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Abstract: The parametric rough bi-level multi-objective fractional programming problem
(PRBL-MOFPP) is investigated in this article. In the right-hand aspect of the rough set of
constraints, the suggested PRBL-MOFPP has a scalar parameter. The PRBL-MOFPP is
converted into two issues congruent to the upper and lower approximation models (UAM and
LAM) in the first phase. Both UAM and LAM are solved using the fuzzy goal programming
(FGP) technique. The parametric UAM and LAM were formulated in the second phase, and
the Lagrangian function for UAM and LAM was derived. Furthermore, both models were
subjected to Karush-Kuhn-Tucker (KKT) optimality conditions. Finally, the surely and
possibly stable set of the first kind (SSFK) are studied. An algorithm for determining the SSFK
for PRBL-MOFPP, as well as numerical examples, are exhibited.

Keywords: bi-level optimization; fractional programming; parametric uncertainty; rough set;
FGP approach

1. Introduction

Parametric programming is an effective tool in mathematical programming. The
fundamentals of parametric convex programming have been introduced in [1,2].
Osman et al. in [3] presented a parametric linear goal programming (GP) issue.

The researchers are faced with a significant challenge by ambiguity and handling
insufficient data. Numerous mathematical theories [4—9] are introduced to solve such
issues. Rough set theory (RST) is a powerful modeling technique for such uncertain
circumstances [7,10-13]. Pawlak’s RST is the most recent theory for the collaborative
handling of ambiguity and uncertainty [11,12]. It provides a strong theoretical
foundation for talking about the knowledge that can categorize objects. In a crisp and
ordinary set, an object is precisely determined based on all available information,
whereas in RST, it is only roughly determined. A pair of precise notions known as the
lower and upper approximations of the vague concept are used in RST to replace any
vague concepts. A lower approximation for a hazy idea X includes all objects that
unquestionably belong to it, whereas an upper approximation includes all objects that
might conceivably belong to it [12,14,15].

The bi-level programming problem (BLPP) is used naturally in many critical
resource plannings, management problems, and policymaking areas. BLPP is a
powerful tool for dealing with hierarchical decision-making challenges that are
widespread in government initiatives, financial systems, logistics networks,
agriculture, vehicle routing issues, etc. [6,16-23,24]. These issues are structured as
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multi-objective programming challenges. Numerous approaches have been put out to
address issues like those in [24-28].

The optimization of one or more ratios of functions subject to a set of constraints
was covered in the field of fractional programming (FP). In recent decades, FP evolved
as one of the planning tools. It has been used in a variety of sectors, including
engineering, business, banking, and economics [29-32]. The basic methods and
applications of the bi-level multi-objective fractional programming problems (BL-
MOFP) have been discussed in the literature [17,29,33—-35]. Recently, numerous
studies have been done on BL-MOFPs under uncertainty [29,36—39]. Ranarahu et al.
suggested a strategy for dealing with fuzzy probabilistic multiple objective BLPP [40].
Baky et al. created the FGP algorithm to solve fuzzy BL-MOPP problems [20]. Ren
devised a way for dealing with the totally fuzzy BL-MOPP using interval
programming concepts [41]. The parametric fuzzy form of the multi-level
optimization problem (ML-OP) was demonstrated by Osman et al. [33]. Arora et al.
released an interactive FGP strategy for BL-PP [24]. ML-OP was studied by Chen and
Chen [21]. Fuzzy integer BL-MOPP was demonstrated by Youness et al. [32]. Saad et
al. investigated the rough interval three-level quadratic programming topic [42]. Elsisy
and Elsayed offered three scenarios for dealing with fuzzy rough BL-MOFP problems
[8]. Gumus and Floudas developed an innovative approach for solving the nonlinear
BL-MOPP to global optimality [43]. El Sayed et al. investigated an M-TOPSIS
methodology to resolve unidentified fractional ML-OP [25]. El Sayed and Farahat
presented research on the Achievement Stability Set for Parametric FGP issues [36].
Osman et al. investigated the uncertainty for nonlinear ML-OP [33,44]. Hamzehee et
al. [15] and Jivping Xu [45] presented a linear programming issue where part or all
the choice parameters are rough intervals.

Motivation and contribution

Mathematical programming has a crucial principle that applies to parametric
analysis. The goal of the parametric analysis is to determine how the behavior of the
efficient set or the optimal value differs as data is modified. As a result, it frequently
serves as a talking point when addressing ambiguity [1,2]. The SSFK are the quantities
and relationships between different parameters that have the same solutions [1,2,46].
The earlier research that was given away in this era concentrated on stabilizing the
solution. In addition, the roughness associated with the collection of constraints known
as the rough environment is the type of uncertainty that receives crucial attention in
realistic optimization problems. As the feasible area is rough, Farahat and El Sayed
presented the parametric rough FGP issue [47,48-50]. Osman et al. demonstrated a
parametric fuzzy BL-MOFP with a goal parameter and fuzziness in constraints [3].
None of the previous studies proposed the BL-MOFP issue with a parametric rough
environment. Moreover, the SSFK for that model has not been introduced before.

In this study, the SSFK of the PRBL-MOFPP is considered. The proposed PRBL-
MOFPP has a scalar parameter in the right-hand side of the rough set of constraints.
In the first phase, the PRBL-MOFPP is transformed into two issues corresponding to
the UAM and LAM. Pal’s method is applied to linearize the membership goals for the
UAM and the LAM. Then the FGP approach is utilized to find a compromise solution
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for both UAM and LAM. In the second phase, the parametric UAM and LAM were
formulated, and then the Lagrangian function for UAM and LAM was obtained.
Moreover, the KKT optimality conditions are applied to both models. At the end we
define the surely and possibly SSFK for the PRBL-MOFPP. A procedure for obtaining
the progressing SSFK for PRBL-MOFPP, as well as an illustrative numerical example,
are exhibited.

The remainder of this article is structured as follows: Sect. 2 presents problem
formulation and methodology for the PRBL-MOFPPs. In Sect. 3, the surely and
possibly SSFK for PRBL-MOFPP was introduced. Sect. 4 incorporates an algorithm
for investigating the SSFK for PRBL-MOFPP. A numerical example was given in
Sect. 5. A few findings are included at the end.

2. Problem formulation and methodology

The PRBL-MOFPP can be formulated as [5,17,37]:

[1st Level]
T
CigX + QA1q
max Fl(x) = q= 1;2; '"in (1)
'x'l' dqu + .qu
where x, solves
[2nd Level]
£ 00 CoqX + azq 12,0 )
max r,(x) =——m—, q=14..,(2
'x“z" dgqx + qu
subject to
X€ES 3)
where
S.(y) €S < 5%(8) &)
n
S.(y) =4x¢€ R”;Z ArjXj < Vr, r=12, x=0 35
j=1
n
S*(5) ={x € Rn;ZArjxj < 6, r=1,2, x>0 6)
j=1

Also, F; = (fll,flz, ...,flql) , F, = (f21,f22, ---;quz) , are the objective
functions of the first-level decision maker (FLDM) and second-level decision maker
(SLDM), respectively. Notice that, c¢qq,€12,-,C1q, 5 C21,C22,-,C2q, 5
di1,d12, - d1q, 5 d21,d22, -, dpq, are n-vectors, and ayy, @y, Bir, Bor ; are
constants. The vector of decision variables x = (x,x,) € R™ is partitioned between
the two planners x; € R™; x, € R™2,n = n; + n,. Also, ¥, and &, are single scalar
parameters represent the right-hand sides of S, (y) the LAM and $*(§), the UAM of
S [7,47].
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To obtain the SSFK for problems (1)—(6), the SSFK for the following two
parametric models, UAM and LAM, will be investigated. Thus, the UAM follows as

[7,8,47]:
[1st Level]
F (0 Clgx + a1q 12,0 )
max 1\X) =, q= 1Ly ey 1
"“’“xl d{qx + ﬁlq
where x, solves
[2nd Level]
O AL PP, ®)
max X)) =—"7"7F7"—, = 1,4,...,{2
"V“xz dgqx + ﬁZq
subject to
n
S*(6) =<{X € Rn;ZArij' < 6,«, i=1,2, x>0 (9)
j=1

The LAM of the PRBL-MOFPP follows as [7,47,48].

[1st Level]
max FGo =90 S0y o (10)
e digx + Piq
where x, solves
[2nd Level]
max R0 =20 % gy o, (an
= dzqx + B2g
subject to
n
S.(y) =<{«x€ Rn;z arjXj < Yy, r=1.2, x>0 (12)
j=1

2.1. FGP Approach for PRBL-MOFPP

To find a compromise solution, the FGP technique is used at§ = §°,y = y°.
Firstly, a fuzzy goal for each objective function is formulated by the membership

function iy (frq(x)),(r =1,2), (9 =1.2,..,Q,), at each level for UAM as
[5,19,37,48,49,50]:

1, if frg@) =udy,
fra(X) = g7 .
trg (frq () = W, if 9% < frq@) <ul, r=12; q=12,..,0, (13)

where the equivalent aspiration level is determined by taking each objective function’s
unique maximum, which is defined as:
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ud, = max (frq(x)), (r=12),(@q@=12,..,0.) (14)
x€S*(59)
u?q is the upper tolerance limit at § = §° for UAM. The unique minimum of

each objective function is used to determine the related desire level [5,19]:

x€S*(869)
gﬁ’q is the lower tolerance limit at § = §° for UAM. Since one is the membership

function with the highest degree. The membership goals for UAM at § = §° can be
written as [5,24]:

fra) — 9% ._
%"’ drg —diq =1, (r=12),@=12,..,Q) (16)
Urq~ Y9rq

where dy;, dfy = 0 with dy; X dff; = 0, represent the under and over deviations
respectively from the aspiration levels.

In the current FGP methodology, the sum of unwanted deviational variables is
minimized to attain the target level. Thus, the FGP model of the UAM can be exhibited

as [7]:

Q1 Q2
min ZjfM = z wi, dig + z Wiqdzg (17)
a=1 a=1
subject to
UAM (1) — g0
e tdg —dig =1 (r=12),(q=12,..,0Q) (18)
urq grq
n
$*(8%) ={x€ Rn;ZArjxj <8 r=12  x20 (19)
j=1
xTAM — yUAM v=12,..,m (20)
X; d‘;q; d‘;!-q 2 0; d;q X d‘;’q = 0' (r = 1)2)) (q = 1’2’ R QT) (21)

where Z represents the achievement function and wry, ¥ =1,2; q =1,2,...,0,
indicate the relative significance of reaching the individual fuzzy goals’ aspired levels;
these values are obtained as [5,19]:

1

0 __0 (T' = 1l2)l (q = 1'2' ey Q ) 22
u(r)q_ggq " ( )

Wr_q:

Similarly, for LAM aty = ¥°, the FGP model of the LAM can be exhibited as:

Q1 Q2
min Zig" = Z wig dig + Z Waqdzg (23)
a=1 a=1

subject to
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M () — g2y

o o +drg — d;'q =1, (r=12),@=12,..,0,) (24)
urq_grq
n
S.(y®) =<«xe€ R”;Z arjx; < V5, r=12, x>0 (25)
=
XM — yLAM” v=12,..,1 (26)
X,drg,dig 20, dygxdfg=0, r=12),@=12,..,Q,) (27)

2.2. Linearization of membership goals

It is obvious that the membership goals in Equation (13) are intrinsically non-
linear, which causes computing challenges in the solution phase. A linearization
approach is used to prevent such issues. considered. Utilizing Pal et al. [32], the [

modeled as:

Uy, (frléAM (x)) +dyg—dfy =1, r=12),@=1,..,0,) (28)

1
Lrg (FY™M(0)) = Lrggly +drg —dfg =1, where Ly, = o )
rq rq

CrgX + Qg

7 00) = :
frq dqu + .qu

r=12),@=1,..,0Q,) (30)

Considering the expression of f;; (x, 09), the above goal in Equation (22) can be

stated as:

CrqX + Qg

—Lyqg% +dry —di, =1 31
rq dqu‘i'ﬂrq rq9rq rq rq (31

Lrqlctqx + arg| = LrqgRg|diaqx + Brq| + dig[dTqx + Brq | — diqdigx + Brg] = [dFqx + Brg]
Lrqlefqx + arg] + dig[dfgx + Brg] = dfg[dFgx + Brg] = (1 + Lrggg)|dTqx + Brq]
Lrqlchqx + arg| + digdigx + Brq] — digdigx + Brg] = L2g[dTqx + Brg]

where L = (1 + Lrqg5q);

[qu CrTq - qu dfq]x +drq [dqu + ﬁrq] —dq [dqu + ﬂrq] = [qu[’)rq - qu“rq]

Crgx +drg [dqu + ﬁrq] - d;q [dqu + BrQ] = Grq (32)
where
Crq = [Lrgcly — Lgd%,] and Gy = [y Brg — Lrgatrg, T=12; q=1,..,0Q, (33)

Based on the variable change method by Pal et al. [32], the goal expression in
Equation (35) can be linearized as follows. Letting Dy, = d;q [dqu + qu] and
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DY, = d}, [dqu + ﬁrq], subsequently, the linear model for articulation in Equation
(25) is obtained as:

Crqx + Drg — D}y = Gg (34)

with Dy, Dy = 0; and Dy X D}y =0, since dyg,dyfy =0, and djx + Brq > 0.
Now, minimization of d, implies minimization of D4 = dr [d,T.qx + qu], which is
also non-linear. As a result of d;; < 1, involvement in the solution, the following
restriction is imposed in the problem:
L <1
[dqu + Brq)

The finalized FGP model for the UAM of the PRBL-MOFPP (7)—(9) becomes:

(35)

Q1 Q2
min Z5M = wigdiy + Y wiydi, (36)
q=1 q:l

subject to

[Lrqcly — Lqdly|x + Dry — Dy = [L2%Brg — Lrg@rg] T=12, ¢ =1,..,Q, 37)

n
ZArjxj <69, r=1,2, (38)

j=1
—dl,x + Dry < Brg, (r=12),@=12,..,0.) (39)
xJAM — yUAM v=12,..,m (40)

X, Diy Dfy 20, DigxDiy =0, (r=12),(q=12..,Q) ()

As a result, the above model provides a satisfactory solution x* for the UAM of
the PRBL-MOFPP.

Similarly, the final FGP model for the LAM of the PRBL-MOFPP (10)—(12)
becomes.

Q1 Q2
min ZEM = Z Wigdig + ) wyda, (42)
q:l q:]_

subject to

[Lrqcly — L2%dT,|x + Dy — Dy = [L2%Brq — Lrq@rg] =12 q=1,..,Q,(43)
n
Z arjxj < vy, r=1,2 (44)
j=1

—dT,x + Dry < Brg) (r=12),@¢=12..,0Q,) (45)

~
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LAM _ . LAM* —
Xin = X1 v=12,..,n (406)

X Dig,Dfy 20, DigxDiy=0, (r=12),(q=12.,0) 47

As a result, the above model provides a satisfactory solution x* for the LAM of
the PRBL-MOFPP.
Definition 1. For any feasible x1(x; € S*(5°)) given by the FLDM if x,(x, €
S$*(8°)) is the Pareto optimal solution of the PRBL-MOFPP, then (x,,x;) is a
feasible solution of the PRBL-MOFPP for the UAM.
Definition 2. x* is a Pareto optimal solution of the PRBL-MOFPP for the UAM if
there exist no other feasible value x € S*(8°) exist, such that ff{zAM (x*) < fllZIAM (%)
for at least f{i™ (x).
Definition 3. x* is a surly Pareto optimal solution if and only if x* is the Pareto
optimal solution of the PRBL-MOFPP for the UAM and x* € S,(y°). Otherwise, this
solution is called a possibly Pareto optimal solution.

3. The surely and possibly SSFK for PRBL-MOFPP

Now, the primary inquiry is: once the UAM and LAM of the PRBL-MOFP have
been solved, to what extent may its data regarding & and y be altered without
compromising the efficiency of its certainly and possibly Pareto optimal solution?

As a result, the following is the definition of the set of feasible parameters, the
solvability set, and SSFK for PRBL-MOFPP:

Definition 4. The set of feasible parameters for the UAM and LAM of PRBL-MOFPP,
respectively, is defined by [26,47]:

VUAM = {6 € RT|S*(x, 5) * @} VLAM = {)/ € Rt|5*(x')’0) * Q} (48)

Definition 5. The solvability set for the UAM and LAM of PRBL-MOFPP,
respectively, is denoted by:

BYAM = {5 € RT|x* is a possily pareto optimal solution for UAM}

BLXAM = {y € R'|x* is a surly pareto optimal solution for LAM}

For any y € BAM, § € BUAM

, if there is a surely or possibly Pareto optimal
solution, then the surely and possibly SSFK can be defined.

Definition 6. Suppose that y =y°, § = §° where S,(y°) € S € S*(6°) with a
pareto optimal solution x* for problem (42) — (47), then the surely SSFK for the

PRBL-MOFPP denoted by S*(x*,y, Dyq, D;y) is defined by:
St(x*,v,Drq, Dy) = {y € Rt|x" is an optimal solution for problem (42) — (47)}

Definition 7. Suppose thaty = y°,8 = 6° where S,(y°) € S € 5*(6°) with a pareto
optimal solution x* for problem (36) — (41), then the possibly SSFK for the PRBL-
MOFPP denoted by SU (x*,8, Dyq, D}y) is defined by:

SY(x*,8,Dry, D) = {6 € RT|x" is an optimal solution for problem (36) — (41)}

The surely and possibly SSFK for PRBL-MOFPP is the set of all parameters
corresponding to one surely or possibly Pareto optimal solution [7,47,51,52]. It is
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simple to observe that the PRBL-MOFPP is stable. (7)—(10) implies the stability of the
final parametric FGP model for the UAM:

Q1 Q2
min ZHM =) wiydi, + ) wiyd, (49)
q=1 q=1

subject to

[Lrqcly — Lqdly|x + Dry — Dy = [L%Brq — Lrg@rq] T=12;9 =1,...,Q-(50)

n
zArjxj <6, r=12 (51)
j=1

—d]gx + Dy < Brgs (r=12),(q@=12..,0Q,) (52)
x{’,;‘”" = x{},;“M* v=12,..,n (53)

Xy =20,  (r=12) v=12,..,n, (54)

D;y, D}, =0, DpyxDi =0 (r=12),(q=12..0Q) (55)

Similarly, the final parametric FGP model for the LAM:
Q1 Q2
min Zt4M = z wigdi, + z Wiqdzg (56)
q:l q:]_

subject to

[quCrTq - ququ]x + Drq — D7:|—q = [L?"qﬁrq - quarq] r=12;9=1,..,0-(57)

n
z rjXj < Vr, r=12 (58)
j=1

—drqx + Drg < Brgy (r=12),(q=12,..,0Q) (59)
xbAM — yLAM v=12,..,m (60)

Xy = 0, r=12) v=12,..,n, (61)

Drq,Djg 20, Dry XDy =0, r=12),@=12..,0,) (62)

Employment of the KKT optimality for PRBL-MOFPP

The Lagrangian function for UAM of PRBL-MOFPP (49)—(55) follows as
[36,38,47]:
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Q1 Q2
L= Z Wl_qDl_q + Z WZ_qDZ_q
q=1 q=1

+/1rq [[quczq - L?’qdz:q]x + Dr_q - Dr:t{ - [L(r)"q.grq - quarq]] + flv [xﬂfM - x;gAM]

_lprvxrv + HUrq [—dqu + Dr_q - .qu] + 1

+§0rq [_Dr_q] + 197”61 [_D;q
where A, &, Y, u, n, @ and 9 are the Lagrange multipliers. Then the KKT optimality
conditions [16,19,31,48-50] for the UAM of the PRBL-MOFPP (49)—(55), will have

oL

o,

the following form:

oL
9D,

daL

m = —Arg =g =0,

2
Z Arj Xj — 8r]
r=1

2
= Arq [quczq - L?“qd;{'q] + flv - ll}rv - ﬂrquq - z nrArj =0, (] =12.. 'n)
r=1

=Wrq t Arg + lhrg — Orq =0, r=12),@=12..,0,)

(r=12),@=12,..,0,)

[Lrqclq — Loqdiqlx + Drg = Dy = [L2gBrg — Lrgtrg] = 0, vr.q

UAM UAM* _
X1y — X1v - 0'

—dTqx + Dig — Brq <0,

2
ZAzjj_ST SO,
r=1

v=12,...n

(r=12),(@=12,..,0,)

G=12..7n)

Dr_q; D‘r-‘l—q = 0; (T = 1'2); (q = 1;2; AL Qr)

X =20,  (r=12),(v=12..,nr)

Hrq [_dqu + Dr_q - ﬁrq] =0,

Nr

r=12),@=12,..,0,)

2
ZArij—(sr] =0 (T': 1,2)
r=1

@rq|-Drg] =0, r=12),(@q=12..0,)

Org[-D] =0,  (r=12),(q=12..,0Q)

lprvxrv = Ol (r = 1l2)l (v = 1l2I "-in‘r‘)

Y, u,n 9,9 =0,

10

and A, E€ER

(63)

(64)

(65)

(66)

(67)
(68)

(69)

(70)

(71)
(72)

(73)

(74)

(75)
(76)
(77)

(78)
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where all the KKT condition phrases (64)—(78) are examined at a Pareto optimal
solution x*Y4M of the FGP model. Solving the system of Equations (64)—(78), the
surly or possibly SSFK for PRBL-MOFPP will be obtained.

4. Algorithm for investigating the SSFK for PRBL-MOFPP

The talk above will be followed by the creation of an algorithm for obtaining the
surly or possibly SSFK for PRBL-MOFPP as:

Algorithm 1 investigating the SSFK for PRBL-MOFPP

1: phase I: Obtain a compromise solution of PRBL — MOFPP

2: Step 1.
3: Step 2.

4: Step 3.
5: Step 4.

6: Step 5.
7: Step 6.
8: Step 7.

9: Step 8.

Puty =y%86 =6%as S, (y°) € 5§ € S*(59).

Compute upy, gogWrg, 7 =12; q=1.2,..,Q,.
Formulate the membership functions i, ( frq (x)) q=12,..,Q,, as in Equation (16).

Do the linearization process for i, ( frq (x)) q =12, ...,Q, using Equations (36)—(38).

Solve the FLDM FGP model to get xJAM = x;UAM,

Formulate and solve the FGP model, as in Equations (39)—(44). to get a compromise solution x*U4M,
If x*UAM € S, (y°) go to Step 8, otherwise go to phase II to get SV (x*, 8, Dy, D}).

Formulate and Solve the LAM by executing: Steps 2 to Step 6, then go to phase II Step 11, to get
S(X",¥, Dy, Dfy)-

10: phase II: Determination of surly or possibly SSFK

11: Step 9.

Formulate the Lagrangian function, for the FGP of UAM, Equations (67)—(81).

12: Step 10. Apply the KKT conditions to get SY(x*, 8, D, D3 ). Go to Step 12.

rq’

13: Step 11.  Execute: Step 9 to Step10 for LAM, to get  S*(x*,y, D74, D;,).
14: Step 12. Stop.

5. Illustrative numerical example

Consider the following PRBL-MOFPP with parameters on the right-hand side of
the rough feasible region.

5.1. Case 1
[Upper Level]
2x; + 5x; 2x1 + X, )
n:cax fui(x) = Xtx,+8 fi2(x) = X, + 3%, + 1
1
where x, solves
[Lower Level]
3x1+x2—1 4x1+x2+2
max <f21(x)_3x1+5x2+2’ fo2(x) = x1+x2+6>

X2
subject to

X €S, where S,(y) €S cS*(6)

11
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X1 + 3x, <64,

6x1 + 7x, < 62,}, S.(y) = {(xl,xz) € R?
X1,%X = 0.

x1 +4x; < Vo,

S$*(6) = {(xlyxz) € R?
X1,%X3 = 0.

X1+ X <Yy, }

Let 61 = 21, 62 = 60, Y1 = 1, Y2 = 2.
Formulate and solve the for the UAM as:

[Upper Level]
2x1 + 5x, 2x1 + x; )
m?ax (f“(x)_xl +x,+8 flz(x)_x1+3x2+1
1
where x, solves
[Lower Level]
3x;1 +x,—1 4x1+x2+2>
o <f21(x)_3x1+5x2+2' fa2 () = X1 +x,+6

X2

subject to

6x; + 7%, < 60,

X, + 3x, <21,
xES*((SO):{(xl,xZ)ERZ }
Xq,%, = 0.

Table 1 summarizes each of the maximum and minimum values. The determined
aspiration levels, upper tolerance limits, and weights W,Qq are also included.

Table 1. individual maximum, minimum values, u?g, grq and weights wy,.

f11(x) f12(%) f21(x) [22(%)
max (frq(x)) 2.33333 1.818182 0.90625 2.625
min (frq(x)) 0 0 -0.5 0.33333
udy 2.3 1.8 0.9 2.6
9% 0 0 -0.5 0.3
Wrq 0.43 0.55 0.71 0.43

Table 2 displays the linearized membership coefficients.

Table 2. The coefficient of the linearized membership goals (C rq)T and Gy4.

f11(%) f12(x) f21(x) [22(%)
_ T T T T
() Gie) G (G (e
Grq 8 1 7.42 5914

Solving FGP model for FLDM:
minZ = 0.43Dy; + 0.55Dy,
subject to
—0.14x, + 1.15x, + D;; — D{; = 8

0.1x; — 2.45x, + D, —Dj = 1

12
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—x1 —x + D3 £8§, —x1—3x;+D, <1
x1 +3x, <21, 6x, + 7x, < 60
X1, X2, D11, Dy, D13, Di 2 0

Using Lingo 20 programming software, the satisfactory solution of the FLDM is
obtained as (xj, x3) = (0,0).
Solving FGP model for PRBL-MOFPP:

minZ = 1.099D;; + 0.877D, + 1.587D;; + 0.386D,,
subject to
—0.14x; + 1.15x, + D;; — D{; =8
0.1x, — 2.45x, + D, — D}, =1
0.195x; — 2.515x, + D;; — Df; = 7.42
0.591x; — 0.699x, + D;, — D, = 5.914
—x1— X, + D3 <8, —x1—3x,+D, <1
—3x; —5x, + D;; <2, —X1— X2 +D;, <6
X1 + 3x, < 21, 6x, +7x, <60
x1 =0, X2, D11, Dfy, D1z, D3, D31, D31, D23, D35 2 0

Using Lingo 20 programming software, the satisfactory solution, thus (x7,x3) =
(0,1.94614) . And, (D11, D13,, D51, D35, Df1, Diy, D1, D5,) = (5.761939,5.768043,
11.73070,7.274352,0,0,0,0), which is a possibly Pareto optimal solution for the PRBL-
MOFPP introduced in example 1, so, SY(x*, §, D;7,D;7) is determined. The stability
of UAM, implies the stability of the following parametric FGP:

min Z = 1.099D; + 0.877D;, + 1.587D,; + 0.386D,,
subject to
—0.14x; + 1.15x, + D;; — D{; =8
0.1x, — 2.45x, + D — D}, =1
0.195x; — 2.515x, + D3; — Df; = 7.42
0.591x; — 0.699x, + D3, — D3, = 5.914
—x1—x, + D3 <8, —x1—3x,+D;, <1
—3x1 — 5%, + D3y <2, —x1— %3 +D;, <6
X+ 3x, <63
6x1 + 7x; < 6,
x; =0, x3,D11, D11, D1, Di3, D31, D31, D32, D3, 2 0

The Lagrangian function of the above problem is formulated as:

13
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L = 1.099D;; + 0.877D;, + 1.587D5; + 0.386D5,
+1,[—0.14x; + 1.15x, + D3 — Diy, — 8] + 1,[0.1x; — 2.45x, + D — D, — 1]

+43[0.195x; — 2.515x, + D;; — D;l —7.42]

+1,[0.591x; — 0.699x, + D5, — DS, — 5.914] + &[x;] + uy[—x, — x5 + D;; — 8]
+up[—x1 — 3% + Dip — 1] + p3[—3x1 — 5%, + D3y — 2] + pu[—x1 — x5 + D3, — 6]
+11[x1 + 3%, — 81] + 12[6x1 + 7x; — 851 + Y[—x2] + 1 [-D13] + @1 [—Df]

+¢2 (=D, + 92[=Di7] + ¢3[—Dz1 ] + @3[=D71] + du[—D3, 1 + @a[—D35]

where Y, u,m, 0,9 = 0 and A,& € R, the KKT conditions for the optimal solution to
the parametric UAM:

daL
1

oL
5 = L1543 — 2451, = 2.5153 — 0.699A4 — 11 = 3tz = Sz — g + 301 + 702 =) = 0
2

JdL
— :043+11+#1_¢1:0

0D
oL -3 _ 0
6D1+1 = 1~ Y1 =
=055+1 — =0
D, + A+ — P,
oL _ —0
6D1+2 = 2~ P2 =
=071+2 — =0
aD;, + A3+ p3 — @3
oL =1 —0
6D§L1 = 3~ @P3=
oL =043+, + =0
aD;, = U st Uy — Py =
oL -3 —0
6D2+2 = 4~ Qg =

pal—x, —x; +D;; —8] =0
pal=x1 —3x,+ D — 1] =0
usz[—3x; —5x, +D;; —2] =0
pal—x1 — 23+ D3 — 6] =0
Nilx; +3x; =611 =10
N2 [6x1 + 7x, —8,] =0
Y[—x,] =0
$1[-D;1]1 =10

14
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¢2[—D12] =0
¢3[-D21] =0
$4[-D22] =0
@1[-Df1]1 =0
@2[—Di2]1 =0
@3[—D311 =0
@4[-D3,] =0

Solving the previous system, we obtain: gy =y =ty =Y = 1 = ¢, = ¢p3 =
¢4 = 0, and us3, Pq, P2, ¢3, ¢4 > 0. Therefore, the possibly SSFK is given by:

5.83842n, — n161 = 0,13.622n, — 1,6, =0,
6, = 5.82492,6, > 13.59148,

2.3215 + 8uz — 4n, — 8n, — & = 0.90464,
nuNz > 0,13 < —0.71.

SY(0,1.94164) = { (,,8,) € R?

5.2. Case 2
[Upper Level]
2x; + 5x, 2x1 + %,
r\r_;&ll_{c fn(x)_x1+x2+8' flz(x)_x1+3x2+1)
where x, solves
[Lower Level]
3x1 +x,—1 4x1+x2+2>
T%g—)f (f21(x)_3x1+5x2+2' f2 () = X, +x,+6
subject to
x € S where S.(y) €5 c S5°(9)

X1 + 3x, < 64,

6x1 +7x; < 52,},5*(]/) = {(xl,xz) € R?
X1, %2 = 0.

X1+ 4x, < yy,

S*(5) = {(xl,xZ) € RZ
X1, %2 = 0.

X1+ X2 <V, }

Let6; = 21,6, =60,y, =7,y, = 24.

Initially, resolve the issue for the upper approximation set. From example 1, the
optimal solution of the FGP for the upper approximation set is obtained as (x?,x2) =
(0,1.94614), which is a surely Pareto optimal solution for example 2, so the surely
stability set of the first kind will be investigated. So, the following LAM will be

solved:
[Upper Level]
2x1 + 5x, 2x1 + x5 )
e (fll(x)_x1+x2+8' f”(x)_x1+3x2+1

X1

where x, solves
[Lower Level]

15
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3x; +x,—1 4x, +x, + 2
@gﬁ <f21(x) =3 1 5%, 1 2 f22(x) = m)
subject to
x1+x, <7,
X, + 4x, < 24,
X, %X, =0

Table 3 summarizes each of the maximum and minimum values. The determined

aspiration levels, upper tolerance limits, and weights W,Qq are also included.

Table 3. Individual maximum, minimum values, qu, g‘r)q and W,Qq.

f11(x) f12(%) [21(x) [22(%)
max ( frq(x)) 2.33333 1.714286 0.85 2.166667
min ( frq(x)) 0 0 -0.5 0.33333
udy 23 1.7 0.8 2.1
9% 0 0 -0.5 0.3
wiy 0.435 0.588 0.769 0.555

Table 4 shows the coefficients of the linearized membership goals.

Table 4. The coefficient of the linearized membership goals (Gqu)T and Groq.

f11(x) f12(x) f21(x) f22(x)
T —0.13\7 0.176 \" 0.4605 \" 1.054 \"
(G%) (1.175) (—2.412) (—2.3085) (—0.611)
GS, 8 1 2 5.886

Solving the FLDM FGP model:
minZ = 0.435D;; + 0.588D,
subject to
—0.13x; + 1.175x, + D;; — D{; = 8
0.176x; —2.412x, + D;, — D, =1
—x1—x,+D;; <8
—x1—3x,+D, <1
X1 +x, <7
4x1 + 3x, < 24
X1, %3, D11, D1, D1z, Diz = 0

Using Lingo 20 programming software, the satisfactory solution of the FLDM is
obtained as (x?,x2 ) = (5.681818,0).
Solving the FGP model of BL-MOFPP:

minZ = 0.435D5; + 0.588D;, + 0.769D5, + 0.555D5,

16
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subject to
—0.13x; + 1.175x, + D;; — D{; =8
0.176x; —2.412x, + D, — D, =1
0.4605x,; — 2.3085x, + D;; — D, =2
1.054x, — 0.611x, + D5, — DS, = 5.886
—x1—x,+D;; <8
—x1—3x,+D, <1
—3x1 —5x, +D;; <2
—x1—%x,+D;, <6
X1 +x, <7
4x; + 3x, < 24
x; = 5.681818
x2, D11, D1, D1z, D, D31, D31, D32, D3, 2 0

Using Lingo 20 programming software, the satisfactory solution of the SLDM is
obtained as: (x?,x9) = (5.681818,0) and (Dyy, Di»,, D51, D3y, Diy, D, D1, DY) =
(8.738636,0.00000032,0,0,0,0,0.6164772,0.1526363) . The stability of LAM
implies the stability of the next parametric FGP:

minZ = 0.435D;; + 0.588D1, + 0.769D,; + 0.555D,,
subject to
—0.13x; + 1.175x, + D;; — D{; = 8
0.176x, — 2.412x, + D, — D}, = 1
0.4605x;, — 2.3085x, + D;; — D3; =2
1.054x; — 0.611x, + D5, — D5, = 5.886
—x1—x,+D;; <8
—x1—3x,+D, <1
—3x; — 5%, + Dyy <2
—x1—%x,+D;, <6
X1 +x, <Y
4x; +3x, <y,
x; = 5.681818
X2, D11, D11, D13, D3, D31, D31, D32, D32 2 0

Therefore, the Lagrangean function is formulated as:
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L =0.435D;; + 0.588D1, + 0.769D,; + 0.555D,,

+1,[—0.13x; + 1.175x, + D;; — D{; — 8]

+1,[0.176x; — 2.412x, + D{, — D, — 1]

+15[0.4605x; — 2.3085x, + D;; — D, — 2]

+1,4[1.054x, — 0.611x, + D5, — DS, = 5.886]

+&[x, — 5.681818] + py[—x; — x5, + D;; — 8]

+pa[—x1 — 3%, + D1y — 1] + p3[—3%; — 5x; + D3y — 2] + pa[—x1 — x2 + Dy, — 6]

+11 21 + %2 —vi] + M2 4% + 3x; — 8] + Y[—x2] + d1[-Di7] + @1 [-Di]

+¢2[=Diz] + 92[=Diz] + ¢3[—=Diz] + @3[=D31] + ¢pu[—D32] + @a[—D35]
where Y, u,m,@,9 = 0, and 1, € R, the KKT conditions for the optimal solution to
the parametric LAM:

daL
1

oL
Fr 1.1754; — 2.4124, — 2.3085A;3 — 0.6144, — uy —3uy, — Suz —ps +n1 + 31, —y =0
2

dL
— :0435+11+#1_¢1:0

aDll
dL
aD1+1=_)L1_(P1=0
aD_ _0.588+12+M2_¢2=0
12
JdL
aD1+2=—12—<P2=0
dL
aD_ :0769+A3+M3_¢3:0
21
dL
aDELl:—}%—(Ps:O
dL
aD_ :0.555+A4+IJ4_¢4:0
22
daL
aD;, ==y =0

pa[—x1 —x, + D3 —8] =0
pal=x1 —3x,+ D —1] =0
usz[—3x; —5x, +D;; —2] =0
pal—x1 — 23+ D3 — 6] =0
mba +x,—y]=0
N2[4x; +3x, —y2] =0
Yl—x]=0

18
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$1[-Di1] =0
@1[-Df1] =0
¢2[—D1z]1 =0
@2[—Di2]1 =0
¢3[—D31]1 =0
@3[—D311 =0
¢a[—D32] =0
@a[-D3,] =0

and, A, = —1.1976, 13 = —2.0747, 1, =0, and £ ER also, py = Uy = Uz = Uy =
d1 =P, = @3 =@, =0, and Y, @1, P2, P4 > 0. Therefore, the surely SSFK is given
by.

2ny + 71, + & —¢Y = —1.376511,

Y1 = 5.681818,y, = 22.7273,

S(5.681818,0) = { (y1,7,) € R2|5.6818187n; — n1y; = 0,

fe R»’h»’?z»lp > 0

6. Conclusion

In this paper we present the PRBL-MOFPP, in which the parameters exist on the
right-hand side of the rough set of constraints. For such a model, the FGP is employed
to solve both the UAM and LAM. Moreover, the Lagrangian function and the KKT
optimality conditions are presented. Finally, the surely and possibly SSFK is defined.
Illustrative examples were given to clarify the applicability and efficiency of the
proposed model.

However, there are numerous other topics that should be researched and
discussed in the future in parametric ML-OP in rough environment, such as:

1) Parametric multi-level multi-objective fractional programming problems in
rough environments.

2) Parametric multi-level multi-objective quadratic programming problems in rough
environments.

Author contributions: Conceptualization, MAES and YA; methodology, FAF and
MAES; software, EB and MAES; validation, MAES, MAE and FAF; formal analysis,
EB; investigation, Y A; resources, MAE; data curation, MAES; writing—original draft
preparation, FAF; writing—review and editing, MAES; visualization, A; supervision,
MAES and FAF. All authors have read and agreed to the published version of the
manuscript.

Data availability: Enquiries about data availability should be directed to the authors.

Conflict of interest: The authors declare no conflict of interest.

19



Mathematics and Systems Science 2025, 3(1), 3095.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Osman MSA. Qualitative analysis of basic notions in parametric convex programming. I. Parameters in the constraints.
Applications of Mathematics. 1977; 22(5): 318-332.

Osman MSA. Qualitative analysis of basic notions in parametric convex programming. II. Parameters in the objective
function. Applications of Mathematics. 1977; 22(5): 333—-348.

Osman MS, Maaty MA, Farahat FA. On the achievement stability set for parametric linear goal programming problems.
OPSEARCH. 2017; 54: 181-200.

AbdAlhakim H, Emam OE, Abd El-Mageed AA. Architecting a fully fuzzy information model for multi-level quadratically
constrained quadratic programming problem. OPSEARCH. 2019; 56(2): 367-389.

Baky IA, Eid MH, and El sayed MA. Bi-level multi-objective programming problem with fuzzy demands: A fuzzy goal
programming algorithm. OPSEARCH. 2014; 51(2): 280-296.

Emam OE, El-Araby M, and Belal MA. On rough multi-level linear programming problem. Information Science Letter.
2015; 4(1): 41-49.

Elsisy MA, El Sayed MA. Fuzzy rough bi-level multi-objective non-linear programming problems. Alexandria Engineering
Journal. 2019; 58(4): 1471-1482.

Elsisy MA, Elsaadany AS, and El Sayed MA. Using Interval Operations in the Hungarian Method to Solve the Fuzzy
Assignment Problem and Its Application in the Rehabilitation Problem of Valuable Buildings in Egypt. Complexity. 2020;
doi: 10.1155/2020/9207650

Shi Y, Yao L, Xu J. A probability maximization model based on rough approximation and its application to the inventory
problem. International Journal of Approximate Reasoning. 2011; 52(2): 261-280.

Kong Q, Xu W. The comparative study of covering rough sets and multi-granulation rough sets. Soft Computing. 2019;
23(10): 3237-3251.

Pawlak Z. Rough sets. International Journal of Computer and Information Science. 1982; 11(5): 341-356.

Pawlak Z. Rough sets, rough relations and rough functions. Fundamental Information. 1996; 27(2-3): 103—108.

Rissino S, Lambert-Torres G. Rough set theory-fundamental concepts, principals, data extraction, and applications. In: Data
mining and knowledge discovery in real life applications. IntechOpen; 2009.

Elsisy MA, Eid MH, Osman MSA. Qualitative analysis of basic notions in parametric rough convex programming
(parameters in the objective function and feasible region is a rough set). OPSEARCh. 2017; 54(4): 724-34.

Hamzehee A, Yaghoobi MA, Mashinchi M. Linear programming with rough interval coefficients. Journal of Intelligent &
Fuzzy Systems. 2014; 26(3): 1179-1189.

Allende GB, Still G. Solving bilevel programs with the KKT-approach. Mathematical programming. 2013; 138(1-2): 309—
332.

Ahlatcioglu M, Tiryaki F. Interactive fuzzy programming for decentralized two-level linear fractional programming
(DTLLFP) problems. Omega. 2007; 35(4): 432-450.

Baky IA. Solving multi-level multi-objective linear programming problems through fuzzy goal programming approach.
Applied Mathematics Modelling. 2010; 34(9): 2377-2387.

Baky IA. Fuzzy goal programming algorithm for solving decentralized bi-level multi-objective programming problems.
Fuzzy Sets and Systems. 2009; 160(18): 2701-2713.

Baky 1A, Abo-Sinna MA. TOPSIS for bi-level MODM problems. Applied Mathematical Modelling. 2013; 37(3): 1004—
1015.

Chen LH, Chen HH. A two-phase fuzzy approach for solving multi-level decision-making problems. Knowledge-Based
Systems. 2015; 76: 189-199.

Emam OE. Interactive approach to bi-level integer multi-objective fractional programming problem. Applied Mathematics
and Computation. 2013; 223:17-24.

Pramanik S, Roy TK. Fuzzy goal programming approach to multi-level programming problems. European Journal of
Operational Research. 2007; 176(2): 1151-1166.

Arora SR, Gupta R. Interactive fuzzy goal programming approach for bi-level programming problem. European Journal of
Operational Research. 2009; 194(2): 368—-376.

20



Mathematics and Systems Science 2025, 3(1), 3095.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

El Sayed MA, Baky IA, Singh P. A modified TOPSIS approach for solving stochastic fuzzy multi-level multi-objective
fractional decision-making problem. OPSEARCH. 2020; 57: 1374-1403.

El Sayed MA, Farahat FA. On Various Approaches for Bi-level Optimization Problems. International Journal of
Management and Fuzzy Systems. 2019; 5(3): 47-63.

Sinha A. Bilevel Multi-objective Optimization Problem Solving Using Progressively Interactive EMO. In: Proceedings of
the 6th international conference on Evolutionary multi-criterion optimization; 5—8 April 2011; Ouro Preto, Brazil.

Sakawa M, Katagiri H, Matsui T. Stackelberg solutions for fuzzy random two-level linear programming through probability
maximization with possibility. Fuzzy Sets and Systems. 2012; 188(1): 45-57.

Lachhwani K. Modified FGP approach for multi-level multi objective linear fractional programming problems. Applied
Mathematics and Computation. 2015; 266: 1038—1049.

Miettinen K. Nonlinear multiobjective optimization. Springer Science & Business Media; 2012. Volume 12.

Nayak S, Ojha A. An approach of fuzzy and TOPSIS to bi-level multi-objective nonlinear fractional programming problem.
Soft Computing. 2019; 23(14): 5605-5618.

Pal BB, Moitra BN, Maulik U. A goal programming procedure for fuzzy multi-objective linear fractional programming
problem. Fuzzy Sets and Systems. 2003; 139(2): 395-405.

Osman MS, Emam OE, El Sayed MA. On parametric multi-level multi-objective fractional programming problems with
fuzziness in the constraints. British Journal of Mathematics and Computer Science. 2016; 18(5): 1-19.

Osman MS, Emam OE, El Sayed MA. Interactive Approach for Multi-Level Multi-Objective Fractional Programming
Problems with Fuzzy Parameters. Beni-Suef University journal of basic and applied sciences. 2018; 7(1): 139-149.

Osman MS, Raslan KR, Emam OE, Farahat FA. Solving Multi-level Multi-objective Fractional Programming Problem with
Rough Intervals in the Objective Functions. British Journal of Mathematics & Computer Science. 2017; 21(2): 1-17.

El Sayed MA, Farahat FA. Study of Achievement Stability Set for Parametric Linear FGP Problems. Ain Shams Engineering
Journal. 2020; 11(4): 1345-1353. doi: 10.1016/j.as€j.2020.03.003

Lachhwani K. On solving multi-level multi objective linear programming problems through fuzzy goal programming
approach. OPSEARCH. 2014; 51(4): 624-637.

Shi C, Lu J, Zhang G. An extended Kuhn-Tucker approach for linear bilevel programming. Applied Mathematics and
Computation. 2005; 162(1): 51-63.

Youness EA, Emam OE, Hafez MS. Fuzzy bi-level multi-objective fractional integer programming. Applied Mathematics
and Information Science. 2014; 8(6): 2857-2863.

Ranarahu N, Dash JK, Acharya S. Multi-objective bilevel fuzzy probabilistic programming problem. OPSEARCH. 2017;
54(3): 475-504.

Ren A. A novel method for solving the fully fuzzy bilevel linear programming problem. Mathematical Problems in
Engineering. 2015; 2: 1-11.

Saad OM, Emam OE, Sleem MM. On the solution of a rough interval three-level quadratic programming problem. Britsh
Journal of Mathematics and Computer Science. 2015; 5(3): 349-366.

Gumus ZH, Floudas CA. Global Optimization of Nonlinear Bilevel Programming Problems. Journal of Global Optimization.
2001; 20: 1-31.

Osman MS, Abo-Sinna MA, Amer AH, Emam OE. A multi-level non-linear multi-objective decision-making under
fuzziness. Applied Mathematics and Computation. 2004; 153(1): 239-252.

Xu J, Yao L. A class of multiobjective linear programming models with random rough coefficient. Mathematical and
Computer Modeling. 2009; 49(1-2): 189-206.

Rizk-Allah RM, Abo-Sinna MA. Integrating reference point. Kuhn—Tucker conditions and neural network approach for
multi-objective and multi-level programming problems. OPSEARCH. 2017; 54: 663—-683.

Farahat FA, ElSayed MA. Achievement Stability Set for Parametric Rough Linear Goal Programing Problem. Fuzzy
Information and Engineering. 2019; 11(3): 279-294.

Agarwal D, Singh P, El Sayed MA. The Karush—Kuhn-Tucker (KKT) optimality conditions for fuzzy-valued fractional
optimization problems. Mathematics and Computers in Simulation. 2023; 205: 861-877.

Osman MS, Emam OE, El Sayed MA. Stochastic fuzzy multi-level multi-objective fractional programming problem: A FGP
approach. OPSEARCH. 2017; 54(4): 816-840.

21



Mathematics and Systems Science 2025, 3(1), 3095.

50. El Sayed MA, Abo-Sinna MA. A novel Approach for Fully Intuitionistic Fuzzy Multi-Objective Fractional Transportation
Problem. Alexandria Engineering Journal. 2021; 60(1): 1447-1463.

51. Kamal M, Gupta S, Chatterjee P, et al. Bi-Level Multi-Objective Production Planning Problem with Multi-Choice
Parameters: A Fuzzy Goal Programming Algorithm. Algorithms. 2019; 12(7): 143.

52. Singh VP, Sharma K, Chakraborty D, Ebrahimnejad A. A novel multi-objective bi-level programming problem under

intuitionistic fuzzy environment and its application in production planning problem. Complex & Intelligent Systems. 2022;
8: 3263-3278.

22



