
For 1), by Lemma 3 2),

1
(1) = /0 %Gn(t,s)(—D(‘;f%u(s))ds
1

:/O (_1)H%Gn(t,s)(—l)”(—Dg‘iQ"U(S))ds

> 0.

For 2), by Lemma 3 3),

t (1) =t /1 Gn(1, s)(—Dng”u(s))ds
0
1
= /0 (—1)"t°‘71Gn(1,s)(—l)”(—Dg‘jQ"u(s))ds
1
</ (—1)"Gu(t, 5)(=1)" (=D u(s))ds

—Jo

1
_ /0 Gin(t, ) (= D2F2Mu(s) ) ds
= u(t)
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and

Theorem 4. If
U

= Bg, f(u)’

Sor all u € (0,00), then no positive solution exists to Equations (1) and (2).

A

Proof. For contradiction, suppose that u(t) is a positive solution to Equations (1) and
(2). Then, (—1)"(—D8‘f2”u(t)) = Ag(t) f(u(t)) > 0. So by Lemma 5,

0

< (1" (Ba) ™t [ Calt, Sals)u(s)ds

1o
<u()(Ba,) ™ [ (-1)Gu(L.s)g(s)ds
0

- U(].),
a contradiction. O
Theorem 5. If

A Ao fw)

Jfor all u € (0,00), then no positive solution exists to Equations (1) and (2).

Proof. For contradiction, suppose that () is a positive solution to Equations (1) and
(2). Then, (—1)"(—=Dy:*"u(t)) = Ag(t) f(u(t)) > 0. So by Lemma 5,

1
u(1) = (1" /0 Go(1,8)g(s)  (u(s))ds
1
> (10" (e) ™ [ G slglule)ds
1

zu(l)(AGn)_l/ (—1)"s* " G (1, 5)g(s)ds

0
= u(1),

a contradiction. O
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7. Examples

Finally, we discuss examples to demonstrate a way to use these theorems and
ensure positive solutions exist for fractional boundary value problems with meaningful
A values.

Letn =2,¢9(t) =t,and f(u) = u(10u+1)/(u+1). We note that g and f satisfy
their respective conditions. We see that f(u)/u = (10u + 1)/(u + 1) and find

Foozfoozlo and F():fo:l.

The fractional Green’s function with « and 3 parameters is

(1-— s)o‘_l_ﬁ - (1- 3)‘“_1
T'(2.5)

GO(L S; «, ﬁ) =

Additionally, we have in terms of « and 3

11 gl

AG’Q(avﬂ)_/ / / s 1Go(1, 25, B)Giesi(r2,71)Glepe(r1, 8)sdradrids,
o Jo Jo

and

1 1 1
Bg,(a, ) = / / / Go(1,72; &, B)Giefe(12,71)Glege (11, 8)sdradrids.
o Jo Jo

A closed form for these constants in terms of the parameters « and 5 would be
difficult to find. Instead, we evaluate sample values for these in our examples.
Example 1. Setm = 3, a = 2.5, and = 1.5 so that Ag,(2.5,1.5) ~ 0.047458 and
Bg,(2.5,1.5) ~ 0.087190. We have

1 1

R ~ 2.107
Ag,foo  0.047458 - 10 ’
and
1 R L ~ 11.469.
Bg,Fy  0.087190 - 1
Additionally, we calculate
U 1 1
inf R - — =~ 1.147
weldo) Bay f(u) - 0.087100 10 ’
and
s N S P el
wetone) Aco f(w) — 0.047458 T S0
The fractional boundary value problem is
1 1
DEBu(t) + PGS N

u+1
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subject to

Applying Theorem 2, we find that a positive solution exists if 2.107 < A < 11.469.
Applying Theorems 4 and 5, we find that a positive solution does not exist if 0 < A <
1.147 or A > 21.071.

Example 2. Set m = 4, o = 7, and = e so that Ag,(m,e) ~ 0.076124 and
Bg,(m, e) ~ 0.165625. We have

1 1
~ ~ 1.314
Ag,feo 0.076124 - 10 ’
and
L ! ~ 6.038
Bg,Fy  0.165625-1
Additionally, we calculate
U 1 1
inf ~ - — =~ 0.604
wel0oo) By f(u) - 0.165625 10 ’
and
- L 1~13.136
sup = -1~ 13.136.
u€(0,00) AG2f(u) 0.076124
The fractional boundary value problem is
44 u(10u+1)
subject to

u(0) = u'(0) = u"(0) = 0, Dg;(1) =0,
Dyt (0) = Df,. (1) = 0, DF?(0) = DFF?(1) = 0.

Applying Theorem 2, we find that a positive solution exists if 1.314 < A < 6.038.
Applying Theorems 4 and 5, we find that a positive solution does not exist if 0 < A <
0.604 or A > 13.136.

Example 3. Set m = 10, o« = 9.75, and = 3.25 so that Ag,(9.75,3.25) ~
9.794191061019805 x 10~ and Bg,(9.75,3.25) ~ 6.010879852040359 x 10~8. We
have
1 1
Ag, foo ~ 9.794191061019805 x 109 - 10

~ 10,210, 134,

and

1 1
Bg,Fo ™ 6.010879852040359 x 108 - 1

~ 16,636, 500.
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Additionally, we calculate

u 1 1
inf = - — =& 1,663,650,
uEl(g,m) Bg, f(u)  6.010879852040359 x 108 10

and
sup v ! -1~ 102,101, 337.
u€(0,00) Ag, f(u)  9.794191061019805 x 109
The fractional boundary value problem is
Dy "uft) + AtW —0, O<t<l,
subject to

uD(0)=0,0<i<8, D*¥(1)=0,
D™ (0) = Dg®(1) =0, DgF™(0) = Dgt™(1) = 0.

Applying Theorem 2, we find that a positive solution exists if 10,210,134 < A <
16,636, 500. Applying Theorems 4 and 5, we find that a positive solution does not exist
if0 < A< 1,663,650 or A > 102,101, 337.
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