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Abstract: Soft sets provide a strong mathematical foundation for managing
uncertainty and inventing solutions to parametric data problems. Soft set operations
are fundamental elements within soft set theory. In this paper, we introduce a new
product operation for soft sets, called the “soft lambda-product,” and thoroughly
examine its algebraic properties in relation to various types of soft equalities and
subsets. By studying the distribution of the soft lambda-product over different soft set
operations, we further investigate its relationship with other soft set operations. We
conclude with an example demonstrating the method’s effectiveness across various
applications, employing the int-uni operator and int-uni decision function within the
soft lambda-product for the int-uni decision-making method, which identifies an
optimal set of elements from available options. This work significantly contributes to
the soft set literature, as the theoretical foundations of soft computing methods rely on
solid mathematical principles.

Keywords: soft set; soft lambda-product; soft subset; soft equal relations

1. Introduction

George Cantor developed modern set theory, which serves as the basis for all
mathematics. Since mathematics demands accuracy in all notions, including sets,
ambiguity is one issue associated with the idea of a set. For a long time,
mathematicians, logicians, and philosophers have struggled with this ambiguity or
representation of incomplete knowledge. In recent years, computer scientists have also
been more concerned about it, especially in the field of artificial intelligence.
Numerous mathematical techniques, including probability theory, fuzzy set theory [1],
and interval mathematics, are available for modeling complex systems; nevertheless,
each has its own set of drawbacks. Setting membership values is a known problem in
fuzzy set theory, interval mathematics suffers with fluctuating uncertainty, and
probability theory only works with stochastically stable systems. Furthermore, the
efficiency of these tools is limited by their lack of parameterization, particularly in
complicated fields like economics, environmental science, and the social sciences. In
1999, Russian scholar Molodtsov [2] presented soft set theory as a completely general
mathematical technique for describing uncertainty. Because there are no rigid
restrictions on item descriptions, researchers are free to modify parameters as
necessary, which significantly streamlines and improves decision-making, particularly
in situations when information is lacking. Soft set theory distinguishes itself by
overcoming the challenges and providing a wider range of applications in
multidimensional disciplines.
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A soft set, which consists of an approximate value set and a predicate, provides
a rough description of an item. Although precise answers are required for models in
classical mathematics, approximation techniques are employed for complicated
models that lack precise solutions. Soft set theory, on the other hand, does not require
a precise solution concept because the original description of an item is by nature
approximate. Molodtsov [2] showed how versatile soft set theory is by effectively
using it in a variety of fields, such as Riemann integration, operations research, game
theory, and function smoothness. After Maji et al. [3] applied soft set theory to a
decision-making issue for the first time, several researchers [4-10] created early soft
set-based decision-making techniques. The “uni-int decision-making” method, a well-
known soft set-based technique, was first published by Cagman and Enginoglu [11].
Later, soft matrix-based decision techniques for the OR, AND, AND-NOT, and OR-
NOT operations were presented [12]. Soft set theory has been widely used in decision-
making as these techniques have shown to be successful in managing uncertainty and
other real-world issues [13-24].

The fundamentals of soft set theory have advanced significantly in the last several
years. A thorough theoretical framework including soft subsets, soft set equality, and
soft set operations like union, intersection, and AND/OR products was provided by
Maji et al. [25]. These ideas were further developed by Pei and Miao [26], who
redefined intersection and subset relations and looked at links to information systems.
Other operations, such as restricted union, restricted intersection, restricted difference,
and extended intersection, were added by Ali et al. [27]. Later works [28-41]
addressed conceptual inconsistencies in earlier soft set research, suggested
enhancements, and investigated the algebraic structure of soft sets. Whereas Eren and
Caligici [42] established a new kind of difference operation for soft sets, Stojanovic
[43] investigated the extended symmetric difference of soft sets. Since then, other
novel soft set operations have been proposed and examined [44—49].

The fundamental ideas of soft set theory are subsets and soft equality relations.
The concept of soft subsets was first put out by Maji et al. [25] and subsequently
expanded upon by Pei and Miao [26] and Feng et al. [29]. Two novel kinds of
congruence relations and soft equal relations on soft sets were presented by Qin and
Hong [50]. Maji’s soft distributive laws were modified by Jun and Yang [51], who
further extended soft equal relations by using a wider variety of soft subsets. For
consistency, J-soft equal relations were established in this study. Noting that not all
soft equalities adhere to distributive rules, Liu et al. [52] were motivated by these
advancements to propose soft L-subsets and soft L-equal relations.

Building on past work, Feng et al. [53] extended the categories of soft subsets
and explored the algebraic aspects of soft product operations, encompassing laws of
distribution, commutativity, and association, among other qualities. Using soft L-
subsets, they investigated soft products like AND and OR products, looking at these
operations under J-equality and L-equality. They also showed that commutative
semigroup structures are compatible with soft L-equal relations. See [54-58] for
further information on soft equal relations. Molodtsov’s initial idea of soft sets was
improved by Cagman and Enginoglu [11], who also established several products in
soft set theory, such as uni-int decision functions, AND-products, OR-products, AND-
NOT-products, and OR-NOT-products. They used these items to propose a systematic



Mathematics and Systems Science 2025, 3(1), 3139.

decision-making process for choosing the best possibilities among alternatives,
offering a real-world illustration of how this strategy may deal with ambiguity. A
thorough study of the AND-product was carried out by Sezgin et al. [59], who explored
its algebraic characteristics (such as idempotent, commutative, and associative laws)
and contrasted them with characteristics of various soft equalities, such as soft F, M,
L, and J equalities. It was shown that the set of all soft sets over the universe constitutes
a commutative hemiring with identity under soft L-equality when the restricted or
extended union is combined with the AND-product. Additionally, they proved that
this property also applies when the restricted or extended symmetric difference is
paired with the AND-product, forming another commutative hemiring with identity
within the framework of soft L-equality.

Cagman and Enginoglu [11] defined OR-NOT product for soft sets, the domain
of the approximation function of which is EXE. They also show that this product is not
commutative and associative under M-equality, but holds De Morgan Laws.

This work presents a novel product operation in soft set theory, which we term
the “soft lambda-product.” Unlike the OR-NOT product for soft sets defined in [11],
the domain of the approximation function of soft lambda-product is the cartesian
product of the parameter sets’ of the soft sets, that is, not EXE. We illustrate this
operation with an example and analyze its algebraic features with respect to certain
forms of equality and soft subsets, such as M-subset/equality, F-subset/equality, L-
subset/equality, and J-subset/equality. We also look at this product’s distributional
characteristics over certain different soft set operations. Lastly, we apply the soft
decision-making technique to soft lambda-product to choose the best possibilities in a
decision-making situation, and we provide an example to show how successful it is.
By developing theoretical underpinnings necessary for soft computing applications,
this study adds to the body of literature on soft sets. The structure of the paper is as
follows: An outline of the main ideas in soft set theory is given in Section 2. In the
third section, we present the soft lambda-product and explore its algebraic
characteristics in relation to several soft equalities and subsets. The use of int-uni and
soft lambda-product decision operators in decision-making is examined with a
practical example of how this approach may handle uncertainty in Section 4. The last
part contains concluding observations.

2. Preliminaries

Definition 1. /1] Let U be the universal set, E be the parameter, and P(U) be the
power set of U and K € E. A pair (3, K) is called a soft set over U where S is a set-
valued function such that §: K — P(U).

Although Cagman and Enginoglu [11] modified Molodstov’s concept of soft sets,
we continue to use the original definition of soft set in our work. Throughout this
paper, the collection of all the soft sets defined over U is designated as Sg(U). Let X
be a fixed subset of E and Sy (U) be the collection of all those soft sets over U with
the fixed parameter set K. That is, while in the set S5 (U), there are only soft sets
whose parameter sets are X'; in the set Sg(U), there are soft sets whose parameter sets
may be any set. From now on, for the sake of convenience, soft set(s) will be
recognized as SS(s), and parameter set(s) by PS(s).
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Definition 2. [27] Let (3, K) be an SS over U. (J, K) is called a relative null SS (with
respect to the PS X), denoted by @g, if 3(#) = @ for all £ € K and (3, K) is called
a relative whole SS (with respect to the PS K), denoted by Uy if (%) = U forall £ €
K. The relative whole SS Ug with respect to the universe set of parameters E is called
the absolute SS over U

The empty SS over U is the unique SS over U with an empty PS, represented by
@g. Note @y and @, are different [31]. In the following, we always consider SSs with
non-empty PSs in the universe U, unless otherwise stated.

The concept of soft subset, which we refer to here as soft M-subset to prevent
confusion, was initially defined by Maiji et al. [25] in the following extremely strict
way:

Definition 3. /25] Let (3, K) and (S, 2Z) be two S8Ss over U. (3,K) is called a soft
M-subset of (S,2) denoted by (3,K) Sy (S,2) if K € Z and J(#) = S(&) for
all # € K. Two SSs (3, K) and (S,2) are said to be soft M-equal, denoted by
(3.%) =u (,2)if (3,K) Sy (&,2) and (8,2) Ey (3,%).

Definition 4. [26] Let (3, X) and (S, 2) be two SSs over U. (3, K) is called a soft F-
subset of (&, 2) denoted by (3, K) Sf (6,2) if K € Zand J(£) € S(&) forall £
EXK. Two SSs (J, K) and (S,2) are said to be soft F-equal, denoted by
(3,%) =¢ (&,2) if (3, %) Er (&,2) and (&,2) Ef (3,%).

It is important to note that the definitions of soft F-subset and soft F-equal were
originally introduced by Pei and Miao in [26]. However, some papers on soft subsets
and soft equalities mistakenly attribute these definitions to Feng et al. in [29].
Consequently, the letter “F” is used to reference this connection.

In Liu et al. [52], it was shown that the soft equality relations =M and =F are
equivalent. In other words, ((0,M) =y (&, D) if and only if (O,M) = (&, D).
Since they have the same set of parameters and approximation function, two SSs that
satisfy this equivalence are actually identical [52], meaning that (O, M) =y (&, D)
implies (O, M) = (&, D).

Jun and Yang [51] expanded the concepts of F-soft subsets and soft F-equal

relations by relaxing the restrictions on parameter sets (PSs). Although Jun and Yang
[51] referred to these as the generalized soft subset and generalized soft equal relation
we refer to them as soft J-subsets and soft J-equal relations, taking the initial letter of
Jun.
Definition 5. [51] Let (3, X) and (S, 2) be two SSs over U. (3, K) is called a soft J-
subset of (&,2) denoted by (F, K) §] (&,2) if for all £ € X, there exists z € Z
such that J3(£) € &(z). Two SSs (3, K) and (&, 2) are said to be soft J-equal,
denoted by (3, X) =, (6,2) if (3,K) §; (&,2) and (§,2) §; (3, X).

It was demonstrated by Liu et al. [52] that (O,M) Sy (D)=
(0, M) €k (&, D) = (0,M) §; (&, D), but the converse may not be true.

Liu et al. [52] introduced a new type of soft subset, referred to as soft L-subsets
and soft L-equality, which generalizes both soft M-subsets and ontology-based soft
subsets. This new concept was inspired by the ideas of soft J-subsets [51] and
ontology-based soft subsets [30].

Definition 6. [52] Let (3, X) and (&, Z) be two SSs over U. (5, K) is called a soft L-
subset of (&, 2) denoted by (3, K) €, (&,2) if for all £ € X, there exists z € Z
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such that J(#£) = S(z). Two SSs (J, X) and (S, 2) are said to be soft J-equal,
denoted by (3, %K) =, (6,2) if (3,X) &, (6,2) and (,2) &, (3, %).

Concerning the relationships among various types of soft subsets and soft
equalities, (3, K) Eu (6,2)= (3 K) Sk (6,2)=(3.X) §(5,2) and
@K =M (6,2)=> (JX) =1 (6,2)=(3,K) =,(6,2) [52]. However, the
converses may not be true. Also, it is well-known that (3, K) =y (S, 2) if and only
if (3, K) =r (6,2)

We can thus conclude that soft M-equality (and therefore soft F-equality)
represents the strictest form of soft equality, while soft J-equality is the weakest.
Positioned between these two is the concept of soft L-equality [52].

For further information on soft F-equality, soft M-equality, soft J-equality, soft
L-equality, and other definitions of soft subsets and soft equal relations in the
literature, please refer to [50-58].

Definition 7. [27] Let (3, %) be an SS over U. The relative complement of (3, X),
denoted by (J, %), is defined by (3,K)" = (F",X), where J": K - P(U) is a
mapping given by 3" (£) = U\J (%) for all £ € K. From now on, U\J(£)=[J(%)]’
is designated by ’(#) for the sake of designation.

Definition 8. [25] Let (3, ) and (&, Z) be two SSs over U. The AND-product (A-
product) of (J,K) and (S,2), denoted by (J,K)A(S,2Z), is defined by
(3, 5)A(S,2) = (R KxZ), where for all (£,3) € XxZ, 9(#£,3) = J(#) N S(3).
Definition 9. [25] Let (3, %) and (S, Z) be two SSs over U. The OR-product (V-
product) of (3, X) and (&, Z), denoted by (F, K) v (&, Z), and is defined by (F, K) v
(6,2) = (2 Kx2), where for all (%£,2) € KXxZ,(#%,2) = J(#) UG(3)

Cagman [60] presented the notions of inclusive complement and exclusive
complement as new ideas in set theory and used comparison to study their links. In
[60], these novel ideas were also used in group theory. Some novel complements were
introduced by Sezgin et al. [61], who also looked into their relationships and applied
them to group theory.

Definition 10. [61] Let A and B be two subsets of the universe. Then, A lambda B is
defined by AAB:= AUB'.

Subsequently, the lambda operation was applied to SS theory to introduce new
SS operations [62-64]. Let “(” represent set operations such as N,U,\,A. The
following definitions are provided for restricted, extended, and soft binary piecewise
operations.

Definition 11. [27] Let (3, X) and (S, Z) be SSs over U. The restricted © operation
of ( §K) and (5,Z) , denoted by (J,K) Or(S,2) is defined by
(3, 7) Or (6,2) =(,¢), where € =X NnZ and if ¢ # @, then for all c € C,
(c) =3(c) ©S(c); ifC =0, then (J,K) O (&,2) = 0.
Definition 12. [27,43,62] Let (J,K) and (S,2Z) be SSs over U. The extended ©
operation of (J,K) and (S,Z), denoted by (J,K) O (S,2) is defined by
(3,5) O (6,2) =(,8), where C =K U Z and for all ¢ € C,
S(c), cCEX\Z

Ac) = &(o), ceEZ\X .
S(c) ©6(c), ceEXNnZ
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(LK x2)

Definition 13. [44,49,64] Let (J,%) and (S,2Z) be SSs over U. The soft binary
piecewise © operation of (3, K) and (&, 2), denoted by (3, %) © (S, 2) is defined
by (3,%) O (6,2) = (2 K), where for all c € X,

3( o), cCEX\Z

) :{S(c) 06(c) ceXnz

For more about the soft algebraic structures of SSs, hypersoft sets, picture fuzzy
soft sets, we refer to [65-89].

3. Soft lambda-product and its algebraic properties

We proposed the soft lambda-product, a novel product for SSs, in this part. We
provide an example and analyze its algebraic characteristics in depth with respect to
specific kinds of soft equalities and soft subsets.

Definition 14. Let (3, K) and (S, Z) be SSs over U. The soft lambda-product of (5,
K) and (S,2), denoted by (J, H)V,(S,2), is defined by (F,FK)V(5,2) =
(9, X x Z), where for all (£,z )€ KxZ,

A #,z) = J(HR)AS(2).

Here, 3 (£)AS(z) = J(£)U &'(2).

Here note that Cagman and Enginoglu [11] defined OR — NOT —product for SSs

in a similar way to soft lambda-product as follows:
Definition 15. [11] Let (O,M) and (&, D) be SSs over U. The V-product (OR —
NOT —product) of (0, M) and (&, D), denoted by (O, M) V (F,D), is defined by
(O, M)V (§,D) = (U, ExE), where for all (m,d) € ExE, O(m,d) = 0(m) U
F'(d).

It is observed that while the domain of the approximation function of OR —
NOT — product of (0,M) and (&, D) is EXE, the domain of the approximation
function of soft lambda-product of (0, M) and (&, D) is M'xD.

Example 1. Let E = {£,,%,,¢3,£4} bethe PS, K = {£,,¢5},and Z = {£,,£,} be the
subsets of E, U = {1, #2, #3, f4, #s} be the universal set, (3, K) and (S, 2Z) be SSs
over U such that

(Svj(): {(‘€2! {#1! #2! #3! #4-! 15'5}); (‘€3,{#3' #5})}

(©,2) = {({)2’ {#1’ £2, 15'3})({)4,{75&2; #3, 54})}-
Let (3, K)V,(S,2) = (9, Kx2). Then,

= {((02,£2), {1, B2, B3, B0, B53), (L2 €0, (B1. B2 B3, B0 B53), (83, €2), (3, B0 B53), (B3, €4), (1, £2, 853) -

Since it is more practical than writing in the list method style, the Table 1 method
can be applied here:



Mathematics and Systems Science 2025, 3(1), 3139.

Table 1. The table designation of the soft lambda-product’s result of the soft sets in
Example 1.

3, ) My (6, 2) t; 4
‘BZ {#1' #2' #3' #4-' #5} {#1' 'ﬁZ' #3' 'ﬁllu fs}
‘B3 {#3' #4' #5} {#1' 'ﬁ3' #5}

Proposition 1. V;-product is closed in Sg(U).
Proof 1. It is clear that V,-product in a binary operation in Sg(U). In fact, let (5, K)
and (&, 2) be SSs over U. Then,

Vy: SE(U) X SE(U) - Sg(U)((3, %), (8,2)) - (3, KV (S,2) = (L KxZ) = (L,0).

LK x Z)xe) =

That is, (2,C) is an SS over U, since the set Sg(U) contains all the SS over U.
Here, note that the set S« (U) is not closed under V,-product, since if (3, X), (S, K)
are the elements of S, (U), (5, K)Vo (S, K) is an element of Sy (U), not Sg(U). o
Proposition 2. Let (5, X), (S, 2) and (2, C) be SSs over U. Then,

(3, :}C)VK[(GJ Z)V)\(Q, C)] FM [(S' :}C)V)\(Gl Z)]V?\(&' C)

That is, V-product is not associative in Sg(U).
Proof 2. We provided an example to show that V;, -product is not associative in Sg(U).
LetE = {#1,€5,%3,%4} be PS, K = {£,,45}, Z = {£,} and C = {¢£,} be the subsets
of E, U = {#, 2, #3, F4, 5} be the universal set, (§,X), (&,2) and (2, C) be SSs
over Ceere U such that (3, %) = {(£2, {#3, £4}), (¢, {1}, (&, 2) = {(¢1,0)} and
(R,6) = {(£4,{$1,#3, Fs1)}. We show that
(3, FOVA(S, 2)VA(R, ©)] #m [(T, KIVA(S, 2) VA (R, ©).

Let (&, 2)Vo(2,C) = (¢, Z x C). Then,

Gzx0)= {(({)1'{)4)'{#2’75&4})}-
Assume that (3, K)V5(4, Z x C) = (€, X x (Z x C)). Thus,

(€% x (Z x ©) ={((£2, (1, €2)), {$1 85,81 85}, ((£3, (81, £2)), (1, B3, 85) )}
Let (3, KOVa (G, 2) = (6, KX x Z). Thereby,

(6:'7( X Z) = {(('EZ"El)!{’ﬁl' #2! #3! #4-! 15'5}), (('83'{)1)1{#1' #21 #31 #41 #5})}
Suppose that (6, K x Z)V,(2,C) = ({, (K x Z) x C). Hence,

(20, £2), B0, B2, B3, B0, B53) , (€5, €0), £4), (v B2 B3 B B5) |-

Thus, (€K X (ZxC))#y K x Z)xc) . Similarly, (€K x (2 x
0)) #1 (G, (% x 2) x€) and (€, K X (Z x C)) # (, (¥ x Z) X C). o
Proposition 3. Let ( 3,X) and (&,Z2) be SSs over U . Then,
(S, FOW(S,2) =y (S, 2)V3(F,K) . Namely, V; -product is not commutative in
S (U).
Proof 3. Let (3, K)Va(S,2)=(Q K x2) and (S, 2)V,(JK)=((,ZxXX).
Since K X Z # Z X K, the rest of the proof is obvious. O
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Proposition 4. Let ( J,X) and (&,Z2) be SSs over U . Then,
[ KWH(S,2) #) (6,2)V(3,K). That is, V;-product is not commutative in Sg(U)
under J-equality.

Proof 4. We provided an example to show that V,-product is not commutative under
J-equality in Sg(U). LetE = {#;,%,,¥3,4,} be the PS, K = {¢£,,¢3}, and Z = {#;}
be the subsets of E, U = {1, #2, #3, #4, #5} be the universal setand (J, X), and (S, Z)
be SSs over U such that (3, %) = {(£2, {£3, £2}), (¢35, {#1 D}, (& 2) = {(£1, 0)}. We
show that

(3,I0V(8,2) #) (&, 2K (3 %).
Let (3, FOV5 (G, 2) = (W, K x Z), where

(W':K: X Z) = {((‘EZ;’El)f {#b #2! #3! #4-! #S})r (({)3'{)1)' {#11 #21 #31 #4-1 #5})}
Assume that (S, 2)V, (3, K) = (H,Z x K), where

36,2 x 30) = (01, £2), 1, B2, $53) (81, £5), (B, 3 B0, B5}) ).

Hence, (S, FOW(E, 2) # (6, 2)Z (3, K) . Moreover,
[, FOVA(G,2) #, (6,2)W (B K). o
Proposition 5. Let ( JX) be an SS over U . Then,

(3, KWV 0p =y DV (3, K) =y g . Namely, @4 -the empty SS-is the absorbing
element of V,-product in Sg (U).

Proof 5. Let @y =(,0) and (3, HK)Vo@y = (I KIVA(,0) = (S, K x0) =
(S, 0). Since @ is the only SS whose PS is @, (S, ®) = @ is obtained. Similarly,
DgVa(3,K) =um Dg. O

Proposition 6. Let (0, ) be an SS over U. Then, Uy V,(0,K) =, Uy . That is, Uy
is the left absorbing element of v;-product in Sy (U) under L-equality.

Proof 6. Let Uy = (W°,KX) and (W, K)V, (0, K) = (8, KxK). Then, forall £ € K,
Y (£) = U and for all (%,3) € KxK, 2(#,3) =W (£)U0O'(z)=UU0'(3) =U.
Since, for all (#,3) € KXxXK, there exists £ € K such that 2(#%,z) = U = \P°(£),
implying that UV, (0,%) €, Uy . Moreover, for all £ € K, there exists (#,z) €
KxK such that V*(£) = U = 2(#%, 3), implying that U €; Uy V3 (0, K). Thereby,
Usc Vi (0,%) =1, Uge. O

Proposition 7. Let (0, %) be an SS over U. Then, (O, KX)V;,Us =, (0,K). That is,
Uy is the right identity element of v,-product in S;-(U) under L-equality.

Proof 7. Let Uy = ("W°, K) and (O, )V, (W, K) = (8, KxK). Then, for all £ € K,
A(#£) =U and for all (#£,2) € XKxK , 2(#,3) = 0#)UN'(2) =0(L)UD =
0(#£). Since, for all (#,z) € KXxXK, there exists £ € K such that 2(#,z) = 0(£),
implying that (0, X)V, Uy €. (0, K). Moreover, for all £ € K, there exists (#,2) €
KxXK such that O(£) = 2(#£,3), implying that (0,%) €, (0,K)V,Uy. Thereby,
(0, X))V, Uy =1, (0,K). 0

Proposition 8. Let (J,%) be an SS over U. Then, (J, K)V303 = Usxxy and
D Va3 K) =u (3, H X HK)".

Proof 8. Let @4 = (,K), where for all £€e X , 9Q(£) =@ . Assume that
(S, FOV0% = (I, FOVH(K) = (6, K x K), where for all (#£,3) € KX XK ,
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S£,z)=3R)UA(E)=JHR)UP =J#)uU=U, implying that (&, K x
K) = (U,K xK).Let @3V (3, K) =m (N, K x K), where forall (£,z) € X X K,
N(£,2)=2R)UF (B)=0UJF (3) =J(2). Thus, M, K X XK) = (3, K X K)".
O

Proposition 9. Let (J,K) be an SS over U. Then, (F,K)V,Uyx =y (3, K) and
U Va(3,K) =um U

Proof 9. Let Uy = (,X), where for all £#e€ X, 2(£)=U. Assume that
SOV Uy = (3, KOV K) = (6, K X K), where for all (#£,3) € X XX ,
S(,z)=3L)Uu(E)=JHR)UU =JL)UBd =3(). Thus, (5K xXK) =
(3, KxK) . Let Upe (3, K) =m (B, KxK) , where for all (£,3) e XK XK ,
B, z)=2L)UT (3) =UUJ (2) =U, thereby (B, KxK) = Ugege. O
Proposition 10. Let (5, X) be an SS over U. Then, (J, X) §, (S, KOV (3, K). That
is, V3-product is not idempotent in Sg (U) under J-equality.

Proof 10. Let (3, FOVo (3, K) = (6, K xK), where for all (#£,3) € X XK,
S(#,3) = J(£) UJ'(z). Since for all £ € XK, there exists (£,z) € KxX such that
J(R) € G(£,2) = J(R) U J'(2), (3,K) S (3, KV (3, K) is obtained. O
Proposition 11. Let ( J%X) and (5,Z2) be SSs over U
Then, (S,2)" ~] (3, FOV(S,2) ve (3,K) € g, (S, 5KV (6, 2).

Proof 11. Let (3,)V,(6,2) = (K x Z) , where for all (#,3) € KX X
Z,9(#%,2) = J(#) UG'(3). Since for all z € Z, there exists (£,z) € K X Z such
that &' (z) € J(£) U &' (3), (S,2)" §; (3, K)Va(S, Z) is obtained. Similarly, since
for all £ € i, there exists (#£,z) € X X Z such that J(£) € J(£) UGS (3),
(3, K) G (3, K)Va(S, Z) is obtained. O

Proposition 12. Let (3, %) and (S, 2Z) be SSs over U. Then, [(J, K)V;(S,2)]" =
(3,507 A (S,2).

Proof 12. Let (3, K)V5(6,2) = (K x2Z), where for all (£,3) e KX X Z,
%, 2) =J(R)UE'(2). Thus, Y (%£,3) = J'(£)NS(2) = (3)'(£) N (S) (2),
implying that (', % X Z) = (3, K)" A\ (&, 2)". (For more about A -product, please
see [11]. o

Proposition 13. Let ( J,%) and (S,Z) be SSs over U . Then,
(3, K) M\ (8,2) Ef (3, H)IVa(G, 2).

Proof 13. Let (3, %) A\ (&,2) = (€K X Z) and (3, K)IVA(6,2) = (K x Z),
where for all (£,2) € X X Z, €(%,2) = J(#£) N S'(z) and for all (£,3) € K x
Z,Uk,z)=3#R)UES (2). Thus, for all (£,3) EX x Z, C(#£,2) =3J(£)n
&' (3) € 3(£) UGS'(3) = U+, z). This completes the proof. o

Proposition 14. Let (3, K), (&,2) and (2, C) be SSs over U. If (3,K) Sx (S,2),
then (3, K)V,(Q,0) QF (S, 2)V(,0).

Proof 14. Let (3, %) ¢ (S,2). Then, X € Z and for all £ € K, J(£) € S(&).
Thus, K x C € Z xCand for all (£,c) EKX XC,J(£)U(c)c&S(£)U (o),
completing the proof. O

Proposition 15. Let (§,%),(6,2),(9,¢) and (6,W) be SSs over U . If
(3, %) Er (6,2) and (0 S EW) :
then (5, K)V1(,C) S (S, 2)V, (68, W).
Proof 15. Let (5, K) Sg (S,2) and (,C)F

~

Sy (W) Thus, X € Z,¢c < W, for
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al £ e K,3(k) cS(L)and forallc € C, ' (c) € &' (c). Thus, K XC S Z X W,
and for all (£,c) € X xC, J(£)UQ(c) € S(#£)UB'(c). This completes the
proof. O

Proposition 16. Let (J,%),(6,X),(QX) and (§%K) be SSs over U . If
(3,%) Er (6, %) and (%) € (6,%) , then
(3 IOWVL(E,K) S (8K K).

Proof 16. Let (3,X) ¢ (S, %) and (,K) Sf (8, K). Thus, for all £ € XK,
J(£) € G(£) and for all £ € K ign () € &(¥). Then, for all (£,¢) € X x K,
I(£) UG (£) € S(£)U Q' (£), completing the proof. O

Proposition 17. Let ( J,%) and (S,Z) be SSs over U . Then,
Dyxz Er (3, K)IVa(S,2) and Dzxsc Ef (S, 2)V3(T, X).

Proof 17. Let @y «z = (€,KX X Z) and (J, KV, (S, 2) = (S, K x Z), where for all
(#,2) EXXZ, Ek,z) =0 and for all (£,2) e XxZ , §(£,3) =J(#)U
&' (z).SinceX xZ<cKxZandforall (£,2) e X XZ,E#,3z)=0 €J(#)U
S (z) =8(#,32), Bixz Sr (3, KIVL (S, 2) is obtained. Similarly,
Bzxx Sr (S, 2)VA(3,K). 0

Proposition 18. Let (3, X)) and (S, Z) be SSs over U. Then, @5 (3, X)V1(S, 2),
D §] (3, KOV (S,2), and @ §] (S, KOV (S, 2).

Proof 18. Let @4 = (€, K) and (3, K)V,(S,Z2) = (S, K x Z), where for all £ € K,
E#)=0and for all (£,2) e K X Z,5(#,z) =J(£) UGS (z). Since for all £ €
K, there exists (£,z) E KX xZ such that E(R) =0 S JR)UGC (3) = §(£,2),
By S5 (I, K)V(S, 2) is obtained. Similarly, @5 S(J, K)Vi(S,2) and g E4(S,
FHI)VA (S, Z) are obtained. o

Proposition 19. Let ( J,%X) and (S,Z) be SSs over U . Then,
(3, KIVa(S,2) Ef Usexz and (S, 2)Vi(3, K) Er Uz

Proof 19. Let Uyxxz = (2, K X Z) and (F, K)V, (S, Z2) = (6, K X Z), where for all
(#,2) EXXZ, A#,z)=U and for all (£,3) €KX XxZ, 68(£,2)=J(#H)U
S (z). Since K xZ K x2Z and for all (£,2) EX XZ, 6(#,3) =J(A)U
S (@) cU=2%,2) , (3K)Vi(S2)ErUyyz is obtained. Similarly,
(6, 2)Va(3,K) Ef Uzxg- O

Proposition 20. Let (3, %) and (S, 2) be SSs over U. Then, (3, K)V,(S,2) S; Uy
and (3, K)V,(6,2) S, Us.

Proof 20. Let Uy = (W, K) and (3, K)Vo.(S,2) = (X, K X Z), where for all £ €
K, W) =Uandforall (#£,2) € X X Zign, X(#,32) = J(#) UGS’ (). Since for
all (#£,z) € X x Z, there exists £ € K such that X (£,z) =3(#)U &' (z) c U=
W (), (3, K)IVa(S,2) & Uy is obtained. Similarly, (3, K)VA(S,2) §; Uz. o
Proposition 21. Let ( 3,%) and (G,Z) be SSs over U . Then,
(3, FOV(S,2) =y Dyxz ifand only if (3, K) = 0« and (S, 2) =y Us.

Proof 21. Let @3xy = (€, K X Z) and (§, KV, (S, 2) = (X, K x Z), where for all
(#,2) EXXZ , E#,z)=0 and for all (£,2)EKX XZ, X(£,2) =J(#)U
S (2). Let (§,Xx2)=(X,KXx2Z). Then, for all (£,2) eKX xZ, J(#)U
&'(z) =0. Thereby, for all £ € X, J(£)=0 and for all z€Z, S'(3g)=0.
Therefore, for all £ € K, J(£) = @ and for all z € Z, S (z) = U, implying that
(3, %) =m Oy and (&, 2) =y Uz.

10



Mathematics and Systems Science 2025, 3(1), 3139.

Conversely, let (3,K) =y 0% and (S,Z2) =y Uy . Thus, for all £ € X,
S(#£) = @ and for all z € Z, S(z) = U. Hence, for all (£,2) E XK X Z, X (£,3) =
J#)VE () =0Ud =0, andso (3, K)VA(S,2) =y Dxxz- O
Proposition 22. Let (3, X) and (S, 2) be SSs over U. Then, (3, K)V)(S,2) =y Dy
if and only if (3, K) =y @g or (S,2) =y Dg.

Proof 22. Let (3, K)Vi(S,2) =y Pp. Thereby, K x Z =0, and SoKX =@ or Z =
@. Since @y is the only SS with the empty PS, (3, X) =y @g 0r (S,2) =y Dp.

Conversely, let (3,K) = @4 or (5,2) = @y. Then, K =@ or Z = @. Since

K x Z = @ and @y is the only SS with empty PS, (3, K)V,(S,2) =y @y. O

4. Distributions of soft lambda-product over certain types of soft
set’s operations

In this section, we investigate the distributions of soft lambda-product over
restricted, extended, soft binary piecewise intersection and union operations, AND-
product and OR-product.

Theorem 1. Let (3, %), (S, Z) and (2, C) be SSs over U. Then, we have the following
distributions of soft lambda-product over restricted intersection and union operations:
) (3, KIVAl(S,2) Ur (R, 0)] =m [(3, KIVA(S, 2)] Ng [(3, KIVA(R, C)],

i) (3, FOVAl(S,2) Ng (L, )] =u [(T, KIVA(S, 2)] UR [(3, FOIVA(R, O],

i) [(&,2) Ng (LOYVA(S, X)) =m [(&, 2)Vi (T, FO] Nk [(R, OIVA(T, K],

iv) [(S,2) Ur (R O)IVi(3, K) =wm [(S, 2)VA(3, K)] Ur [(L EIVA (S, F)],
Proof 23. (i) The PS of the left-hand side (LHS) is Xx(Z n ¢), and the PS of the
right-hand side (RHS) is (KXxZ) n (XxC). Since Xx(Z N C) = (XxZ) N (KXxC),
the first condition of the M-equality is satisfied. Let (&,2) Ug (2,C) = (€, Z2 N C),
where for all3€ Z2n ¢, E(3) = S(3) UR(3). Let (3, KV (E, 2 NC) = (o, K x

(2 ne)), where forall (£,3) € X x (ZNC), p(#£,3) =I(#) U E (3). Thus,

$(#,3) =I#)VI[SE) VAR =IR)U[S'(3) N (3)].

Let (3, )V (5,2) = (MK x2Z) and (3, K)Vo (R, C) = (B, K X C), where
for all (£,2) EX xZ, M, 3) =J(*)UGS'(3) and for all (£,c) eKX xC,
P(#,c) =J(#) U (c) . Suppose that (M, I x 2) Ng (B, K x €) = (R, (K X
Z) N (K x €)), where forall (£,3) € (X xZ) N (K xC) =K x (ZNnC),

R(#,3) = M(£,3) NB(£,3) = [JR) USR] N [FHL) VR

Thus, (3, K)IVi[(S,2) Ur (2 C)] =um [(3, FOVA(S, 2)] N [(T, KIVA (R, C)].

Here, if Z N € = @, then Kx(Z N €) = (KxZ) N (XxC) = @. Since the only
SS with an empty PS is @4, then both sides are @y. Since (KxZ) N (KxC) =
Kx(Z n C), if (KxZ) N (KXxC)=0, then K= or Z n C = @. By assumption, K #
@ . Thus, (KXxZ) N (KxC) =@ implies that Z N C =@ . Therefore, under this
condition, both sides are again @.

(iii) The PS of the LHS is (Z N C) x K, and the PS of the RHS is (Z X K) n
(CxXK),and since (ZNC) XK =(ZxK)n(CxXK), the first condition of M-
equality is satisfied. Let (S,2) Ng (R,C) = (€,Z2NC), where for all 3 ZnC,
C(3) =6(3)N3). Lt (€, Z2NCVo (T, K) = (o, (Z N C) X X)), where for all

11
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GRE@EZNC)XXK, B £) =C3)UJ (£). Thus,

G #) =[S(3) NAD] VI (R).

Assume that (S, 2)Va(3,K) =L ZxK) and (2, 0V (5, K) = (B, C %
K), where for all (z3,£) € Z XK, M(z,#£) =S(E)UJ (£) and for all (¢, %) €
CXK , Ble,£)=c)UJI' (£) . Let (MZ XK )Ng(B,CxXK) = (R, (Z x
Xyn(e x?()),where forall G,2) e (ZXH)N(CXK)=(ZNC) XK,

RGA) = MG A) NP(3,4£) =[6E) VI (RN [G) VT (R)].

Thus, [(&,2) Ng (L OYVA(S, X)) =u ([S, 2)VA(T, )] Nk [(R, CIVA(T, K]

Hereif ZNC =@,then (ZNC) X K = (Z xK) N (C x K)=0. Since the only
SS with the empty parameter set is @4, then both sides of the equality are @,4. Similarly
since (ZXHK)INECXK)=@ZnNC)XxK,if(ZxK)n(CxK)=0, then Zn
C=0orX =0@. By assumption I # @. Hence, (Z X K) n (C X ) = @ implies
that Z N ¢ = @. Thus, under this condition, both sides of the equality are again @4. O
Note 1. The restricted SS operation cannot distribute over soft lambda-product as the
intersection does not distribute over cartesian product and it is compulsory for two
SSs to be M-equal that their PS should be the same.

Theorem 2. Let (3, X), (S, Z) and (2, C) be SSs over U. Then, we have the following
distributions of soft lambda-product over extended intersection and union operations:
) (3, KIN(S,2) Ne (,0)] =u [(T, FIVA(S, 2)] Ue [(T, KOV (R, C)],

i) (3, KA [(S,2) Ue (],0)] =u [(T, KIVA(S, 2)] N [(T, KIVA(R C)],

i) [(&,2) Ue (O VA(S, K =u [(S, 2)VaA (S, D] U [(Q OV (T, K,

i) [(S,2) N (OIS, K) =u [(S, 2)Va (3, O] N [(L,OVA(T, KO-
Proof 24. (i) The PS of the LHS is Xx(Z U C), and the PS of the RHS is (XxZ) U
(KxC). Since Xx(Z U C) = (KxZ) U (KxC), the first condition of the M-equality
is satisfied. AsHK =0, Z # @, and C # @, Kx(Z U C) # @ and (KXxZ) U (KxC) +
@. No side can therefore be equivalent to an empty SS. Let (&,2) N, (2,C) =

(€, Z2UC),whereforallz e ZUC,

&(3), 3€eZ-¢C
C(3) =1 W3, 3€C-Z2
S(3)N3), 3€zZnC
Let (3, KIVA(€,2UC) = (Q X x (ZUC)), where forall (£,3) € X X (Z U C),
Q(#£,3) = J(#) U €'(3). Thus, forall (£,3) € X x (Z U ),
SRYVES'(R), #3)EXX(Z-0C)
Q%,3) = JRIVYBE), R3IPEXX(C-2)
SRIV[E'RIUYB] (#£3) EX X(ZNC)

Let (3,5)V(S,2) = (MK x2Z)) and (J,K)IV(RE) =(B,K XC) ,
where for all (£,3) € X X Z, M(#%,2) = J(£) US'(z) and for all (£,c) € K X C,
P(#£,c) =J(#)U(c) . Assume that (I, K X 2Z) U (B, K X C) = (R, (X X
Z) U (K x €)), where for all (£,3) € (KX X 2) U (X XC) =K x (ZU0),

12
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M,3), H£IPEHKXZ)—(KXC)=KXx(Z-0C)
R(£,3) = PB3), HPDEEHEXE)—(KXxZ)=KXx(C-2)
M (£,3) UB(£,3),( £,3) EKX2DHNKXC) =K Xx(ZNEC)

Thus,

I(R)UVGS'(3), (£3) EKXZ)—(KXC)=K X (Z-C)
R(#,3) = IR VRG), (#£,3) E (KX XC) = (K x2) =K x(C~-2Z)
[SR) VS @]V [IR) U R, (£3) € (K xZ)N (K XC)=Kx(ZNC)

Hence, (3, KOVAl(S,2) N (L O] =um [(T, FIVA(S, 2)] U [(T, KOVA(R, O]

(iii) The PS of the LHS is (Z U C) x K, and the PS of the RHS is (Z X K) U
(Cx %), and since (ZUC) X K = (Z x K) U (C x K) the first condition of M-
equality is satisfied. By assumption, X # @, Z = @, and C # @. Thus, (Z U C) X
K #=@and (Z x K) U (C x K) # 0. No side can therefore be equivalent to an empty
SS. Let (6,2) U (2,C) = (€, Z2UCC),whereforallz e ZUC,

S(3), 3EZ—-C
C(3) =4 W3, 3EC—Z .
S(3) U (3), 3EZNC
Let (G, ZUC)V(J,K) = (4, (Z U C) x K), where for all (3,%) € (ZUC) x
X, 06 #) =CG) VI (£),
GRIUI' (), (#3E@-C)XK
pk,3) = AHUI' (L), (h3DEC-2)XK
[ERIUARIUI (L), (£,3) E(ZNC) XK
Let (G, 2)V,(3,K) =M, ZxK) and (2, )V, (J,K) = (B,C X K), where
for all (z,£2)€Z XK, M(z,£) =63)UJ (#£) and for all (c,£) EC XK,
Ple,£) =c)UJ'(£) . Assume that (I, 2Z XK ) U, (B,€ X K) = (R, (Z x
K)u (C x JC)), whereforall 3, 2) e Z XK)U(CxK)=(ZUul) XX,
MG L), AH33NEZXK)—(CXK)=(Z-C)xX

S‘R(/k’?)):{ SI;(?)’/&), (kla)e(cxx)_(zxx)Z(C_Z)XJC
MGBALAUPBGR),(£3)E@XK)N(CEXK)=(ZNC)XK

Thus,
GSR)USJ (A), (#,3) E(ZXK)—(ExK)=(Z-C)xXK
R(%,3) = I VT (R), #,3) ECXK)—(ZXK)=(C—-2)xK
[ERUIRIUV[RRUI L)), (£3) E@XK)IN(ECXK)=(ZNC)XK

Hence, [(&,2) U: (2 O)IVA(S, K) =m [(S, 2V (3, )] Ue [(L OIVA (T, K]
O
Note 2. The extended SS operation cannot distribute over soft lambda-product as the
union operation does not distribute over cartesian product and it is compulsory for
two SSs to be M-equal that their PS should be the same.
Theorem 3. Let (§, X), (S, Z) and (2, C) be SSs over U. Then, we have the following
distributions of soft lambda-product over soft binary piecewise intersection and union
operations:

) (3, FOV[(S,2) A (Q,60)] =u [(T,H)IVA(S,2)] T [(3, KIVA(R O],

13
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i) (3, 7Va[(8,2) U (2,0)] = [(3, HIVA(S, 2)] N [(3, KOIVA(R,0)],

iii) [(S,2) U ( O)VA(3,K) =wm [(S,2)VA(3, 5] U [(], CIVA(S, K],

iv) [(&,2) 0 (R O)VA(T,XK) =um [(S 2IVi(3,K)] N [(R, OIVA(T, K]
Proof 25. (i) Since the PS of the SSs of both sides are KxZ, the first condition of the
M-equality is satisfied. Moreover since X # @ and Z # @ by assumption, XxZ # @.
No side can therefore be equivalent to an empty SS. Let (S,2) 1 (,C6) = (€, 2),
where forall 3 € Z,

— 6(3)1 362_6
Mﬁ‘ta@naumanna

Let (3, K)Vo (G, 2) = (Q K x Z), where for all (#£,3) e X xXZ, Q(%,3) =
S(#£) U E'(3). Thus,

[ IR)UE'R, @*R3IIEXX(Z-20C)
Q3 = {S(k) Ul u@®@] W,3)eXxzZnC.

Let (3, )V (S5,2) = (M, K x2Z) and (3, KV, (R C) = (B, K X C), where
for all (£,3) eKX XZ, M(k,3) =J#)US'(3) and for all (£,c) eKX xC,
P(#,c) = I(#£) U Y (c). Assume that (I, K x 2) T (B, K x ) = (R, (X x 2)),
where forall (#£,3) € X X Z,

m%)_{ M(A3), (B3)eEKXZ)—(KXC)=Kx(Z-0C)
3 TAM (8,3) UB(A3), (£,3) € (KX Z)N (K XC) =K % (ZNC).

Therefore,

Rh) = o g JBUEQ | k) €UXD) (X0 =KX (2~ O
' [SH)USRNUISHR)UR B, (£3) EHXZ)N(KXC)=KX(ZNC)
Since K # KxX, the soft binary piecewise operations do not distribute over soft
lambda-product operations.
(iii) Since the PS of the SSs of both sides are Z x JC, the first condition of the M-
equality is satisfied. Moreover since Z # @ and X # @ by assumption, Z X K # 0.
No side can therefore be equivalent to an empty SS. Let (&,2) U (2,C) = (€, 2),
where forall 3 € Z,
_{ &), z3ez-c¢
€(3) = {6(3) U3), 3€ZnC.
Let (€, 2)V,(3,K) = (0,2 x K), where for all 3, %) € Z XK, G, £) =
€R) U I (#). Thus,
ok 3) ={ SRUI k), (*h3IEE-C)XK
' [ERUARDIVUI (), (£,3) E(ZNC) XK
Let (S,2)V3(3,X) = (M, Z x K) and (2, V3 (S, K) = (B,C x K), where
for all (z,£2)€Z XK, M(z,£) =6(z3)UJ (#£) and for all (¢c,£) ECX XK,
P(c, £) = c) U T (£). Assume that (I, Z X K ) T (B, x K) = (R, (Z X X)),
where for all (3, £) € (Z X ),

m%)_{mmﬁx (£,3) €E(ZXK)—(CXK)=(Z-C)xK
3 TAM G, £) UBGA), (£,3) €E(ZXK)NECXK)=(ZNC) XK

14
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Wk3) =

Thus,

SR VI (4), (£,3) € (ZXHK)=(CXK)=(Z-C)xXK
SRUIRIVREUI R, (£3)E@XIINEXK)=EZNC) XK

Hence, [(&,2) U (R O)IVA(3,K) =y [(S,2)VA(3, )] U [(L OV (I, K)]. O
Proposition 23. Let (3, K), (&, 2) and (2, C) be SSs over U. Then,
1) QKIS 2DAR,0)] &L [(3,FVA(E DIVIS, K)IVA(2,6)]
2) QIS 2V 0] &, [(3, KIVA(S, DA[(F, KV, (2, 0)]
Proof 26. (1) Let (5, 2)A(R,C) = (€, Z x C), where for all (3g,c) EZ X C,
C(z,¢c) =6(z)NAc). Let (F,HIVH(E,Z X C) =R, K x(Zx C)), where for
all (%, (z,¢)) EX X (Z % C),

R(%,(z,¢)) =IR)U[G(z) N )] =J#) U [&® u Y]
Assume that (3, )V, (G,2) = (H, K x2Z) and (F,K)V,(RC) = (M, X %
C), where for all (£,2) E X X Z, H(#,3) =J(£)US'(z) and for all (£,¢) €
KX C, M(#,c)=3J(#)U (). Let (K, K x 2)V(M, K x €) = (B, (K x Z) x
(% x ©)), where for all ((#£,2), (%,¢)) € (K x Z) x (X X C),

B((#,2), (#,0)) = [3(A) VS ()] U [I(£) U Y (O)].

Here, for all (%, (z,¢)) € X x (Z x €), there exists ((%,2), (£,¢)) € (¥ X
Z)X (K x €) such that SR(& (z, c)) =JR)U[E'(z)u©]=[3H)u
S'@)IVUI[SH)U(c)] = B((k, z), (%, c)). This completes the proof. o

It is obvious that the L-subset in Proposition 23. can not be L-equality with the

following example:
Example 2. Let E = {£,,4,,¢3,%,} be the PS, KX = {¢,,45}, Z ={£1},and C =
{£,}, be the subsets of E, U = {#1, #2, #3, £4, #5} be the universal set, (J,K), (S, 2)
and (,C) ve SSs over U such that (F,K) = {(£2, {#3,£4}), E3, {#2.#3D)} (6, 2) =
{(¢1, )} and (2, C) = {(£4, {#2, 3, $4})}. We show that

(3, FON(ES, 2)AQ, )] #1, [(3, KOV (S, 2)]VI(T, K)IVA (L, C)].
Let (S, 2)A(R,C) = (€, Z x €), where
(S, 2)M,C) = (€2 x €) = {((£1,£4), {§2. F3.$2})}
Assume that (3, K)Vy (€, Z x €) = (M, K x (Z x €)), where

(W30 x (2 x ©)) = (22 01, £), v, 3, B 53). (5, (01, £), U B2 B, 853) )

Let (3, K)V3(6,2) = (€, K x Z), where

(€K x2Z)= {(({)2,{)1):{7513'7?4}), (({)3'{)1),{753'75&3})}-
Suppose that (F, K)V,(2,C) = (R, K x C), where

(RH X C) = [((£2,£2), ($1, $3. Fa 85}), (€3, €4), {$1, $2, $3. F53)].
Let (€, K x Z2)V(R, K x €) = (B, (K x Z) x (X x €)). Then,
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(B (K x2)x (K x €)=

((Co2r0), (020 )), (B B3, Bas B3, (2 20), (£3,20)), { B B B3 B B))
((Ces80), (020 2)), U1 B2 B, B B} ), (83 20), (£3,20)), (B, B B Bs)) )

Thus, B((*«ozﬂ%)' (103’104)) * Em(42:(41:44)) : B((fz;ﬂ); (103;104)) *
M(L3, (1,£2)) + B((£3,41), (£2,£4)) # M(€2, (£1,44)) . B((£3,£1), (£2,£4)) #
M( €3, (£1,%,4)), implying that (B, (K X 2) X (K x €)) &L (M, K x (Z x ©)).
Hence, (B, (3 x 2) X (3 x €)) #L (M, K x (Z x ©)).

5. Int-uni decision-making method applied to soft lambda-product

The int-uni decision-making approach is applied in this section by applying the
int-uni operator and int-uni decision function developed by Cagman and Enginoglu
[11] to the soft lambda-product.

Throughout this section, all the soft lambda-products (V;) of the SSs over U are
assumed to be contained in the set V, (U), and the approximation function of the soft
lambda-product of (J, X) and (&, Z2), that is (3, X))V, (S, 2)

S5 Vi Szt KxZ - P(U).

where (33 VaS2) (#£,3) = J(£) U &'(3) forall (£,z) € KxZ.
Definition 16. Let (3, K) and (S, Z2) be SS over U. Then, int-uni operators for soft
lambda-product, denoted by intyuniy and int,uniy are defined respectively as

intuniy: V3 = P(U), intainiy (J3cVaS2) = Npex (Uze z(3xcVaS2z) (£, 3))),
intyunix: V3 = P(U), intyunix (3xVaSz) = Nze z(Upex (SxcVaS2) (£, 2))).

Definition 17. [11] Let (3, KX)V;3(S, Z) € V4 (U). Then, int-uni decision function for
soft lambda-product, denoted by int-uni are defined by

int-uni: V), = P(U), int-uni (I V2 Sz) = intwuniy (3 VaSz) U intunix(Jx Vo S2).
The values int-uni(J;V,S4) is a subset of U called int-uni decision set of 34V, S5.

The int-uni decision-making approach may be used in the following ways to
choose the best set of alternatives while staying focused on the current issue given a
set of parameters and options:

Step 1: From the parameter collection, choose feasible subsets.

Step 2: Create the SSs for every parameter sets.

Step 3: Determine the SSs’ soft lambda-product.

Step 4: Create the result of int-uni decision set.

This method demonstrates the value of SS theory in handling decision-making
scenarios by enabling its application to the int-uni decision-making dilemma,
particularly in the setting of soft lambda-product.

Example 3. A private teaching institution has announced a recruitment process to
form a young and dynamic team of teachers. Initially, applications are reviewed to
ensure they meet the required qualifications for the position, with ineligible
applications being disqualified. Due to the large number of candidates remaining after
this preliminary elimination, the institution has decided to adopt a two-stage
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evaluation process.

In this process:

1) Stage 1: Mrs. Nazlan, a representative from the Human Resources department,
will eliminate candidates based on their interview performance and exam results.

2) Stage 2: The candidates who pass the first stage will undergo a comprehensive
training program, and those who successfully complete it will qualify to join the
institution’s professional teaching team.

During the evaluation, Mrs. Nazlan will identify:

e  Parameters she DOES wish to see in the candidates to be eliminated: Traits or
deficiencies that make a candidate unsuitable.
o  Parameters she absolutely DOES NOT want to see in candidates to be eliminated:

Key characteristics that make a candidate viable for further consideration.

Mrs. Nazlan will use the int-uni decision-making method on soft lambda-product
to guide her selection. Let the set of candidates whose applications have been validated
for the teacher recruitment process be: U = {7+, 7, ..., 735 }. Let the set of parameters
to be used for identifying the teachers to be eliminated be Let the set of parameters
used to identify the teachers to be eliminated be represented as {a,, a5, ..., @10 }. Each
parameter a;, where i € {1, 2, ...,10} corresponds to the following descriptions:

e aq:“Intolerant and impatient”

e a,: “Having sufficient expertise in the field and adequate general knowledge”

e a5 “Having ineffective classroom management skills”

e a,: “Strong communication skills”

o ac: “Taking individual differences into account in education”

o  ag: “Having insufficient teaching skills.”

e a,: “Being open to innovations and developments, continuously renewing
oneself”

e ag: “Not encouraging and supportive”

®  ag: “Not being cheerful, humorous, or affectionate”

® a4, “Having poor diction.”

To address the teacher selection process, we can apply the soft lambda-product
method in the following manner:

Step 1: Determining the Sets of Parameters

Mrs. Nazlan, the decision-maker, selects parameters from the existing set that
define the characteristics of candidates to be eliminated.

o  Parameters that are preferred in candidates to be eliminated:

These are undesirable traits or deficiencies that make a candidate unsuitable for
selection, but appropriate for elimination.

e  Parameters that must NOT be present in eliminated candidates:

These represent essential qualities or skills required in a teacher, and their
absence would disqualify a candidate.

By organizing these parameters into two sets, the selection process ensures clarity
and alignment with the decision-maker’s priorities. The parameter sets are as follows:
* X ={ayasasag}

o Z={azayasaz},
respectively.
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Step 2: Constructing the SSs by Using the PSs Determined in Step 1.
Using these parameter sets, the decision-maker constructs the SSs (J, K) and
(3, 2), respectively

(3, %K) = {(ay, {72, 76,77, 711,713,717, 710,727,731, 7333), (@3, {776, 710, 711, 718, 710, 721, 722, 730, 32, T'333),
(@, {71,773, 76,710,713, 718, 719, 725, 28, 732}), (@8, {”"1:4’3:”"6/”"10:4’11:”’”13'”’"17;4’22'””25:”’27'””29:”’33}}:
(3,2) = {(az, {ro, 714,717, 723,725,727}, (@4, {772, 73,77, 79, 711, 714, 717,721, 723, 730, 731, 132})

(as, {71, 73, 714,719,720, 723, 727, 732}, (A7, {77, 714, 710,720, 723, 727, 720,32, 35) } -

The SS (F, X) represents a set of candidates to be eliminated due to undesirable
parameters in 7¢, while (S, Z) represents a set of candidates that are closer to the ideal
by possessing the highly desired parameters in Z. The process of constructing these
sets involves assigning weights to the parameters and evaluating their importance in
the decision-making process, ensuring that the elimination process is both balanced
and justifiable. It is important to note that Mrs. Nazlan’s task is specifically to
eliminate the candidates based on these criteria.

Step 3: Determine the V;-product of SSs:

Sz =

i @y, ap) {”’1"’”2"’”3"”4;”’"5"”6'4"7;4”8;4”10'”’"11;4"12;”"13/”'15;4’16/”'17’4’18’4”19;”’20:4”21;”’22:}
L2 124, 726: 727,728, 729,730,731, 732,733,734, 735 ’

(a1, as) {”’1:”’2"”4;4"5;”’6"”7"”8'4”10;4”11'”’"12;4’13/”'15;4’16’4”17/”'18’4’19;”"20:4”22;}
Al 124: 725,V 26: 727,728,729, 731, 733,734,735 ’

(a1, ds) {4’2;””4:’"5"’”6'””7;””8;””9;””10:”’"11;”’"12"”13/’”15"’”16'””17"’”18"’”19:”"21"’"22:}
L5 12407257 26) 727,728,729, 730,731, 733,734, 735 ’

(a1, @) {”’"1'”’"2»4"3'4"4'4"5"”"6»”’"7»”’"8»”"9'”"10»”’"11'”"12;””13"”"15;4’16"’”17’4’18’”’"19:”"21:”’22:”"24:”’25:}
L7 126/ 727,728,730, 731,733,734 ’

(s, ay) {4"1'4"2'4"3"”"4»”’"5»”’6»”"7"’"8'”"10»”’"11'”"12"”"13'”’15;4’16"”"18;4’19"’”20:”’21:”’22:”’24:}
»=2n 126 728) 729,730,731, 732,733,734, 735 ’

(s, as) {4’1;4’4:4’"5;””6"’”8"’”10;””11"’”12;””13'””15'””16"”'18"”"19/’"20"’”21/’”22'”"24"’"25:}
374l 126127, 728 729,730, 732,733,734, 735 ’

(as, as) {”’“2,4"4,4"5,4’6.4’7.4’8.”"9,”"10:”’11;”"12;”"13:4’15:”’16:””17:”’181”’19:””214’"22»4’"24;4"25»}
350 126, 728) 729,730,731, 732,733,734, 735 ’

(s, ) {”’"1'”’2"”3"”4'”’"5;”"6;”"8;”’9:”’10;”’11:”’12:”’13:”’15:4’16;”"17:4’18:4’19:”’21»4’"22;4"24»4’"25;}
S 126, 728) 730,731, 732,733,734 ’

(e, ay) {”"1:””2"”’3"”’4'”"5:”’6:”’7:””8»””10:”’11:””12:””13:”’15'”’16:”’18:”19"”"20:”21:”’22:””24:”’25:}
620 126,728 729,730,731, 732,733,734, 735 ’

(e, as) {”’1"”3:”’4:””5:”"6;”"8;”’10:”’12;”"13:4’15:”’16:”"18:4’19:”’20:”’22;4"24»4’"25;}
6=l 126/ 127,728 729,732,733, 734, 735 ’
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(de, as) {””1"’”2'”’3:”’4:”’5'"'6;”"7;"'8;”’9'”’10;"'11'”’12’/"13’/"15:”"16’/’”17:”’"18:/"19;”"21;”"22;4”24;”’"25;}
6250 126 728) 729,730,731, 732,733,734, 735 ’

(ae, ar) {”’1:””2"’”3"’”4'”’5'”’6'”’8""9;"'10:”’11;"'12;"'13:”"15’/"16:”’"17’/’”18’/"19:”"21;4”22;”"24;4”25;}
670 126 728: 730,731,732, 733,734 ’

(g, @) {”"1:”"2:”’"3"”"4"”"5»”’6/””7/’”8"”"10:”"11/”'12:”"13/”'15'””16;4’17"’”18:4’19/’”20/”21'4”22"”24:”’25'}
&2 126: 127,728,729, 730,731,732, 733,734,735 ’

(dg, ds) {”’1:”’3:”’4:””5;”"5;"'8;”’10'”’11»”"12:”’13;/"15:”"16:”"17’/"18:”’"19’/’”20:”’"22;4”24;”"25;}
8 =4l 126/ 127,728,729, 733,734,735 ’

(ag, as) {”’1:”’2:”’3:”’4:"'5;"'6;"'7;”’8'”’9:"'10;"'11'”’12/"13:”’"15’/’”16’/"17:”"18’/"21;”"22;4”24;”’"25;}
8 =50 126: 727,728,729, 730,731,733, 734,735 ’

(g, @) {””1"’”2:”’"3:”’"4:4"5:””6/’”8"’”9'4’10"’”11'”’"12/”"13'””15/”"16"’”17"’”18/”21'”"22:”"24"”'25:} }
& =7 126 127,728, 729,730,731, 733,734 '

Step 4: Determine the set of int-uni(J4 Va3 2):
int, — uniy(3x%13z) = Npexc (Uzez((3xNa32) (£, 2)))

We first determine Ucz ((SscVaSz) (% 2)):

([xcWaIz) (@1, a2) U (FxeJIz) (@1, a4) U (FeaIz) (a1, as) U B Va3z) (a1, ar)
_ {”’1'”’2:”’3:”’41””5;4”6;4"7;”’"8'”’"10;4"11;”’12'”’13;4’15#’"16’4’17’4’18#’"19;4”20;”"21:””22;}
124,726,727, 728 729,730,731, 732,733,734, 735 '

U {””1"’”2:””4'4’”5;””6:”’"7;””8"’”10:”’"11'””12'”"13'”"15"’”16"’”17"’”18"’”19/”'20'”"22:}
Y240 Y25 726 727,728, 729,731,733, 734,735

U {””2"’”4:””5'4’6;””7;”’"8;””9"’”10:”’"11"’”12'””13/”'15"’”16"’”17"’”18'”"19/”'21"’"22:}
Y2425 726 727,728, 729,730,731, 733,734,735

U {4’"1»4"2'4"3'4"4"”"5"”6"”"7»”"8'”"9'”’"10»”’"11'”"12»”’"13;4’15;”’"16"”"17’4’18"’”19’4’21:”’22:”’24:”’25:}
126: 727,728,730, 731,733,734

T3V, V6, V7,78 79, 710, 711, 712, Y13, 15, 7160 V17, 718, 719, V20, 721, V22, 724, 725,
1260727, 728,729,730, 731,732,733, 734,735 '
(W32 (@3, az) U (JxcaJz)(@as, aq) U (JxeaJz)(as as) U (JxcVa3z)(as, az)

_ {”’"1»”’"2»”’"3»4"4'4"5'”"6'”’"7»”’"8»”’"10'”"11»”’"12'”"13;”’"15"”"16;4’18"’”19’4’20"”"21:”’22:”"24:}
726728, 729, 730,731, 732,733, 734,735 '

U {4”1"”’4'”"5;”"6:”’8:””10;”’11:”’12»””13:”’15»”’"16'”’18:“19"”20:”’21"’”22:”’24:”’25:}
126: 127,728,729, 730,732, 733,734,735

U {””2"”’4"’"5:”"6;”"7:””8:””9:””10:”’11»””12:”’13:”’15'”’16:”’17'”’18:”’19"”'21“22:””24:”’25:}
126: 128,729, 730,731,732, 733,734,735

{4’"1»4’"2»”’"3'”’4"”5"”6:”’8;”’9;”"10:”’11;”’12:”’13:”"15:”’16:””17;”"18:4’19;4’21:4’"22»4’"24;”’25»}
126: 728,730,731, 732,733,734

_ {”"1:”"2;”"3;””4"”’5"”’6'”"7:”’8:”’9:””10:”’11:”’12:””13:”’15'”’"16:’"17:’"18'”’19:“20"”"21:””22:”’24:””25:}
126,727, 728,729,730, 731,732,733,734,7735 '

([xcVaJz) (@, az) U (JxcaIz) (as, as) U (JxcVaJz) (@6 as) U (JxcVa3z) (as, ay)
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. {”’"1"”"2"”"3/”4:”"5:””6'”"7:”"8:”’"10"””11:”’"12'”’”13:4’15:4’16"’”18:4’19/’”20:4’21'“22:”’24:””25'}
1260728 729,730,731, 732,733,734, 735 '

U {”’"1"”"3"”"4:”"5/”'6/’”8'”"10:”"12/””13:”"15'””16;4’18:””19/’”20:4’22'”"24:”’25'}
126,727,728, 729,732,733, 734,735

U {”’1:””2"’”3"’”4'”’5:”’6'”’7'"'8»”"9;”’10:”’11;"'12'”’13/"15’”’"16:”’"17’/"18:”"19’/"21;”"22;4”24;”’"25;}
126: 728729, 730,731,732, 733,734,735
U {”’1:”’2:”’3:””4"’”5""'6;”’8'”’9'”’10;"'11:”’12;"'13’”"15:”"16’/"17:”’"18’/’”19:”’"21:4”22;4”24;”"25;}
126: 728,730,731, 732,733,734

{”’"1:”’"2'”’”3:”’”4:”’”5:”’"6'”’"7:”’"8»”’”9»”’”10:”’"11"”12:”’"13;4’15/’”16:4’17"’”18:4’19:””20/’”21/”22'4”24:”’25'}
126: 127,728,729, 730,731, 732,733, 734,735 '
(B3I z)(ag, az) U JxcVaIz) (g as) U (JxcWnIz)(as as) U (IJxVa3z)(as, a;)

. {”’"1:””2"’”3"’”4""’5:”’"6:4’7:””8"’”10:4’11"’”12"’”13»4’"15"’”16'”’"17"’”18"’”19/”20"’”21:”"22'”"24:”"25'}
7260127, 728: 729,730,731, 732,733,734, 735 '

{””1"’”3""’4»”’"5»4’"6:””8"’”10»4’"11:””12"’”13:4’15'””16/”"17'””18"’”19"”"20"’”22:”"24'”"25:}
126: 727,728,729, 733,734,735

U {””1"”2"’”3"”4:”’5:4”6;4"7;4”8;”’9'”’"10;4"11'”’12'”"13’4”15#”'16’4’17;4"18#’"21;4”22;”’24:4”25;}
126: 127,728,729, 730,731, 733,734,735

U {”’1:”’2:”’3"”4"’”5»”’"6"”"8"”9'4"10'”’"11'”’"12;4"13#’"15’4’16#’"17"”'18;4’21#’"22:””24;”"25:}
126: 127,728,729, 730,731, 733,734

. {”’"1»”’"2»””3:””4"’”5:”"6:”’"7:4’"8»””9"’”10:4’11"’”12:4’13;”’"15"’”16'”’17"’”18/”19"’”20"’”21:”"22'”"24:”"25'}
7260127, 728: 729,730,731, 732, 733,734,735 '

Thus,

(intg — unis)SxcVaSz) = Naexc (Uzez (3aciS2) (4. 2)) ) =

{4"1'4"2'4"3'4"4'”’"5"”"6'4"7"”'8/”'9"”"10»”"11'”"12»”’"13'”"15"’”16"”"17;4’18"’”19’4’20"”"21:”’22:”"24:”’25:}
126: 127,728,729, 730,731, 732,733, 734,735

A {””1:””2"’”3'4’4;4’“5;4’”6;””7:””8"’”9'””10;””11"’”12;”’"13"”'15;””16"’”17'”’"18"’”19"’”20/”'21"”22:””24'”"25'}
260727, 728 729,730,731, 732,733, 734,735

A {””1:””2"’”3'4’4;4’“5;4’”6;””7:””8"’”9'””10;””11"’”12;”’"13"”'15;””16"’”17'”’"18"’”19"’”20/”'21"”22:””24'”"25'}
260727, 728 729,730,731, 732,733, 734,735

A {””1'4"2'4"3'”’"4"”"5"”6'4"7'4"8'4"9"”"10»”"11'”"12»”’"13'”"15»”’"16"”"17;4’18"’”19’4’20"”"21””22:”"24:”’25:}
126: 127,728,729, 730,731, 732,733, 734,735

_ {4’1:4’"2;””3"’”4:””5'4’6;4’7;””8;””9"’”10:”’"11"’”12;””13;””15"’”16'””17"”"18/”'19"’”20"”21:””22'”"24:”"25'}
1260727728 729,730,731, 732,733,734, 7735 '

IS obtained.
(int; — unig) SxVaSz) = Neez (Urer ($acVaS2) (£, 2))):
We first determine U gesc (S Va32) (%, 2) ):

(Bxca3z)(@1,a2) U (JxeWIz)(as,a2) U (JxeWnIz) (@6 az) U (JxcnJz)(as, az)

_ {””1'”"2;”"3;”"4;””5»””6:””7»”’8:”’10:””11:”’12:”’13'”’"15:”’16'”’"17"”"18:”’19"”’20:””21:”’22:}
124,726 727,728, 729,730,731, 732,733,734, 735 '

U {”"1;”"2;””3"”’4"”’5»”’6:”’7:”’8:””10:”’11:”’12;””13:”’15'”’"16"”"18:”19"”"20:”’2L”’22:””24'}
126,728,729, 730,731,732, 733,734,735
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{”’"1"”"2"”"3/”4:”"5:””6'”"7:”"8:”’"10"””11:”’"12'”’”13"’”15:4’16"’”18:4’19/’”20:4’21:“22'4”24/”25'}
126: 728,729, 730,731,732, 733,734,735

{”’"1"”"2/”3:”’4:”’"5'”’"6:”’"7:””8»”’”10:”’"11»”’"12/”'13;”"15"’”16:4’17:4’18/”'19:4’20/’”21/”22'4”24:”’25'}
126: 127,728, 729,730,731, 732,733, 734,735

_ {”’1:””2"’”3"’”4'”’5:”’6'”’7'"'8»”"10'”’11;"'12;"'13'”’15’/"16:”"17:/’”18’/’”19:”’"20’/"21;”"22;4”24;”’"25;}
126/ 727,728, 729,730,731, 732,733,734, 735 '

SxcaI2) (@1, a4) U (JxcWn3z)(as,a4) U (Jxcn3z) (@6 as) U (JxcVn3z)(ag, as)

_ {”’1:”’”2:”’"4'”’"5:”’"6»”’”7"””8/””10»”’"11/””12»”"13:4’15/”'16:4’17/’”18'4’”19#’20"’”22:}
Y240 25:726: 727,728 729,731,733, 734,735 '

U {””1"’”4'”’5:”’6'”’8:"'10;”’11'”’12;"'13'”’15;/’”16’/’”18:”"19’/"20:”’21/"22:”’"24;4”25;}
126: 127,728,729, 730,732, 733,734,735

U {”’"1:”’"3:”’"4:””5"’”6"’”8'4’10:””12"’”13:4’"15'””16"”18"’”19"’”20/”22'””24:”"25'}
126: 727,728, 729,732,733, 734,735

{””1"’”3""’4»”’"5»4’"6:””8"’”10»4’"11:””12"’”13:4’15'””16/”"17'””18"’”19"”"20"’”22:”"24'”"25:}
126: 727,728,729, 733,734,735

_ {”’1:”’2"’”3"”4"”5:4’6"”7'4”8;4”10'”’11;4"12;4"13'”’15;4’16#’"17'4’18’4’19#’"20;4’21;”"22:4”24;”"25:}
726727728 729,730,731, 732,733,734, 735 '

Sxc3I2) (a1, as) U (IxeWn3z)(as, as) U (JxWn3z)(ae as) U (JxVa3z)(as, as)

. {””2:””4:”’"5:”’"6»4’"7»””8"’”9"’”10»4’"11"’”12»4’"13"’”15"’”16"”17'””18/”19"’”21'”"22:}
V24,725, 726) 727,728,729, 730,731, 733,734,735 '

{”’2"’”4"”5:”’6:”"7'4”8;4"9;4”10"”"11»4”12'”’13'”’"15;4’16#’"17;4’18#’"19’4”214"22;”’24:4”25;}
126: 728729, 730,731,732, 733,734,735

{4’1:””2"’”3"’”4:4’"5;4’6;””7;””8"’”9'”’"10:”’"11"’”12;””13"’”15'””16"’”17"”"18/”'19"’”21:”"22'”"24"’”25:}
126,728, 729,730,731,7732,7733, 734,735

{””1:””2"’”3'4’4:4’"5;””6"’”7"’”8'””9:”’"10"’”11;””12;”"13"’”15/’”16"’”17'”"18/”'21"’"22:””24"’"25:}
1260727728, 729,730,731, 733,734,735

_ {4"1'4"2'4"3"”"4"”"5"”6'”"7"’"8/’"9"”"10»”"11'”"12»”’"13;4’15"”"16"”"17’4’18"’”19’4’21:”’22:”’24;”’25:}
126: 727,728 129,730,731, 732,733,734, 735 '

Sx3I2) (a1, a7) U (IxeWn3z)(as, a;) U (IxWn3z)(ae a7) U (IxcVa3z)(as, a;)

_ {””1:””2"’”3'4’4:4’"5;4’6;””7"’”8"’”9'”’"10:””11"’”12;””13"’”15'””16"’”17"”"18/”'19"’”21:”"22'”"24:””25'}
7260727, 728,730, 731,733,734 '

{4’1»”’"2»”’"3'4"4'4"5'”"6'”’"8'”’"9'”’"10'”"11»”’"12'”"13’”’"15"’”16;4’17"”"18;4’19"’”21"”22:”’24:”’25:}
126:71 28,730,731, 732,733,734

{”"1;”"2;”"3:””4"”’5"”’6:”’8:”’9:”’10:””11:”’12:””13'”’15:”’16"”'17:”’18"”’19:”’21:”’22:”’24:””25:}
126: 128,730,731, 732,733,734

{4’"1»”’"2»”’3"”4"”5:”"6;”"8;”’9;”’10;”’11;”’12:””13:”’15:4’16;”"17;”"18:4’21:”"22»4’"24;”"25»}
126: 127,728,729, 730,731, 733,734

{”’1"”2"”3'”’"4"”"5'”’"6:”’7:”’8:”’9:”’10:”’11:4’12,”’13,”’15,”’16,”’17,”’18:”’19,4’21;4’22'4’"24;4’25'}
126: 727,728,729, 730,731, 732,733,734 '

is obtained. Therefore,

(int; — unig)SxcVaSz) = Neez (Uner (GaVaS2) (8, 2) )=
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.

TV 21307576, V7,78, 710, 11, 12, 713, 715, 16, V17, T18: 719, 720, 121, 722, V24, 725,

{ 726: 727,728,729, 730,731, 732,733,734, 735 }
A {”’"1"”"2/”3:”’4:”’"5'”’"6:”’"7:””8»”’”10:”’"11»”’"12/”'13;”"15"’”16:4’17:4’18"”'19:4’20"’”21:”’"22'4”24:”’25'}
726,727,728, 729,730, 731,732,733, 734,735
A {4’1:”"2"”'3"”'4"”5:4’6"”7'”"8»””9;”’10:”’11;"’12'”’13/”15’”’16:”’17’/”18:”’19’/”21;”"22;4”24;”’"25;}
126,727, 728,729,730, 731,732,733, 734,735
A {4’1:”"2"”'3"”'4"”5:4’6"”7'”"8»””9;”’10:”’11;"’12'”’13/”15’”’16:”’17’/”18:”’19’/”21;”"22;4”24;”’"25;}
126,127,728, 729,730, 731,732,733, 734
TV 213 V815 V6, 77,78, 79, 710, 711,712, 713,715, P16 717, 718, 719, 720, 721, V22, V24, 725,
726: 727,728,729, 730,731, 732,733,734, 735 }

Thus,

-

int-uni(JgcVaJ3z) = [inty — uni, (JxcVaIz)] U [int, — unis(J5cVa3z)]

TV Y3V, 15, V6, V7,78, 79,710,711, 712, 713, 715 160 17, 718: V19, V200 721, V22, 124, 125,

126: 727,728 729,730, 731,732,7733, 734,735 }

{”’1:”’2:”’3"’”4"’”5"”6:”’"7"”"8'4”9;4”10'”’"11;4"12;4"13/”"15;4’16/”"17’4’18’4’19"”"20;4”21;”’22:4”24/’"25:

126: 727,728,729, 730,731, 732,733, 734,735 }

_{”’1:”’2:”"3:”’4:”’5"’”6"’”7;”’"8"”9'4”10;4"11'”’"12;4"13'”’"15/’”16’4’17/”"18;4’19/”"20;4”21;”’22:4”24:4”25;

126/ 127,728 729,730, 731,732,733, 734,735 }

Therefore, in the teacher recruitment process at the private teaching institution,
out of the 35 candidates whose applications were accepted, 33 were eliminated in the
first stage. The remaining candidates, {74,753} were enrolled in a comprehensive
training program and subsequently earned the right to join the institution’s
professional teacher team.

6. Conclusion

The “soft lambda-product,” a novel kind of soft product derived from
Molodtsov’s soft set theory, was presented in this paper. We analyzed its algebraic
features in detail and gave an example with respect to several kinds of soft subsets and
equalities, such as M-subset/equality, F-subset/equality, L-subset/equality, and J-
subset/equality. Additionally, we looked at the soft lambda-product’s distributional
rules over several soft set operations. To choose the best components from the various
possibilities, we finally applied the soft decision-making strategy, which streamlines
the process by doing away with the necessity for rough or fuzzy soft sets. An example
shows how well it works in a variety of disciplines. Numerous applications, including
innovative soft set-based cryptography algorithms and fresh approaches to decision-
making, are made possible by this work. Future studies might suggest more soft
product operations and investigate basic characteristics associated with different soft
equal relations in order to theoretically and practically enhance the soft set literature.
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