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Abstract: This study develops two compartmental models to analyze the co-dynamics between
measles and hand, foot, and mouth disease (HFMD): a four-compartment model and a
seven-compartment HFMD-Measles co-infection model. For the four-compartment model,
we systematically analyzed the co-dynamics of measles and hand, foot, and mouth disease
(HFMD), and employed the next-generation matrix method to calculate the basic reproduction
number of measles and that of HFMD. Through the analytical study of these two types of basic
reproduction numbers, we rigorously determined the existence of the disease equilibrium points,
with their quantitative relationship were clearly illustrated through graphical representations.
The global asymptotic stability of these equilibria is established by applying LaSalle invariance
principle, with stability regions of the four equilibrium points precisely defined. The analysis
reveals that within the stability region of the disease-free equilibrium, both diseases will
eventually die out, preventing any outbreaks. In the stability region corresponding to the
measles equilibrium, HFMD is eliminated while measles remains endemic. Conversely, in
the stability region of the HFMD-only equilibrium, measles dies out whereas HFMD persists.
Finally, within the stability region of the coexistence equilibrium, both diseases persist and
become endemic. Numerical simulations further validate the consistency and reliability of
these theoretical results. For the seven-compartment infectious disease model, we calculated
the basic reproduction number and verified the threshold theorem. We derived the conditions
for both local and global asymptotic stability of the disease-free equilibrium. In particular, the
disease-free equilibrium is locally stable when the basic reproduction number is less than one,
and we also provided conditions for its global stability. Model validation is performed by fitting
empirical data from China on HFMD and measles cases.

Keywords: co-infection; basic reproduction number; LaSalle invariance principle; global
asymptotic stability

1. Introduction

Measles, caused by the measles virus, spreads through respiratory droplets and
presents symptoms such as fever, cough, runny nose, conjunctivitis, and rash. Severe
cases may lead to pneumonia or encephalitis, and the virus can temporarily suppress
immune function, even post-vaccination with live attenuated vaccines [1–4]. To better
understand and control measles spread, researchers widely use mathematical modeling.
These studies reveal transmission mechanisms and inform prevention strategies. For
example, Azam et al. [5] integrated vaccine supply chains with transmission models,
highlighting benefits of non-cold-chain vaccine use in resource-limited areas. Xue et al.
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[6] developed a model with network structures and vaccine immunity decay, analyzing
random and scale-free networks to show their impact on transmission. Ibrahim et al.
[7] created a seasonal model with two-dose vaccination, using the basic reproduction
number to predict and control outbreaks. Peter et al. [8] proposed a seven-category
population model, studying vaccination and contact rates to guide public health
policies. Ahmad et al. [9] built an SVEITR model with time-dependent vaccination
and treatment strategies, optimizing infection reduction and public health outcomes.
Berhe et al. [10] used Lyapunov functions to analyze global stability, supporting
long-term control. Furthermore, Arsal [11] reviewed various refined measles models
that integrated vaccination, co-infection, age structure, and seasonal factors, enhancing
prediction accuracy based on limited epidemiological data.

Hand, Foot, andMouthDisease (HFMD) is a common infectious disease caused by
enteroviruses, primarily affecting children under five. It spreads through close contact,
respiratory droplets, and the fecal-oral route. Symptoms include fever, oral ulcers, and
skin rashes. While most cases are mild, some can lead to severe complications like
meningitis and may be life-threatening. Ma et al. [12] developed a transmission model
for HFMD, treating asymptomatic carriers as an independent group and incorporating
a periodic infection rate. They applied this model to fit HFMD data from Shandong
Province over more than two years. Wang et al. [13, 14] explored the impact of
environmental pollution and vaccination onHFMD transmission, analyzing themodel’s
dynamics and fitting it to data from mainland China between 2010 and 2014, revealing
the significant role of environmental contamination. Zhang et al. [15] examined
the effect of behavioral changes on HFMD transmission and found that substantial
behavioral modifications significantly impact disease dynamics.

Co-infection, the simultaneous or sequential infection by multiple pathogens,
has gained increasing attention in infectious disease research. Studies have explored
the interaction between HIV and measles virus, highlighting their combined
immunosuppressive effects, which lead to immune exhaustion and alter transmission
dynamics [16]. Berhe et al. [17] developed a dynamic model for co-infection of
measles and dysentery, aiming to minimize infection rates and control costs. Zhang
et al. [18] examined co-infection between measles and hand, foot, and mouth disease
(HFMD), showing that measles-induced immune suppression can worsen HFMD
symptoms, while HFMD may affect measles progression. Such co-infections can
enhance viral transmission, raising epidemic risks.

This study focuses on two major communicable diseases, measles and hand, foot,
and mouth disease (HFMD), both primarily transmitted through human-to-human
contact. The aim is to conduct an in-depth analysis of their transmission patterns,
characteristics of susceptible populations, and effective prevention strategies,
thereby revealing the key factors that influence the spread and management of
these diseases. To more accurately simulate the transmission process, we designed
a multi-compartment infectious disease model controlled by ordinary differential
equations, dividing the population into five compartments. Additionally, we
specifically examine the potential interactions between measles and HFMD by
introducing variants of the model to reflect the complex relationship between these
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two diseases during actual transmission. This comprehensive analytical approach not
only increases the model’s complexity but also makes it more aligned with real-world
scenarios, thus providing a more targeted scientific basis for the formulation of
infectious disease prevention and control strategies, and advancing the development
of infectious disease modeling research.

The paper is organized as follows: Section 2 presents the co-infection model
for measles and hand, foot, and mouth disease. In Section 3, we analyze the basic
reproduction numbers and the existence, local, and global stability of equilibria of
a four-compartment SIhImR model. In Section 4, we calculate basic reproduction
numbers for a seven-compartment SIhImImhRhRmRmh model and validate stability
conditions for the disease-free equilibrium. Section 5 describes the numerical methods
and validates the model using empirical data from China on HFMD and measles.
Finally, Section 6 provides a discussion and conclusion.

2. Model formulation

To depict the impact of the interaction between measles patients and hand, foot,
and mouth disease (HFMD) patients on the immune system, considering the similarity
in clinical symptoms of the two diseases, the entire population of a region is divided
into four compartments: Susceptible (S), HFMD patients not infected with measles
virus (Ih), measles patients and patients infected with both viruses (Im), and Recovered
(R). Let S(t), Ih(t), Im(t), and R(t) represent the number of individuals in each
compartment at time t. Additionally, the total population at time t is denoted as
N(t) = S(t) + Ih(t) + Im(t) +R(t).

In considering the interaction between the two virus types within the host, we
propose the following assumptions:

(A1). The population is homogeneous, ensuring equal contact opportunities for
all individuals, and a host may contract one or multiple diseases.

(A2). Susceptible individuals become infected through contact with infected
individuals. The probability of transmission from an infected individual to a susceptible
individual is denoted by β1 per unit time. Both hand, foot, and mouth disease (HFMD)
and measles patients transmit the infection at the same rate β2.

(A3). Considering the high virulence of the measles virus, we assume that there
is a risk of co-infection between measles patients and HFMD patients. Specifically,
when an HFMD patient contacts a measles patient, the probability of transitioning to
an HFMD-measles co-infected state is τ per unit time.

(A4). For the purposes of this model, recurrence of either HFMD or measles in
infected patients is not considered.

(A5). All parameters are non-negative, based on their biological relevance.
Based on these assumptions and the transmission dynamics of both viruses, we

outline the corresponding flowchart as follows(Figure 1):
As illustrated in Figure 1, the system can be mathematically described by the

following four governing equations:
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
S′ = Λ− β1SIh − β2SIm − µS,

I ′h = β1SIh − (θ1 + d1 + µ)Ih − τIhIm,

I ′m = β2SIm + τIhIm − (θ2 + d2 + µ)Im,

R′ = θ1Ih + θ2Im − µR

(1)

where the descriptions of the model parameters can be found in Table 1.

Figure 1. The transmission compartment diagram of the SIhImR model.

Table 1. Definitions of Parameters in the SIhImR model.

Parameter Description

Λ Constant Recruitment Rate
d1 Mortality rate due to hand, foot, and mouth disease
µ Natural mortality rate
d2 Mortality rate due to measles
β1 Transmission rate from susceptible individuals to HFMD patients
θ1 Recovery rate for hand, foot, and mouth disease
β2 Transmission rate from susceptible individuals to measles patients
θ2 Recovery rate for measles
τ Effective transmission rate from HFMD cases to Measles patients

Since the Im compartment in model (1) accommodates both pure measles
patients and HFMD-measles co-infected patients, it becomes difficult to clearly
define the interaction between the two diseases. To address this, we introduce a
new compartment, Imh, specifically designed to depict the co-infection of measles
and HFMD. Additionally, to more accurately describe the immune states following
independent immunity and co-infection, inspired by Chen et al. [19], we supplement
model (1) with the following assumptions.

(A6). Based on assumption (A2), we assume that when hand, foot, and
mouth disease (HFMD) patients come into contact with measles patients, there is
a certain probability that the HFMD patients will contract measles, thus becoming
co-infectedwith both HFMDandmeasles. These co-infected individuals will then enter
compartment Imh at a specific rate. Specifically, we assume that, each HFMD patient
has a probability of τ1 per unit time of transforming into a HFMD-Measles co-infected
patient upon contact with a measles patient.

(A7). Measles patients experience a temporary weakening of the immune
system due to viral infection. During this period, if they are exposed to secretions,
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contaminants, or high-risk environments (such as childcare facilities) of hand, foot, and
mouth disease patients, and fail to strictly implement hand hygiene or environmental
disinfection, they may subsequently contract hand, foot, and mouth disease at a
conversion rate of τ2, resulting in co-infection with both measles and hand, foot, and
mouth disease.

(A8). When infected individuals are permanently excluded from the susceptible
population due to recovery and immunity, effective isolation, or death, they are
assigned to three distinct immunity compartments based on the type of infection. The
immunity compartment for hand, foot, and mouth disease (HFMD) is assigned to those
recovering fromHFMD (Rh), while the immunity compartment for measles is assigned
to those recovering from measles (Rm). Individuals recovering from a co-infection
(i.e., infection with both HFMD and measles viruses) are assigned to the dual immunity
compartment (Rmh). Specifically, single-infection individuals, Ih and Im, enter theRh

compartment from HFMD infection and the Rm compartment from measles infection
with recovery rates θ1 and θ2, respectively. co-infection individuals, Imh, enter the
Rmh compartment with an overall recovery rate θ3, acquiring permanent immunity to
both diseases.

The transmission flow chart is established based on the above assumptions (Figure
2).

Figure 2. The transmission compartment diagram of the SIhImImhRmRhRmh model.

The system is mathematically represented by seven governing equations, as shown
in Figure 2.

S′ = Λ− β1SIh − β2SIm − (β3 + β4)SImh − µS

I ′h = β1SIh + β3SImh − (θ1 + d1 + µ)Ih − τ1IhIm

I ′m = β2SIm + β4SImh − (θ2 + d2 + µ)Im − τ2Im

I ′mh = τ1IhIm + τ2Im − (θ3 + d3 + µ)Imh

R′
h = θ1Ih − µRh

R′
m = θ2Im − µRm

R′
mh = θ3Imh − µRmh

(2)

where the descriptions of the model parameters can be found in Tables 1 and 2.
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Table 2. Definition of Parameters for the SIhImImhRmRhRmh model.

Parameter Description

β3 Transmission rate of susceptibles to HFMD due to HFMD-Measles cases
β4 Transmission rate of susceptibles to measles due to HFMD-Measles cases
τ1 Transition rate from HFMD patients to HFMD-Measles co-infection
τ2 Transition rate from Measles patients to HFMD-Measles co-infection
θ3 Recovery rate of patients with HFMD-Measles co-infection

Model (2) improves disease representation in two key aspects: First, it introduces
an HFMD-Measles co-infection compartment to quantify disease interactions.
Second, it refines the classification of recovered individuals based on the distinct
recovery characteristics of the two infectious diseases, categorizing them into Rh

(HFMD-recovered), Rm (Measles-recovered), and Rmh (Recovered from both).
Compared to model (1), which consolidates all recovered individuals into a single
R compartment, this model adopts a differentiated approach to recovery modeling,
aligning more closely with clinical realities.

3. Analysis of the the SIhImR infectious disease model

In this section, we investigate the existence and stability of equilibrium points in
model (1). By calculating the basic reproduction number of the model, we establish the
conditions for the existence of various equilibrium points. Additionally, we analyze the
stability of these equilibrium points using the Lyapunov-LaSalle stability theorem.

Let x = (S, Ih, Im, R) ∈ R4
+,f(x) = (f1(x), f2(x), f3(x), f4(x))

T where
f1(x) = Λ− β1SIh − β2SIm − µS

f2(x) = β1SIh −M1Ih − τIhIm

f3(x) = β2SIm + τIhIm −M2Im

f4(x) = θ1Ih + θ2Im − µR

HereM1 = θ1 + d1 + µ,M2 = θ2 + d2 + µ.

The system described in equation (1) can be reformulated as follows:

ẋ = f(x) (3)

The set Ω is defined as follows:

Ω = {(S, Ih, Im, R) ∈ R+
4 |0 ≤ S, Ih, Im, R, S + Ih + Im +R ≤ Λ

µ
}.

3.1. Invariance of Model (1)
Theorem 1. The set Ω is positively invariant with respect to system (1) and serves as
a global attractor for the system.
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Proof. (1) For any x = (S, Ih, Im, R) ∈ R4
+, it is easy to see that

f1(x) |S=0= Λ ≥ 0,

f2(x) |Ih=0= 0,

f3(x) |Im=0= 0,

f4(x) |R=0= θ1Ih + θ2Im ≥ 0

From the principle of invariance [20,21], it follows that the system preserves the
non-negativity of its states, i.e., x(t) ≥ 0 for all t ≥ 0 whenever x(0) ≥ 0. This
property ensures that R4

+ is a positively invariant set for the system (1).
(2) Since the total populationN(t) = S(t)+Ih(t)+Im(t)+R(t), and considering

the system described in (1) alongwith the positive invariance established in the first part,
it follows that

N ′(t) = Λ− µN(t)− d1Ih − d2Im ≤ Λ− µN(t),

According to the comparison theorem [21], for any t ≥ 0, we have

N(t) ≤ Λ

µ
− e−µt(

Λ

µ
−N(0))

From (1), it is known that when N(0) ≤ Λ
µ , for all t ≥ 0, N(t) ≤ Λ

µ .
Consequently, when x(0) ∈ Ω, for all t ≥ 0, x(t) ∈ Ω.

(3) Based on the proof process of (2), we have

N ′(t) ≤ Λ− µN(t),

Furthermore, we obtain

lim sup
t→+∞

N(t) ≤ Λ

µ
,

From this, it follows that the setΩ constitutes a global attractor of the system (1).

3.2. Basic reproduction number and existence of equilibria

3.2.1. Basic reproduction number

The basic reproduction number is defined as the average number of secondary
infections generated by a single infectious individual in a fully susceptible population.
From system (1), it is evident that the system always has a disease-free equilibrium
point E0 = (Λµ , 0, 0, 0). Let u = (Ih, Im) denote the infected compartments, and the
corresponding infected subsystem can be described as :

Ih
′ = β1SIh −M1Ih − τIhIm,

Im
′ = β2SIm + τIhIm −M2Im

(4)
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Taking

F(u) = (β1SIh, β2SIm)T ,

V(u) = (M1Ih + τIhIm,M2Im − τIhIm)T

system (4) can therefore be rewritten as:

u′ = F(u)− V(u). (5)

Therefore, the Jacobian matrices for F and V at the equilibrium point E0 are
derived as follows:

F = DF(E0) =

[
β1S0 0

0 β2S0

]
, V = DV(E0) =

[
M1 0

0 M2

]
,

where S0 =
Λ
µ .

Let FV −1 denote the next-generation matrix, with ρ(FV −1) representing
its spectral radius. Using the next-generation matrix method [22, 23], the basic
reproduction number for the system (1) is given by:

R0 = ρ(FV −1) = max{Rh
0 , R

m
0 },

where Rh
0 = β1Λ

µM1
and Rm

0 = β2Λ
µM2

are the basic reproduction numbers for
hand-foot-mouth disease and measles, respectively.

In the co-infection model, R0 is defined by the dominant disease, reflecting the
average number of secondary infections caused by a single infectious individual in a
fully susceptible population.

Furthermore, we define an additional parameter Rmh
0 as follows:

Rmh
0 = 1 +

M1M2

τΛ
(Rh

0 −Rm
0 ).

The comparative analysis of basic reproduction numbers reveals distinct
transmission patterns between the two diseases. When the threshold parameter Rmh

0

exceeds unity (Rmh
0 < 1), measles demonstrates superior transmission capability

compared to hand-foot-mouth disease, as evidenced by the relationship Rh
0 < Rm

0 .
Conversely, the condition Rmh

0 > 1 indicates a stronger transmission potential for
hand-foot-mouth disease, characterized by Rh

0 > Rm
0 . The critical threshold Rmh

0 = 1

represents an equilibrium state where both diseases exhibit equivalent transmission
dynamics, maintaining a balanced epidemiological relationship without dominance of
either disease.

3.2.2. Existence of equilibria

Let f(x) = 0. Through straightforward calculations, the following conclusions
can be easily derived:
Theorem 2. (1) For R0 < 1, the system described by Equation (1) has only the
disease-free equilibrium point E0.
(2) When Rh

0 < 1 < Rm
0 , system (1) possesses both the disease-free equilibrium point
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E0 and the measles endemic equilibrium point E∗
m = (S∗

m, 0, I∗mm, R∗
m), where S∗

m =
M2
β2

,I∗mm = µ
β2
(Rm

0 − 1) and R∗
m = θ2

β2
(Rm

0 − 1).

(3) Given that 0 < Rm
0 < 1 < Rh

0 < Rmh
0 , system (1) includes only the disease-free

equilibrium pointE0 and the hand-foot-mouth disease endemic equilibrium pointE∗
h =

(S∗
h, I

∗
hh, 0, R

∗
h), where S

∗
h = M1

β1
, I∗hh = µ

β1
(Rh

0 − 1) and R∗
h = θ1

β1
(Rh

0 − 1).

(4) Under the condition that 1 < Rh
0 < Rm

0 or 1 < Rm
0 < Rh

0 < Rmh
0 or 1 < Rmh

0 <

Rm
0 < Rh

0 , system (1) has the equilibrium points E0,E∗
m and E∗

h.

(5) If 0 < Rm
0 < 1 < Rmh

0 < Rh
0 , the system described by equation (1) admits

the equilibrium points E0, E
∗
h and E∗ = (S∗, I∗h, I

∗
m, R∗), where the components

S∗, I∗m, I∗h, and R∗ are explicitly defined by S∗ = Λ2τ
µM1M2(Rh

0−Rm
0 )+µτΛ

, I∗m =

ΛM1(Rh
0−Rmh

0 )

τΛ−M1M2(Rm
0 −Rh

0 )
, I∗h =

τΛM2(Rm
0 −1)+M1M2

2 (R
m
0 −Rh

0 )

(M1M2(Rm
0 −Rh

0 )−τΛ)τ
,R∗ = θ1

µ I
∗
h + θ2

µ I
∗
m.

(6) Under the condition 1 < Rm
0 < Rmh

0 < Rh
0 , the system (1) admits equilibrium

points E0, E
∗
h, E

∗
m and E∗.

Based on the aforementioned analysis, the existence of equilibrium solutions with
respect to the parametersRh

0 andRm
0 can be systematically summarized and illustrated

in Figure 3.

Figure 3. Existence regions of equilibria E0, E
∗
h, E

∗
m and E∗ of the SIhImR model.

According to Figure 3, the existence of equilibrium points depends on the
relationship between the basic reproduction number of measles (Rm

0 ) and that of hand,
foot, and mouth disease (Rh

0 ). When Rm
0 dominates, i.e.,

(Rh
0 , R

m
0 ) ∈ ΩE∗

m
= {(Rh

0 , R
m
0 ) ∈ R2

+ | 0 < Rh
0 < 1 < Rm

0 },

only the measles endemic equilibriumE∗
m exists. Conversely, whenRh

0 dominates, i.e.,

(Rh
0 , R

m
0 ) ∈ ΩE∗

h
= {(Rh

0 , R
m
0 ) ∈ R2

+ | 0 < Rm
0 < 1 < Rh

0},

only the HFMD endemic equilibrium E∗
h exists. When

(Rh
0 , R

m
0 ) ∈ ΩE∗

mh
= {(Rh

0 , R
m
0 ) ∈ R2

+ | Rh
0 , R

m
0 > 1},

both the measles endemic equilibrium E∗
m and the HFMD endemic equilibrium E∗

h

9
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coexist. Finally, when

(Rh
0 , R

m
0 ) ∈ ΩE∗ = {(Rh

0 , R
m
0 ) ∈ R2

+ | 0 < Rm
0 < Rmh

0 < Rh
0},

the coexistingmeasles-HFMD endemic equilibriumE∗ emerges. These results indicate
that the disease transmission dynamics exhibit significant variations across different
parameter regions.

3.3. Stability analysis of SIhImR model (1)
This section aims to explore the system’s dynamic characteristics by thoroughly

assessing the stability of its equilibrium points. Utilizing LaSalle’s invariance principle,
we conduct a methodical investigation into the stability features of these steady states.
This analytical approach offers a reliable method for predicting the system’s asymptotic
behavior.

To formulate theKrasovkii-LaSalle invariance principle in [21,23,24], we consider
a dynamical system characterized by the following autonomous differential equation:

x′ = f(x) (6)

Under the assumption that the system possesses an equilibrium point x∗, the
LaSalle invariance principle can be formally expressed as follows.
Theorem 3. For system (6), if there exists a continuously differentiable function
V : Rn → R that is positive definite and radially unbounded, and its time derivative
satisfies V ′(x) ≤ 0 for all x ∈ Rn, then the equilibrium point x∗ is globally
asymptotically stable, provided that the set S = {x ∈ Rn | V̇ (x) = 0} contains
only x = x∗.

Based on Theorem 3, we can derive the following significant conclusion:
Theorem 4. Let V : Rn → R be a function satisfying the following conditions:

( H1) V (x) is positive definite and radially unbounded,
( H2) V ′(x) ≤ 0 holds for all x ∈ Rn,

( H3) the only solution to (6) under V ′(x) = 0 is x = x∗ for all t ≥ 0.

Then, the equilibrium point x∗ of system (6) is globally asymptotically stable.

3.3.1. Stability analysis of the disease-free equilibrium point E0

According to the research results of Driessche et al. [22], the following threshold
theorem can be derived.
Theorem 5. When the basic reproduction numberR0 < 1, the disease-free equilibrium
point E0 of the system (1) is locally asymptotically stable within the domain Ω.
Conversely, when R0 > 1, the equilibrium point E0 becomes unstable.

Proof. To assess the stability characteristics of the dynamical system represented by

10
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Equation (1), we evaluate the Jacobian matrix at the disease-free equilibrium state E0:

J0 = Df(E0) =


−µ −β1Λ

µ −β2Λ
µ 0

0 β1Λ
µ −M1 0 0

0 0 β2Λ
µ −M2 0

0 θ1 θ2 −µ

 .

The eigenvalues of J0 are given by:

λ1 = λ2 = −µ, λ3 =
β1Λ

µ
−M1 = M1(R

h
0 − 1), λ4 =

β2Λ

µ
−M2 = M2(R

m
0 − 1).

Therefore, all eigenvalues exhibit negative values when the basic reproduction
number satisfies R0 < 1. However, when R0 > 1, this condition indicates that either
Rh

0 > 1 or Rm
0 > 1. As a result, at least one of the eigenvalues (λ3 or λ4) becomes

positive, demonstrating the instability of the disease-free equilibrium point E0.
Theorem 6. The disease-free equilibrium E0 of the system defined by (1) possesses
global asymptotic stability in the domainΩ if and only if the basic reproduction number
R0 < 1.

Proof. Following Theorem 5, the instability of the disease-free equilibrium E0 is
guaranteed when R0 > 1. Thus, the remaining task is to prove the global asymptotic
stability of E0 for the case where R0 < 1.

To analyze the global asymptotic stability of E0 of the system described by
Equation (1), we construct the Lyapunov function:

V0(t) = V0(S(t), Ih(t), Im(t)) = S0g(
S

S0
) + Ih + Im

where g(u) = u− 1− lnu.
By computing the total derivative of dV0

dt along the trajectories of the system
governed by Equation (1):

V̇0(t) =
d

dt
V0(t) = (1− S0

S
)
dS

dt
+

dIh
dt

+
dIm
dt

= (
Λβ1
µ

−M1)Ih + (
Λβ2
µ

−M2)Im + Λ(2− S

S0
− S0

S
)

= M1Ih(R
h
0 − 1) +M2Im(Rm

0 − 1) + Λ(2− S

S0
− S0

S
).

Since R0 = max{Rh
0 , R

m
0 } < 1, implying that both Rh

0 < 1 and Rm
0 < 1, it

follows that V̇0(t) ≤ 0. It is evident that V̇0(t) = 0 holds only when S = S0, Ih =

Im = 0 andR = 0. By employing LaSalle’s Invariance Principle, as formally stated in
Theorem 3, we can conclude that the disease-free equilibrium point E0 of the system
(1) is globally asymptotically stable when R0 < 1.

3.3.2. Stability analysis of the measles endemic equilibrium point E∗
m

Theorem 7. If Rh
0 < 1 < Rm

0 or 1 < Rh
0 < Rm

0 or 1 < Rmh
0 < Rm

0 < Rh
0 ,

the measles endemic equilibrium point E∗
m of the system (1) is locally and globally

asymptotically stable. However, if 1 < Rm
0 < Rmh

0 and 1 < Rm
0 < Rh

0 , E∗
m becomes

11
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unstable.

Proof. We construct the following Lyapunov function:

Vm(t) = Vm(S(t), Ih(t), Im(t)) = S∗
mg(

S

S∗
m

) + Ih + I∗mmg(
Im
I∗mm

).

Next, we compute the total derivative of Vm(t) along the trajectories of the system
(1):

V̇m(t) =
d

dt
Vm(t) = (1− S∗

m

S
)
dS

dt
+

dIh
dt

+ (1− I∗mm

Im
)
dIm
dt

= Λ+ µS∗
m +M2I

∗
mm − (µ+ β2I

∗
mm)S

− Λ
S∗
m

S
− (M1 + τI∗mm − β1S

∗
m)Ih.

Given that

µS∗
m +M2I

∗
mm = S∗

m(β2I
∗
mm + µ) = Λ,

M1 + τI∗mm − β1S
∗
m =

1

M2Rm
0

[Λτ(Rm
0 − 1) +M1M2(R

m
0 −Rh

0)].

We can conclude that when Rh
0 < 1 < Rm

0 or 1 < Rh
0 < Rm

0 or 1 < Rmh
0 <

Rm
0 < Rh

0 , the total derivative of V̇m(t) becomes

V̇m(t) = 2Λ− (µ+ β2I
∗
mm)S − Λ

S∗
m

S
− (M1 + τI∗mm − β1S

∗
m)Ih

≤ 2Λ− 2
√
(µ+ β2I∗mm)ΛS∗

m − 1

M2Rm
0

[Λτ(Rm
0 − 1) +M1M2(R

m
0 −Rh

0)]Ih

= − 1

M2Rm
0

[Λτ(Rm
0 − 1) +M1M2(R

m
0 −Rh

0)]Ih

= − τΛ

M2Rm
0

(Rm
0 −Rmh

0 )Ih ≤ 0.

Furthermore, it can be deduced that V̇m(t) = 0 only when S = S∗
m, Ih = 0, Im =

I∗mm, and R = R∗
m. Following the theoretical framework provided by LaSalle’s

Invariance Principle (as presented in Theorem 3), we can infer that the equilibrium
point E∗

m of the system (1) is globally asymptotically stable when Rh
0 < 1 < Rm

0 .

The Jacobian matrix of the system (1) evaluated at the equilibrium point E∗
m is:

Jm = J(E∗
m) =


−Λβ2

M2
−β1M2

β2
−M2 0

0 β1M2

β2
− τ(Λβ2−µM2)

M2β2
−M1 0 0

Λβ2−µM2

M2

τ(Λβ2−µM2)
M2β2

0 0

0 θ1 θ2 −µ

 .

12
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Let the eigenvalues of the matrix Jm be λi(i = 1, 2, 3, 4), as follows:

λ1 = −µ < 0,

λ2 =
τΛ

M2
(
1

Rm
0

− 1) +M1(
Rh

0

Rm
0

− 1) = − τΛ

M2Rm
0

(Rm
0 −Rmh

0 ),

λ3 + λ4 = −Λβ2
M2

= −µRm
0 < 0, λ3λ4 = Λβ2(1−

1

Rm
0

),

It is evident that when Rm
0 < Rmh

0 , λ2 > 0, and at this point, the equilibrium E∗
m

is unstable.

3.3.3. Stability analysis of the HFMD endemic equilibrium point E∗
h

Theorem 8. When 0 < Rm
0 < Rh

0 and 1 < Rh
0 < Rmh

0 , the hand-foot-and-mouth
disease endemic equilibrium point E∗

h of system (1) is globally asymptotically stable.
However, whenRm

0 > Rh
0 > 1, or 0 < Rm

0 < Rh
0 and 1 < Rmh

0 < Rh
0 , the equilibrium

point E∗
h becomes unstable.

Proof. To prove this, we first construct a Lyapunov function:

Vh(t) = Vh(S(t), Ih(t), Im(t)) = S∗
hg(

S

S∗
h

) + I∗hhg(
Ih
I∗hh

) + Im

Next, we compute the total derivative of Vh(t) along the trajectories of system (1),
obtaining:

V̇h(t) =
d

dt
Vh(t) = (1−

S∗
h

S
)
dS

dt
+ (1−

I∗hh
Ih

)
dIh
dt

+
dIm
dt

= 2Λ− Λ
S∗
h

S
− (µ+ β1I

∗
hh)S − (β2S

∗
h + τI∗hh −M2)Im

≤ 2Λ− 2
√
(µ+ β1I∗hh)ΛS

∗
h − (β2S

∗
h + τI∗hh −M2)Im

= 2Λ− 2Λ− Λτ

M1Rh
0

[(Rh
0 − (1 +

Λτ

M1M2
(Rh

0 −Rm
0 )]Im

=
Λτ

M1Rh
0

[(Rh
0 − (1 +

M1M2

Λτ
(Rh

0 −Rm
0 )]Im

=
Λτ

M1Rh
0

(Rh
0 −Rmh

0 ) ≤ 0.

It is apparent that, under the conditions 1 < Rm
0 < Rh

0 and 1 < Rh
0 < Rmh

0 ,
the derivative V̇h(t) = 0 if and only if (S, Ih, Im, R) = E∗

h. Following the theoretical
framework provided by LaSalle’s Invariance Principle (as presented in Theorem 3), this
implies that E∗

h is globally asymptotically stable within the invariant region Ω.
Now, we analyze the Jacobian matrix of the system (1) at the equilibrium point

E∗
h:

Jh = Df(E∗
h) =


−Λβ1

M1
−M1 −β2M1

β1
0

Λβ1

M1
− µ 0 − τ(Λβ1−µM1)

M1β1
0

0 0 β2M1

β1
− τ(Λβ1−µM1)

M1β1
−M2 0

0 θ1 θ2 −µ

 .

13
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Let the eigenvalues of the Jacobian matrix Jh be denoted as λi (for i = 1, 2, 3, 4),
where:

λ1 = −µ,

λ2 =
Λβ1τ +M2

1β2 −M1M2β1 −M1µτ

M1β1

=
τΛ

Rh
0M1

(Rh
0 − 1− M1M2

τΛ
(Rh

0 −Rm
0 ))

=
τΛ

Rh
0M1

(Rh
0 −Rmh

0 ),

λ3 + λ4 = −Λβ1
M1

, λ3λ4 = Λβ1 − µM1 = Λβ1(1−
1

Rh
0

),

Thus, for the system to exhibit instability, we require that the eigenvalue λ2 > 0.
This occurs when eitherRh

0 > 1 andRm
0 > Rh

0 , or 0 < Rm
0 < Rh

0 andRh
0 > Rmh

0 > 1.
Under these conditions, the equilibrium point E∗

h becomes unstable.

3.3.4. Stability analysis of the HFMD-Measles endemic equilibrium point E∗

Since the fourth equation of system (1) is independent of the first three equations,
when investigating its global stability, we only need to consider the following simplified
system: 

S′ = Λ− β1SIh − β2SIm − µS,

I ′h = β1SIh − (θ1 + d1 + µ)Ih − τIhIm,

I ′m = β2SIm + τIhIm − (θ2 + d2 + µ)Im

(7)

Based on Theorem 2, it can be concluded that the system possesses a coexisting
endemic equilibrium point E∗

1 = (S∗, I∗h, I
∗
m) when 0 < Rm

0 < Rmh
0 < Rh

0 .

Furthermore, we obtain that
Theorem 9. When 0 < Rm

0 < Rmh
0 < Rh

0 , the equilibrium point E∗
1 of system (7) is

globally asymptotically stable.

Proof. We begin by constructing a Lyapunov function:

V (t) = V (S(t), Ih(t), Im(t)) = S∗g(
S

S∗ ) + I∗hg(
Ih
I∗h

) + I∗mg(
Im
I∗m

)

Next, we calculate the total derivative of V (t) along the trajectory of system (7):

V̇ (t) =
d

dt
V (t) = (1− S∗

S
)
dS

dt
+ (1−

I∗h
Ih

)
dIh
dt

+ (1− I∗m
Im

)
dIm
dt

= 2Λ− Λ
S∗

S
− (β1I

∗
h + β2I

∗
m + µ)S.

According to the first equation of model (7), we obtain S∗(β1I
∗
h+β2I

∗
m+µ) = Λ,

then β1I∗h + β2I
∗
m + µ = Λ

S∗ , which leads to

V̇ (t) = 2Λ− Λ
S∗

S
− Λ

S

S∗ ≤ 2Λ− 2Λ = 0.

A straightforward calculation shows that V̇ (t) = 0 if S = S∗. Substituting S =

14
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S∗ into the first equation of system (7), we obtain:

Λ− β1S
∗Ih − β2S

∗Im − µS∗ = 0 (8)

Differentiating both sides of Equation (8) with respect to time t, we get:

(β2 − β1)τS
∗IhIm − β1S

∗(β2S
∗ −M2)Im − β2S

∗(β1S
∗ −M1)Ih = 0, (9)

Given that Im, Ih > 0, combining Equations (8) and (9), we can deduce that
Im = I∗m, Ih = I∗h. Thus, the conditions of Theorem 4 are satisfied, we conclude
that when 0 < Rm

0 < Rmh
0 < Rh

0 , the equilibrium point (S∗, I∗h, I
∗
m) of system (7) is

globally asymptotically stable.
As established by the limiting system theory [25, 26], the global asymptotic

stability of equilibrium pointE∗
1 in system (7) guarantees the global asymptotic stability

of equilibrium point E∗ in system (1). This theoretical foundation, combined with
Theorem 9, yields the following conclusion:
Theorem 10. When 0 < Rm

0 < Rmh
0 < Rh

0 , the Measle-HFMD endemic equilibrium
point E∗ of the co-infection model described by system (1) is globally asymptotically
stable within the region Ω.

4. Analysis of the SIhImImhRmRhRmh epidemic model

Since the last three equations of system (2) are independent, we only need to
analyze the following system to investigate its dynamic behavior.

S′ = Λ− β1SIh − β2SIm − (β3 + β4)SImh − µS

I ′h = β1SIh + β3SImh − (θ1 + d1 + µ)Ih − τ1IhIm

I ′m = β2SIm + β4SImh − (θ2 + d2 + µ)Im − τ2Im

I ′mh = τ1IhIm + τ2Im − (θ3 + d3 + µ)Imh

(10)

Similar to the discussion in Section 3.1.1, we find that system (10) has an invariant
feasible region

Σ = {(S, Ih, Im, Imh) ∈ R4
+ | 0 ≤ S, Ih, Im, Imh, S + Ih + Im + Imh ≤ Λ

µ}.

4.1. Basic reproduction number of model (10)
System (10) also possesses a disease-free equilibrium point E0 = (S0, 0, 0, 0)with

S0 = Λ
µ . Let u = (Ih, Im, Imh) represent the infected compartments of system (10).

The corresponding infected subsystem can be described as:

I ′h = β1SIh + β3SImh − (θ1 + d1 + µ)Ih − τ1IhIm,

I ′m = β2SIm + β4SImh − (τ2 + θ2 + d2 + µ)Im,

I ′mh = τ1IhIm + τ2Im − (θ3 + d3 + µ)Imh

(11)

Taking F(u) = (β1SIh + β3SImh, β2SIm + β4SImh, 0)
T and

V(u) = (m1Ih + τ1IhIm,m2Im,m3Imh − τ1IhIm − τ2Im)T ,
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wherem1 = (θ1 + d1 + µ),m2 = (θ2 + d2 + µ),m3 = (θ3 + d3 + µ).
Using the next-generation matrix method, the basic reproduction number of

system (10) is obtained as
R0 = max{Rh

0 ,Rm
0 },

whereRh
0 = β1Λ

µm1
, andRm

0 = Λ(β2m3+β4τ2)
µ(m2+τ2)m3

denote the basic reproduction numbers for
hand-foot-mouth disease and measles, respectively.

The Threshold Theorem developed by Van den Driessche and Watmough [22]
states that the stability of the disease-free equilibrium is closely related to the basic
reproduction numberR0.
Theorem 11. For system (10) , the disease-free equilibrium E0 is locally asymptotically
stable if the basic reproduction numberR0 is less than 1, whereas stability is lost when
R0 surpasses 1.

Proof. Linearizing the system at the disease-free equilibrium E0 yields the Jacobian
matrix J0 :

J0 =


−µ −β1Λ

µ −Λβ2

µ −Λ(β3+β4)
µ

0 β1Λ
µ −m1 0 Λβ3

µ

0 0 Λβ2

µ −m2 − τ2
Λβ4

µ

0 0 τ2 −m3


The eigenvalues satisfy λ1 = −µ and

λ2 =
Λβ1
µ

−m1 = m1

(
Rh

0 − 1
)
,

while the remaining two eigenvalues λ3 and λ4 obey:

λ3 + λ4 = −β2Λ

µ
+ (m2 +m3 + τ2) = (1−Rm

0 )(m2 + τ2) +
β4Λτ2
µm3

+m3,

λ3λ4 = −m3(
Λβ2
µ

−m2 − τ2) = m3(m2 + τ2)(1−Rm
0 ).

When the basic reproduction numberR0 < 1, all eigenvalues have negative real parts,
indicating system stability. If R0 > 1, either the Rh

0 > 1 or Rm
0 > 1, resulting in at

least one eigenvalue with positive real part and consequent instability of E0.

4.2. Global asymptotic stability of the disease-free equilibrium E0
To investigate the global stability of the disease-free equilibrium, we define the

parameter
R̃0 = max{Rh

0 , R̃m
0 , R̃mh

0 },

where R̃m
0 = Λβ2

µm2
and R̃mh

0 = Λ(β3+β4)
µm3

.

Theorem 12. When R̃0 < 1, the disease-free equilibrium E0 of the system (10) is
globally asymptotically stable in the domain Σ .

Proof. For the disease-free equilibrium E0 of the system (10), we construct the
Lyapunov function:

V0(t) = V0(S(t), Ih(t), Im(t), Imh(t)) = S0g( S
S0 ) + Ih + Im + Imh.
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By calculating the total derivative of dV0
dt along the trajectories of the system :

V̇0(t) =
d

dt
V0(t) = (1− S0

S
)
dS

dt
+

dIh
dt

+
dIm
dt

+
dImh

dt

= (
Λβ1
µ

−m1)Ih + (
Λβ2
µ

−m2)Im + (
Λ(β3 + β4)

µ
−m3)Imh

+ Λ(2− S

S0
− S0

S
).

Based on the definition of R̃0, we can further deduce that

V̇0(t) = m1Ih(Rh
0 − 1) +m2Im(R̃m

0 − 1) +m3(R̃mh
0 − 1)Imh

+ Λ(2− S

S0
− S0

S
).

Since R̃0 < 1, it follows that Rh
0 < 1, R̃m

0 < 1 and R̃mh
0 < 1, leading to

V̇0(t) ≤ 0. Clearly, V̇0(t) = 0 holds if and only if S = S0, Ih = Im = Imh = 0.

By applying LaSalle’s Invariance Principle (Theorem 3), the disease-free equilibrium
point E0 of the system (10) is globally asymptotically stable in Σ.

Since R0 ≤ R̃0, there is a gap between the conditions R0 ≤ 1 and Rh
0 ≤ 1. A

natural question is:
Problem 1. When R0 ≤ 1, is the disease-free equilibrium E0 of system (10) globally
asymptotically stable?

To further explore this issue, we consider the cases where β3 = 0 or β4 = 0. If
β3 = 0, system (10) simplifies to the following system:

S′ = Λ− β1SIh − β2SIm − β4SImh − µS

I ′h = β1SIh − (θ1 + d1 + µ)Ih − τ1IhIm

I ′m = β2SIm + β4SImh − (θ2 + d2 + µ)Im − τ2Im

I ′mh = τ1IhIm + τ2Im − (θ3 + d3 + µ)Imh

(12)

Theorem 13. WhenR0 ≤ 1, the disease-free equilibrium E0 of system (12) is globally
asymptotically stable within region Σ.

Proof. Considering the positive invariance of region Σ, according to the second
equation of system (12):

I ′h = β1SIh − (θ1 + d1 + µ)Ih − τ1IhIm ≤ (β1S0 −m1)Ih = m1(
β1S0

m1
− 1)Ih,

thus ifR0 ≤ 1, Ih(t) → 0 as t → +∞, at which point the limit system of system (12)
is 

S′ = Λ− β2SIm − β4SImh − µS

I ′m = β2SIm + β4SImh − (τ2 +m2)Im

I ′mh = τ2Im −m3Imh

(13)

As can be readily observed, the system described by (13) admits an equilibrium
solution at E0 = (S0, 0, 0). Similar to the proof of the Theorem 11, the equilibrium
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point E0 of model (13) is locally asymptotically stable.
Due to the condition S ≤ S0, the last pair of equations in the system are:{

I ′m ≤ (β2S0 − τ2 −m2)Im + β4S0Imh

I ′mh = τ2Im −m3Imh

(14)

Consider the auxiliary system{
Ī ′m = (β2S0 − τ2 −m2)Īm + β4S0Īmh

Ī ′mh = τ2Īm −m3Īmh

(15)

This linear system has two characteristic roots λ̃1, λ̃2 satisfying

λ̃1λ̃2 = m3(1−Rm
0 )(m2 + τ2)

λ̃1 + λ̃2 = (Rm
0 − 1)(m2 + τ2)−

β4τ2Λ

µm3
−m3

(16)

Therefore, if R0 < 1, both roots must have negative real parts, which leads to
Īm → 0 and Īmh → 0 as t tends to +∞.

According to the comparison theorem, Im → 0 and Imh → 0 as t tends to +∞.

At this point, we obtain the limiting system of model (13) as

S′ = Λ− µS (17)

It is clear that limt→+∞ S(t) = S0, and the equilibrium S0 of model (17) is
globally asymptotically stable. Following the limiting system theory, model (13) is
globally attractive.

In addition, the Jacobian matrix of system (13) at E0 :

JE0 =

 −µ −Λβ2

µ −β4Λ
µ

0 Λβ2

µ −m2 − τ2
β4Λ
µ

0 τ2 −m3

 .

From (16), when R0 < 1, the Jacobian JE0 has eigenvalues satisfying Re(λ̃i) <

0, (i = 1, 2), and λ̃3 = −µ < 0, that is, E0 is locally asymptotically stable, and it can
be obtained that the limit system (13) is globally asymptotically stable. According to
the limit system theory, we can obtain that the disease-free equilibrium E0 of the system
(12) is globally asymptotically stable.

Based on a method analogous to the proof process of Theorem 12, the following
conclusion can be obtained:
Theorem 14. WhenR0 ≤ 1, the disease-free equilibrium E0 of system (12) is globally
asymptotically stable within Σ under the condition of β3β4 = 0.
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5. Numerical simulations and data fitting

5.1. Numerical simulations of SIhImR epidemic model (1)
In order to verify the accuracy of the theoretical analysis, numerical simulations

are employed in this section.
The parameters presented in Table 3 yield values of Rh

0 ≈ 0.375 and Rm
0 ≈ 0.25

with the corresponding solution curve illustrated in Figure 4. As the system (1) evolves
over time, the number of infected individuals gradually decreases to zero, suggesting
that the disease will not become endemic but will eventually be eradicated. This
observation serves as a validation of the correctness of the Theorem 6.

Table 3. Parameter values when R0 < 1.

Parameters Λ β1 β2 µ θ1 θ2 d1 d2 τ

Values 0.8 0.15 0.01 0.2 0.3 0.2 0.1 0.2 0.5

Figure 4. Solution curves at Rh
0 ≈ 0.375, Rm

0 ≈ 0.25

The parameters in Table 4 yield values of Rh
0 ≈ 0.9 and Rm

0 ≈ 4.5, with the
corresponding solution curve shown in Figure 5. As the system (1) evolves over time,
the number of hand, foot, and mouth disease cases gradually approaches zero, while the
measles disease transitions into an endemic state. This outcome confirms the validity
of the Theorem 7.

Table 4. Parameter values when Rm
0 > 1 > Rh

0

Parameters Λ β1 β2 µ θ1 θ2 d1 d2 τ

Values 4 0.1 0.5 0.4 0.4 0.5 0.25 0.2 0.1

The parameters in Table 5 are Rh
0 ≈ 8.3 and Rm

0 ≈ 0.9, with the corresponding
solution curve shown in Figure 6. As the system (1) evolves over time, the number
of measles cases gradually decreases to zero, while the hand, foot, and mouth disease
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Figure 5. Solution curves at Rh
0 ≈ 0.9,Rm

0 ≈ 4.5

transitions into an endemic state. This outcome further validates the correctness of the
Theorem 8.

Table 5. Parameter values when Rh
0 > 1 > Rm

0 .

Parameters Λ β1 β2 µ θ1 θ2 d1 d2 τ

Values 4 0.5 0.1 0.4 0.1 0.5 0.1 0.2 0.1

Figure 6. Solution curves at Rh
0 ≈ 8.3, Rm

0 ≈ 0.9.

The parameters in Table 6 are Rh
0 ≈ 13.3, Rm

0 ≈ 0.9, and Rmh
0 ≈ 1.8, yielding

the relationship Rh
0 > Rmh

0 > 1 > Rm
0 . The corresponding solution curve is shown in

Figure 7. As the system (1) evolves over time, both measles and hand, foot, and mouth
disease become endemic. This result serves to confirm the validity of Theorem 9.
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Table 6. Parameter values when Rh
0 > Rmh

0 > 1 > Rm
0 .

Parameters Λ β1 β2 µ θ1 θ2 d1 d2 τ

Values 8 0.4 0.05 0.4 0.1 0.5 0.1 0.2 0.1

Figure 7. Solution curves at Rh
0 ≈ 13.3, Rm

0 ≈ 0.9, Rmh
0 ≈ 1.8.

5.2. Model fitting and verification of co-infection model (2)
To validate the rationality of the SIhImImhRhRmRmh model (2), this study

selects measles and hand-foot-mouth disease (HFMD) epidemic data from February
to September 2024 in mainland China and employs the least squares method for fitting.

5.2.1. Data collection

The data were obtained from the Chinese Center for Disease Control and
Prevention (https://www.chinacdc.cn/jksj/jksj01/), covering real-time epidemic data
from February to September 2024. The total population of China is approximately
1.4 billion. Based on the CDC’s official reports and the epidemiological characteristics
of measles and HFMD, the susceptible population was assumed to primarily consist
of unvaccinated children or individuals with vaccine failure, accounting for about 1%
of the total population. The initial values for the model are listed in Table 7, with the
initial time t0 set to February 2024.

5.2.2. Objective function

Given that the last three equations of model (2) are independent of each other, to
facilitate data fitting, we focus on the simplified model:

S′ = Λ− β1SIh − β2SIm − (β3 + β4)SImh − µS,

I ′h = β1SIh + β3SImh −m1Ih − τ1IhIm,

I ′m = β2SIm + β4SImh −m2Im − τ2Im,

I ′mh = τ1IhIm + τ2Im −m3Imh

(18)

wheremi(i = 1, 2, 3) is defined in Section 4.1.
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Parameter estimation was performed using the ‘lsqcurvefit’ function in MATLAB.
Following the idea of Fandio et al. [27], the objective function is defined as:

F (Θ) =

8∑
i=1

(
(Idatam (ti)− Im(ti))

2 + (Idatah (ti)− Ih(ti))
2
)

where Θ = (β1, β2, β3, β4,m1,m2,m3, τ1, τ2, µ,Λ), I
data
m (ti) and Idatah (ti) represent

the actual data for measles and HFMD, respectively, and Im(ti) and Ih(ti) denote the
fitted data.

5.2.3. Model validation

The coefficient of determination (R2) and mean absolute percentage error
(MAPE) are used to evaluate the fitting performance, defined as:

R2 = 1−
∑n

i=1(yi − ŷi)
2∑n

i=1(yi − ȳ)2
, MAPE =

100%
n

n∑
i=1

∣∣∣∣ ŷi − yi
yi

∣∣∣∣
Here, y = (y1, y2, . . . , yn) represents the observed data, ŷ = (ŷ1, ŷ2, . . . , ŷn)

denotes the fitted data, and ȳ is the mean of the observed data. A higher R2 (closer to
1) and a lower MAPE (closer to 0) indicate better model performance.

5.2.4. Parameter estimation

The co-infection dynamics model (18) was calibrated using surveillance data of
measles and HFMD outbreaks in mainland China from February to September 2024.

As demonstrated in Tables 7 and 8 and the fitting curve in Figure 8, the fitting
results of the HFMD andmeasles epidemicmodels inmainland China, where the curves
show an excellent agreement with the observed data (HFMD: R2 = 0.986,MAPE =

19.8%; measles: R2 = 0.86, MAPE = 10.6%). These findings demonstrate that the
differential equation-based model (18) accurately captures the transmission dynamics
during specific outbreak phases.

Table 7. Initial values of model.

Variable Estimated value source Variable Estimated value source

S(0) 13.68 million estimate Ih(0) 9093 CDC
Im(0) 31 CDC Imh(0) 0 estimate

Table 8. Initial values of model (18).

Variable Estimated value source Variable Estimated value source

β1 0.5394 Estimate β2 0.2521 Estimate
β3 0.0701 Estimate β4 0.0264 Estimate
m1 6.3556 Estimate m2 2.8801 Estimate
m3 0.0331 Estimate τ1 0.0184 Estimate
µ 0.0004 Estimate Λ 0.2391 Estimate

The HFMD prediction model demonstrates a high goodness-of-fit (R2 = 0.986),
accounting for 98.6% of case variations. However, its MAPE of 19.8% indicates an
average prediction deviation of nearly 20%. This discrepancy is likely attributed to
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the strong seasonality of HFMD and the high underreporting rate of asymptomatic
infections, particularly during peak outbreaks in summer and autumn in China, where
mild or asymptomatic cases often go unrecorded, increasing prediction errors. In
contrast, the measles model, despite its lower R2 = 0.86, achieves a lower MAPE
of 10.6%, indicating more accurate epidemic scale predictions. Measles control
in China heavily relies on high vaccine coverage, making its transmission pattern
more predictable and further affirming the crucial role of immunization in measles
containment.

(a) Fitting curves for the cases of HFMD (b) Fitting curves for the cases of Measles

Figure 8. Fitting results of the co-infection model (18).

6. Concluding remarks

This study investigates the co-dynamics of measles and hand, foot, and mouth
disease (HFMD) by constructing two epidemiological models: a four-compartment
SIhImR model and a seven-compartment SIhImImhRhRmRmh co-infection model.
The dynamic behaviors of both models were thoroughly examined.

In the case of SIhImR model with the four compartments, using the
next-generation matrix approach, the basic reproduction numbers Rh

0 for measles and
Rm

0 for HFMD are calculated. By examining the correlation between Rh
0 and Rm

0 , the
presence of equilibrium points is confirmed, with specific details depicted in Figure 3.

By applying LaSalle’s invariance principle, the global asymptotic stability of these
equilibrium points has been established. The specific stability regions are illustrated in
Figure 9 and Table 1, where W s

E0
, W s

E∗
h
, W s

E∗
m
and W s

E∗ , denote the stability regions
of equilibrium points E0, E

∗
h, E

∗
m, and E∗, respectively.

These regions are mathematically defined as:

W s
E0

= {(Rm
0 , Rh

0) ∈ R2
+|0 < Rm

0 < 1, 0 < Rh
0 < 1},

W s
E∗

m
= {(Rm

0 , Rh
0) ∈ R2

+|0 < Rh
0 < 1 < Rm

0 or 1 < Rmh
0 < Rm

0 < Rh
0},

W s
E∗

h
= {(Rm

0 , Rh
0) ∈ R2

+|0 < Rm
0 < Rh

0 , 1 < Rh
0 < Rmh

0 },

W s
E∗ = {(Rm

0 , Rh
0) ∈ R2

+|0 < Rm
0 < Rmh

0 < Rh
0}.

Our analysis reveals that when R0 = max{Rh
0 , R

m
0 } < 1, that is, (Rh

0 , R
m
0 ) ∈

W s
E0
, both measles and HFMD will eventually vanish, preventing any epidemic

outbreak in the region. When (Rm
0 , Rh

0) ∈ W s
E∗

m
, HFMD will diminish while measles
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Figure 9. Stability regions of equilibria E0, E
∗
h, E

∗
m and E∗ of the SIhImR model.

will persist endemically. Conversely, when (Rm
0 , Rh

0) ∈ W s
E∗

h
, measles will disappear

and HFMD will persist endemically. Moreover, when (Rm
0 , Rh

0) ∈ W s
E∗ , both

diseases will coexist and establish endemicity. Numerical simulations have validated
the stability of these results.

For the SIhImImhRhRmRmh model with seven compartments, the basic
reproduction number R0 was calculated, and the threshold theorem was validated.
Conditions for both local and global asymptotic stability of the disease-free equilibrium
were established. Specifically, the disease-free equilibrium E0 is asymptotically stable
when R0 < 1 and globally asymptotically stable when R̃0 < 1. However, a gap
between these conditions remains unresolved and will be addressed in future research
(Figure 10).

Figure 10. Stability regions of disease free equilibrium E0 of model .

Additionally, the existence and stability of endemic equilibria will be investigated
in subsequent studies. The model’s limitations, such as the exclusion of quarantine and
treatment strategies’ potential effects on cure rates and the possible implementation of
measles vaccination programs to enhance disease resistance, will also be explored in
future research.
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