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Abstract: The dynamics of a composite consisting of the nonlinear multilayer beam
structure, interacting through elastic intermediate layers, under mobile point loading is
investigated. This study finds a direct application in transport engineering technologies, more
precisely in railways, where the moving point load is the train, and the multilayer beam, the
rails interacting with the ballast, the foundation and base layers. From the Lagrange
formulations, the system of damping partial differential equations of the model is found, and
by considering the non-dissipative case with weak nonlinearity and constant charge they are
used to find the eigen modes and the natural vibration frequencies of the system. Then the
dissipative case with nonlinearity is studied, with a particular attention carried on the
temporal part, which is reduced to a system of coupled nonlinear differential equations,
where the first line is forced. This system of equation is used to determine the equilibrium
points, after which they are subsequently solved analytically through the multiple time scale
method for harmonic resonance case, showing the formation of hysteresis more and more
complex as the number of cells increases. The coupled nonlinear equations of the system is
next solved numerically, with the transition of the system towards chaos analyzed through the
bifurcation diagram and the maximum Lyapunov exponent, which show strong sensitivity to
the coupling parameter A, as well as the system frequency. The results show for N = 2 and for
some parameters the periodic behavior and the crisis for w = 0.5. When the frequency is low;
that is w = 0.05 the chaotic band is considerably reduced, chaos appearing around the
nonlinearity parameter y, = 0.5 and also for y, > 0.85. The time trace shows chaotic pulses
and bursting type behavior, for some choices of the coupling parameter. The synchronization
curves are also plotted and it is shown that g, doesn’t synchronizes with g: for some
frequencies, while for others parameters, they synchronize, but fairly. For N = 3, the
dynamics is more complex and the time traces plots show regular impulse for @ = 0.5 and
bursting for weak frequency, o = 0.05.

Keywords: multilayer beam structure; coupled of partial differential equation; mobile point
load; hysteresis; chaotic impulse; bursting signal

1. Introduction

Structural design is an essential aspect of any construction project, and it
involves a range of considerations that must be carefully evaluated to ensure the
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safety and stability of the structure [1]. One of the most critical factors in structural
design is load-bearing capacity, which refers to the maximum weight that a structure
can support without collapsing or experiencing significant damage. Load-bearing
capacity determines the ability of a structure to support its own weight and any
additional loads placed upon it. Structures are generally faced with various types of
loads, among which are static and variable (moving) loads. Although the modeling
of static loading for linear cases is well-established, ensuring the bearing capacity of
structures in the face of moving loads is one of the engineering challenges,
particularly in the design of buildings, bridges, and roads [2]. Load modeling in
nonlinear structures, particularly incorporating large deformations, differs
significantly from the treatment in linear analysis.

The study of nonlinear systems has been the subject of numerous studies in
recent years [3]. This is due to the fact that nonlinearity finds its applications in
several fields of physics and engineering, including mechanics [4], electronics [5,6],
optics [7,8], civil engineering, and other related fields [9,10]. Note that unlike linear
systems where the effects and causes are proportional quantities, in the nonlinear
systems, the effects are nonlinear functions of the causes. For example, in nonlinear
electronics, electrical voltages are nonlinear functions of currents [11]. In nonlinear
mechanics, on the other hand, the tensions (or restoring forces) are nonlinear
functions of the elongations [12,13]. In civil engineering in general and particularly
in geotechnics, the displacements of elastic soils under foundations subjected to
loading are nonlinear functions of displacements [14]. The consideration of
nonlinearity in the study of systems is very important, as long as it allows us to
understand certain phenomena observed experimentally in physical systems, such as
the appearance of chaos and patterns formation, and to predict new ones [15-17],
and especially it allows us to design devices to attenuate chaos. Nonlinearity thus
allows justifying the chaotic or random behavior of certain systems, chaos being
harmful for some systems and desirable for others. In telecommunications, chaos
allows the masking and securing of information. In civil engineering, the sieves that
vibrate chaotically have a higher yield [18]. It has been proven that although systems
with one degree of freedom are dynamically rich, system dynamics become
increasingly rich and complex as the degree of freedom becomes larger, whether
these systems are linear or not. In civil engineering, and more particularly in the case
of beams, the superposition of layers of intermediate beams allows for increasingly
complex vibration modes. This is why in 2021, Jiang et al. [19] studied a multilayer
structure consisting of a certain number of beams, interconnected and where the
upper beam is subjected to loading. In this work they studied the dynamics and
stability of this structure; however, they ignored the nonlinear behavior of this
structure, which could provide significant results.

Beams on an elastic foundation, or columns and piles supported along their
entire length, usually by the ground, are a well-known problem in structural
mechanics [20,21], in addition to being a very common structural element, with
applications in many engineering fields such as civil, mechanical, and offshore
engineering, particularly in foundation analysis and design. The study of this
structural configuration began with the pioneer works of Winkler [22] and has been
addressed by many researchers with various theoretical tools, including numerical
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methods [23,24], finite element methods [25], analytical [26,27], and disturbance
[28]. The linear behavior of beams on elastic foundations has been widely studied.
However, little attention has been paid to their behavior in the nonlinear domain. In
[20], Diego Froio et al. investigated the dynamics of a beam on a bilinear elastic
foundation under harmonic moving load, in which they considered the effect of
nonlinearity and neglected the dissipation. In their work, they didn’t emphasize the
prediction of chaos in their systems. In many important applications, the elastic
foundation is the floor, which is generally very nonlinear. One can enumerate the
work of Anas Ouzizi et al. [21], who investigated the nonlinear dynamics of beams
on nonlinear fractional viscoelastic foundations subjected to moving loads with
variable speeds. Thus, the nonlinear effect considerably influences the behavior of
the beam by modifying its bearing capacity and its natural frequencies. In the present
work, we consider the multilayer beam on an elastic foundation, as is the case in
[19], and we consider the dissipation effects and carry an emphasis on the chaotic
behavior by using analytical and numerical methods, which is new in what concerns
the multilayer beam on an elastic foundation. Moreover, we take into account the
dissipations, which can considerably affect the results as compared to previous ones,
and we show that the dynamics of the system are very complex, depending on the
nonlinearity and the nature of the coupling.

The main objective of this work is the dynamic analysis of a nonlinear
multilayer beam structure under moving load.

The specific objectives are:
e Modeling of the system equation taking into account dissipation and

nonlinearity;
e  Study the stability of the nonlinear system;
e  Check whether the system is regular or chaotic.

2. Model description and governing equations

2.1. Model description

We consider in this work the system of multilayer beams consisting of a set of
beams interacting through elastic intermediate layers as presented in Figure 1. The
first beam, subjected to a moving load with mass M moving with and speed V,
constitutes the entrance to the system, while the foundation constitutes the system
output. Let us outline that in railway engineering, this beam can be seen as the rails,
and moving load, the motion of the train. The rails are laid on multilayer elastic soil
through the ballasts. The motion of a train on bridges, in [29,30], could constitute
another example. The simulation of high axial speed machining processes during
milling operations and internal fluid flow in piping systems resting on a ground
foundation is another example. In addition, the shafts of rotating machines resting on
elastic supports (journal bearings) and floating in an industrial lubricant can be
modeled as beams on a viscoelastic foundation [31,32]. The particle with mass M in
Figure 1 can also represent a heavy car on a bridge having several layers or a
compactor working on a moving road [33], the road having several layers that
interact with each other.
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Figure 1. Multilayer beams consisting of a set of beams interacting through elastic
intermediate layers; the first beam, subjected to a moving load with speed V.

2.2. Lagrange equation of the network

Let us consider here the network as shown in Figure 1, which is composed of n
layers on an elastic foundation and therefore n—1 interconnections over the length |,
in which the layers can relatively move to each other depending on the properties of
the interconnections. Thus, the system will have the following energies:

2.2.1. Kinetic energy

The rotational inertia of the beam will be neglected because the beam is slender.
Then the kinetic energy is given by the following Equation (1) [16,34]:

N 2
1 L aWi(X,t)
L N owix, t) 1
7 zzlplAlJ;< G )dx 0
1=

where p; is the density of the material at position i, A; is the cross section of the it
beam, L is the length of the beam, and w; = w;(x,t) i is the transverse displacement
of the beam (in one direction) at position x, The Winkler soil model will be used
here, which assumes that the displacement only appears in the loaded zone and,
outside this zone, the deflections are zero [16,35,36]. With p;A; = m;, which is the
elementary mass of it position.

2.2.2. Potential energy

e Bending potential energy for the i*" particle
The potential energy due to bending can be evaluated as follows [34]:

N 2
1 Lro2w;(x,t)
Vi dz—ZE-I-J (‘—) dx (2)
en 2i=1 fiti o Ox2

where Ef; is the Young’s modulus of the i" beam.
*  Potential energy due to coupling

It can be evaluated using the following equation, in which it is assumed that the
motion of railway located at position i is affected by all neighbors located, at
position j.
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1 N N L )
=§Zy12f(wi(x,t) —wx D) dx 3)
0

i=1 j=1

where y; is the coupling coefficient, where the value can be experimentally found
from the measured input—output data, although, it is not done in this work.
«  Stretching potential energy [34]

2
Vstretch = ZZEAO( fo (ana(;: t)> dx) 4)

In which the Li are equal for all beams.
»  Elastic potential energy [34]

N L
1 2
Veouna = Ez f Kei(wi(x, 1)) dx (5)
i=190

»  Potential energy due to loadings
Let us assume that the loading, applied at position x,, by mobile moving with
speed V, such as x, = Vt. The potential energy is then given by [34]:

N L
Vipad = —Z f P(x, Dw; (x, £)dx 6)
i=10
where P(x,t) = Pyd(x —x)6(j — i), Py = Mg is the weight of the moving load
located on the first layer, and g is the intensity of gravity, while ¢ is the Dirac delta
function.

With
_ _(Lif x=x
sGc—x)={" 17" @)
2.2.3. Lagrangian equation
The Lagrangian of the network is defined as follows [16,34]
L=T- (Vbend + Ve + Vstresten + Vfound + Vload) (8)
leading to
ow;(x, )’ 9%w; (x, )\ 2
- dx | pi4; (la—t> — Eql; <# — Kri(wi(x, 1))
M 2
+ ZPOWi(xJ t)6(x - XO)S(]' - l) + Yi Z . (Wi(xl t) - Wj(x: t)) (9)
j=1

2
N FE; Ay ow;(x,t)
_Zl L 2L (2[0 ( ox ) dx)

Taking into account that in physical systems anything cannot vibrate
indefinitely, the dissipation (loss introduced by the friction) is introduced in the
system by the Rayleigh dissipation function and is then given as [34]:
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ZZ J‘(@Wl(x t)) (10)

which allows us to define the equations of motion in the form [16,34]:

2(6L)_6L+i<aL)_6_2(6L):_6D 1)

ot\ow;,) 0dw; 0x\ow;,/ 0x2 \0W;,y ow;;

2.3. Equations of motion for the non-dissipative case and with weak
nonlinearity
2.3.1. Set of partial differential equations of motion

For this particular case, we consider that the system is loaded with continuum
charge, meaning that P(x,t) = qoL5(i — 1), and for this particular case with D =
E;Ay = 0, Equation (11) leads to

N
mwie + Keiw; + v Z(Wi —wWj) + Efili Wixy —p(x, )8 —1) =0 (12)
i-1

With p;A; = m;which allows to have the equation below in expanded form

N
MWy + kpiws + 1 Z(Wl - Wj) + Er1[1Wixx = qolL
i-1
M
MyWoie + kpow, + 72 Z(Wz —Wj) + Epply Woyy =0
=1
)
(13)
miWiee + kpiw; +; Z(Wi —wj) + Efil; wixx =0
=1
e
MyWiee + kpywy + ¥y Z(WN —Wj) + EfnIy Wyxx =0
=1

2.3.2. Set of differential equations governing temporal part and solutions
Differential equations governing temporal part

Suppose that the system is a simply supported beam localized at position x,, we
have:

P(x,t) = Py6(x — x9)6(i — 1) (14)
Let us seek the displacement by making the Fourier transform in the form
Wi(x, t) = X2_; qpi () sin (gx) . subjected to loading to P(x,t)=
=1 €sin (57x), with
2 (L . mm 2P, = /mmx,
Co = Z-[o P(x,t) sin (Tx) dx = Tsm( I ) (15)

leading to the following equation:
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.

Eq Lin®m 2 Nnix,
f1l1 qo . 0
mqQqee + (kp1 12 )fh + 7 Z(‘h QJ) = —sm( L )

E 21211 T
my Qo + (kpz ! 2 )QZ t+72 § (QZ q]) =0
(16)

EcnIyn?m
I
MmyQGnee + <kPN 12 >QN + VN Z(QN q]) =0

\

Stationary solutions
The stationary solution is obtained whether q;;; = 0,, leading to the algebraic

equation AQ = B, With Q = (41,942,943, - n), B = 3 Posin ("L—”xo),o, 0,0,....,0],
and

L -y« V1 - N
—Y2 Fz =Y2 - V2

A=("Ys —¥3 I3 ... —¥; (17)
YN YN YN - Iy

in which I; = kp; — Eﬂ] +yL(N 1), leading to the solution Q = B/A For

the particular case where N = 2, the stationary solution of the system is in the form:

llz

2P, nm
= L(T1—y172) st ( xo) (18)
2PyY, i nm
2= L(I - V1V2) ( xo)
leading to
wy(x) = 2P, Z F—sm (nn xo) sin (E x)
LM =v1yv2) L (19)

wy(x) = 2P, Z msm (nn xo) sin (nL_n x)

The transient homogeneous solution of the linear equation for the system is
such as q;(t) = gpjcos(wt + ), leading to the following set of equations:

Efil .
(—miw2+(kpi ! ”)+vl(N—1))ql ViZjigj=0i=12.,N (20

which can be rewritten in the following expansion form as AyQ;, = 0, with
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—m; w® 4+ T —Y1 —Y1 - —Y1 —Y1
- —m,w? + T, Yz - —Y2 —Y2
AO — —Y3 —Y3 _m3(1)2 + F3 .. —Y3 —Y3 (21)
—YN-1 —YN-1 —YN-1 - —my_10% + Iy_4 —YN-1
—YN —YN YN - —YN —myw? + Iy

The homogeneous Equation (20) has a non-trivial solution whether the
determinant of Equation (21) is zero, leading to the dispersion relation
For N =2, one has:

w2 = l(mlf‘z +m,I; +/(my T, —m,I)? + 4m1m2y1yz> 22)
2 mqm,
which defines the frequency of each mode of vibration.
For N = 3, Let us introduce the following parameters:
S I
my Mm; m3
DRIz —=vy3 Ll —nys | LI —vonn
p1 = + +
myms myms mims,
D, = 2y1¥2¥s — LT + v1ysle + viyals + Tivays (23)
? m;m,msz
1 2
Py =py — §P0

2, 1
P12 = —ﬁpo + D2 +§POP1

leading to the following characteristic frequency

1/3 1/3

27p12+3 [81p3,+12p} 27p12-3 /81p2 +12p2
1 12 11 2. 1 12 11 2.
Tt wp%wm)+§ em%—;mn)m@@l (24)

2 2

o]

2:

w

|

2.4. Dissipative case with nonlinearity
2.4.1. Equation governing the temporal part of the system

Let us look for a solution with the standing wave in the form: w;(x,t) =
@;(x)q;(t), where @;(x) is the spatial part viewed as the envelope and g; the
temporal part. By substituting this equation into Equation (8), one has the following
expression of the Lagrangian:
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N 2
1 . L L az(p,(x) L
L= EZ lmiq?(t)f @7 (x)dx — Efilif <a—l2> dx + Kfif @i (x)dx|qf (t)
= 0 0 X 0

L
— 2Pyqi(®) f $: ()8 (x - v)dx (25)
u L E;Aq; Lagi\? |\
_yi;(qi(t)—qj(t))zfo (pi(x)zdx—j}T?‘q?(t) <f0 ( (g‘ix)> dx)

The dissipation function is then given by:

N
1 L
Fo =5t 47O [ pG)dx (26)
i=1 0

The following Lagrangian equation can thus be used:

d (0L oL 0Fp
N @)
d0t\dq;/ 0dq; 0g;
Leading to the following damped equation of motion:
M
i+ i+ a4 7)) (a—a) +2ad =R@OSG-1  (29)
j=1
With
L azgoi(x))z
_#ir_ 2_1 fO( 0x2 dx
i =—wi =—| Epli—1— + kyi
m; m; fO @; (x)dx
2
L agoi(x))z
E;Ag; (fo ( 0x &
A= (29)

Co2Limi [P p2(x)dx

7 = Vi
VT T L 5,
m; [, @f (x)dx
F(O) = — i (0,)
=——71— 9V
m; [, of(x)dx

Equation (29) is the set of the coupled Duffing equations [37] with the influence
of all neighbors, in which y; is the dissipation coefficient, and 6(1-i) is introduced
since the load is applied only on the first layer and the other layers undergo. Note
that the Duffing equations are generally used to describe the dynamic behavior of
many real-world nonlinear systems for a wide range of frequency bands and
amplitudes of the excitation signal in nonlinear sciences and engineering [33]. For
example, the Duffing oscillator has been used successfully to model a variety of
physical processes such as stiffening springs, buckling of beams, nonlinear electronic
circuits, Josephson superconducting parametric amplifiers, and ionization waves in



Mathematics and Systems Science 2025, 3(1), 3058.

plasmas [38,39]. In the forced Duffing equation, the dissipation parameters are
responsible for the formation of hysteresis in the amplitude-dependent frequency
curves [38].

2.4.2. Equilibrium points

Let us look for the equilibrium points and then study the stability for the case
with two and three layers in order to find the analytical solution of this equation.
Equation (28) can thus be rewritten in the following form:

N
G + s + wiqr + 403 + v [(N - 1)gy — Z Qn] =f@®) =y
n=l
N
G + 22 + W35G, + A2q5 + v |(N — 1)g, — Z Qn] =0
n+2
< N (30)
Gi + 1iG; + wfq; + g8 +vi [(N — 1)%‘2%] =0
n+i
N
Gy + Uy + oRgy + Angy + v [(N — Day — Z Qn] =0
\ n#N

In order to find the equilibrium points for the particular case where one has only
two layers, it is obvious that:

{w%% +71(q1—q2) + 11q1 = F (31)
w3q2 +v2(qz — q1) + 2,43 =0
In order to combine these two equations, one has, from the second line.
2 3
= (w1 + Vz))/CIZ + 2243 (32)
2

Substituting g, into the first line of Equation (31) one has the polynomial
Equation (33) of order 9, where one must vary the values of @ and plot to have the
equilibrium points.
LA 31, 45(w? + 314 (w? + 7,)? w22 Ay (0% +y,)3
142 o 12(3 Yz)q27+ 142( Y2) 5+< 2+V12+1( Vz))g

q q
v % v 2 Y2 V2 v 2

N 0*(w? + ¥, +v1)
Y2

(33)

@2—F=0

This equation is solved and plotted in Figure 2, which shows only one solution.

10
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Figure 2. Equilibrium points for varying values of F and for: 1, = 1; 1, = 1.5,y; =

1,y, = 2; (2): q1, (b): g2. As one can see, only one solution is found.
3. Solutions of the damped case with nonlinearity

3.1. Analytical solutions
3.1.1. Solution for N =2

Here, we will first make an emphasis on the case where N = 2, and the set of
Equation (28) leads to:

{éil + iy + 03q1 +v1(q — q2) + 41q3 = Acos(Qt) (34)
Gz + U2z + w302 +v2(q2 — q1) + 2293 = 0
Let us introduce the small parameter € << 1, such as py = &y, Uy =

Elo, A1 = €10, V2 = €Va20, A = €Ay, Y1 = €Y1, TOr harmonic resonance, and the
variables

41 = d1o + €q11 + G2 = Ao + €qp1 + -+ Tp = t,T) = €t,T, = €?t,....  (35)
leading to:
4 _ 2 wDy=2p =2p =5
%= Do+ Dy + 2D, + Dy = 7Dy = 7Dy = 5. (36)

One obtains thus for:
e  The equation at order £°,

D§qz0 + 5420 = 0,D5q10 + @iq10 = 0 (37)
admitting as solutions:
G10 = R4 (T1)C05((01T0 - ¢1(T1)),q20 =R, (T1)COS((02T0 — ¢ (T1)) (38)
e  The equation at order £, leads to
D§q11 + w$q11 = Ag cos(QT) — p10DoG10 — 2DgD1q10 — 210930
D§qp1 + w5q21 = —U20D0q20 — 2DoD1 G20 — 220950

Introducing solution Equation (38) into Equation (39), one has the following
coupled of equations

(39)

11
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1 |
Diqus + 0 = =7 A10R} cosBwTy = 3¢1) + (—1 (2D1Ry + iR sin(y)

3
- (2(D1R1D1¢1 + Y10R1 + ZflmRi%) C05(¢1)) cos(w1Tp) + y10R2 cos(¢y) cos(w,Tp)
+ A, cos(QTy)
3 3\ . .
+ (012D, + 11oRe) cos(r) = (201RaDadhy + aoRs +5 AroR? ) sin(@y) ) sin(enTy)
+ ¥10Rz sin(¢;) sin(w,Tp)
(40)

1
D§qz1 + w34y = —ZAZORg cos(3w, Ty — 3¢)

+ (—wz(ZDle + t20R2) sin(¢) — (2002R2D1¢2 + V20R2 + 2AZOR%) COS(¢2)> cos(w,To)
+ Y20Ry cos(¢y) cos(w;Tp)

+ (002 (2D1R; + uzoR,) cos(¢z) — (2002R2D1¢2 + V20R2 + 2AZOR%) Sin((Pz)) sin(w,To)
+ Y20R1 sin(¢1) sin(w,Tp)

The resonance picture appears whether w; = Q — €y, w, = Q — €y,. In order
to avoid secularity conditions, the coefficients of terms proportional to cos(QT,) and
sin(QT,) will be zero, leading to the following couple of equations:

2w1D1Ry + wipoRy + y10R2 sin(gy — ¢y — (r1 + x2)T1) — Agsin(py + x1T1) = 0

2w1R D1¢1 +v1oR1 + leloRi% — Y10Rz cos(¢pz — 1 — (1 + x2)T1) — Agcos(py + x1T1) =0
203D1 Ry + wapaoRy — V2oR1 SIN(Py — 1 + (1 + x2)T1) =0

2w;R; D105 +v20R, + %AZORS — Y20

(41)

The stationary solution is obtained if and only if: D;R, = D;R, = 0, and the
phase is constant, that is to say D¢, — D11 = (x1 + x2) €t D1, — D14 =
=1+ x2), D1y = —xq1- We thus find D1, = x2, D1dy = —xq, et xo = —xa-

Leading to:

w1l1oR1 + V10Rz sin(g, — ¢1) — Agsin(ep, + x1T1) =0

3
(—2w1x1 + Y10)R1 + Z’lloRf — Y10Rz cos(¢, — ¢1) — Agcos(py + x1T1) =0

. 42

W2 lz0R; — V20Ry sin(¢py — 1) =0 (42)
3

(waxz +v20) Rz + Z)LZORZ3 — Y20R1 cos(¢z — ¢1)
The last two lines of Equation (42) give after combination:
R 3 2 w
R =+—2\[ 2,2 2 2 ,0R%) t — ) = 2Hz0 43
1= T\ @220 + (( Wy X2 + V20) + 2120 2) an(¢, — ¢4) Carnr v20) T FE (43)

Combining the first two lines, we have:

12
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A%Y30RE = (Y2ow1H10RE + Y10Wala0R5)?

3
+ <V20(—2w1)(1 +¥10) RE + Z)/ZolloRf

; ; (44)
— ¥10R5 ((20)2)(2 +¥20) + Z}LZOR%>)

Equation (35) can be expanded taking into account Equation (33) to give:
PoR3° + D2R3 + p4RS + PsR3 + peR3 + 7R3 + PgRE + poRy + p1o =0,  (45)
With

120(4]/200)1#10 + 3410).02 = 120(4]’200)1.“10 + 310) Qw22 + ¥20)

bo = 1024y 6473,

9
Py = =5 50(4v20win2y + 3210) BRwax2 + ¥20)? + w5u5,) + —— 8y A50W1H10Y10H20 02
20

3273,
9
Ps = —1_6)/101%0:

3
Pe1 = E/’Lzowz(‘h’zow%ﬂ%o +3410) (B3 w35 + 2x2w5 150 + W50 V20 + 12W2X5 Y20 + 6X2V30)

( . 2 A2+—9 )/12 +(9 +3 2 2>,1
Pe3 = | — w1Y1 — Y 27 V20W1H
63 8/120 141 16 0 16)/20 10 20 4 10 20%Y1 10 20 (46)

P83 = 201110y, 00, (4x,05+V20) a0 T U5ow3YTo + 8wawiifox2¥20 — 3wz (A5A20 — 2210) X2
_ 3waAz0(=¥10 + 201Xz
Y20

3 3 3
Pa1 = V2010 5 V10420 = 5 AGV2020 + YZo@THTo — 3w1X1420 P8 = Pa1 + Psaz + Pas

Po = —1’10()’20 + 2)(2w2)2

(V3o + 4w3 X5 + 4w X2¥20 + W3 150) (AGY20 + 201 X1 — V10)
Y20
Equation (45) is the 10th order polynomial equation, which is numerically

solved, and the results found are plotted in Figures 3-6 for some choice of
parameters, proving the complexity of the system.

P10 = —

(a1) (b1)

13
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(a2) (b2)

X145 X X415 X
Figure 3. Amplitude of the solution obtained for: w = 1, Y19 = y20 = 1, 440 =
Aso = —1, 110 = Uzo = 0.05, (al) A, = 0.5, (b1): A, = 1, showing the hysteresis.
In (a2) and (b2), one has the quenching for 0.5 < y; = —x, < 1.
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Figure 4. Amplitude of the solution obtained for: w = 1,y19 = 20 = 1,419 =
Azo = —1, 110 = Uye = 0.5, (al) A, = 0.5, (b1) A, = 1, showing the hysteresis. In
(a2) and (b2), one has the quenching for 0.5 < y; = —y, < 1.
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(a2) (b2)
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Figure 5. Amplitude of the solution obtained for w = 1,710 = y20 =1, 419 =
Ao =1, tyo = pao = 0.05; (1) 4y = 2, (2): Ay = 6, showing the hysteresis.
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Figure 6. Amplitude of the solution obtained w = 1, Y19 = ¥20 = 1, 410 = 430 = 1,
H1o = a0 = 0.05; (@) A = 2, (b): 4o = 6.

3.1.2. Solution for N=3

Now for N = 3, one has at order £° the set of equations D§qy,o + W3 qno =
0,n = 1,2,3, which admit as solutions:

q,nO = Rn (Tl)cos("onTO - ¢n(T1)) yn= 1 121 31 (47)

At order €1 one has:

Dgclll + w%qll = —U10D0q10 — ¥10(2910 — G20 — 930) — 2DoD1q10 — /1105130 + Apcos(QTy)
D§qz1 + w5q21 = —2DoD1G20 — H20D0q20 — Y20(—G10 + 2420 — 930) — 220950 (48)
ngSl + w%%l = —2D¢D1q30 — t130D0q30 — ¥30(2q30 — G20 — G10) — /1305130

By substituting Equation (47) into Equation (48), one obtains by imposing as
above the coefficients of the terms proportional to cos(2 T,) and sin(2 T,) zero the
equations, with w; = Q + x5, leading to the Equation (53) in the Appendix A. The
stationary solution is obtained if and only if D;R; = D;R, = D;R; =0, and the
phase is constant, that is to say D;¢p; = D1¢p, = D1¢p3 =0, and y; = y» = y3 = 0.
This case corresponds to pure resonance, that is to say w; = w, = w3 = Q.

In order to simplify our investigations here, let us focus on the case where ¢, =
¢, = ¢5. Equation (48) becomes:

15



Mathematics and Systems Science 2025, 3(1), 3058.

R,

(

2Y20
Az20

@

tioR1w; = Agsin(¢,)

HzoRpw2 =0
Hzow3R3 = 0
3
- _ 2 3 _
2Y10R1 — Agcos(¢1) — v10(Rz + R3) + 7M0RT =0 (49)

3
2Y50R; + ZAZOR% —Y20(R1 +R3) =0

3
2y30R3 —v30(R2 + Ry) + 1/1301{% =0
Thus the last equation leads to:

3 A30

R, =2R;—R =
1 3 2"‘4],30

R3 (50)

and the last but one equation gives: R, + :yﬂR% —R3; — AﬂRi = 0, which allows
20

430
to have:
p) 4y2 p) 2 6ay3 13 i 2 p)
430 p3 Y20 430 p3 Y20 nm £Yz20 430 p3\ _
4¥30 R3) + \//1%0 (R3 + 4y30 R3) + 27130) exp( 3 ) + (/120 (R3 + 430 R3) 51
4y2 ) 2 4y3 13 i Y
Y20 430 p3 Y20 _nr =
\/A%O (Rs +4y30R3) +m§0> exp (- =7), avec n=0,1,2.
The first two equations give:
3 2
A = pfowiR? + (2V10R1 —¥10(Rz + R3) + leoRf) : (52)

Solving the system of Equation (50)—(52) gives the amplitude of the system as
plotted in Figures 7-9.

3.2. Numerical investigations

In this subsection, we numerically solve the set of equations of the system given by

Equation (29), f(t) = g, sin(Q,t), with Q, = —~v, and AO:+. To this end,
L m; fo (pi (x)dx

the fourth-order Runge Kutta scheme is used, with the initial condition g, =0, n =
1,2,..,N, with the following parameters kept constant: w; = w, = 0.05,y;
0.25,2,1 = 025,10 = 1, H = 001, Uy = 005, AO = 2.

(a) (b) (c)

2 > : A B e G 0.6
1.5 3, ;o 15| : LS 2
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1 ;f"" 5‘\\" 1
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r O ' o o Ol I N I SO -
yd N
05r 1 05, . 02t J
-1 \ f‘“”p’. 1k i
/ 0.4 L .
1.5 ¢ v 1.5 F 1 IP= <
-2 -2 “ = 0.6
-10 0] 10 20 -10 [0] 10 20 -10 (0] 10 20
UJ,I w1 UJ,I

Figure 7. Amplitude of the solution obtained for N = 3 and for y,5 = ¥2¢ = ¥30 = 1,
A0 = A20 = —Az0 = 1, fag = U0 = Uzo = 0.05; (1) 4p =1, (2): 4o = 6.
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Figure 8. Amplitude of the solution obtained for N = 3 and for y;o = 20 = ¥30 = 1,

Ao = 20 = —A30 = 1, o = M0 = 30 = 0.05; 45 = 0.5.
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Figure 9. Amplitude of the solution obtained for N =3 and for y;o = y20 = ¥30 = 1,
A10 = A20 = —A30 = 1, 1o = U0 = Hzo = 0.05; (a): w1 = 0.5; (b): w; = 10.

3.2.1. Resultfor N=2
Case forw = 0.5

Firstly, the bifurcation diagram is plotted as shown in Figure 10 (and in its
zoom given in Figure B1 of Appendix B) in order to investigate the transition of the
system to chaos, while the maximum Lyapunov exponent is plotted to indicate
whether the system is chaotic or not, with the parameter y, chosen as the tuning
parameter. Thus, Figure 10a,b shows the bifurcation diagram obtained for w = 0.5,
from where it is obvious that one has the periodic behavior for 0.22 < y, < 0.4, and
y, > 0.88. For y, < 0.22, and y, > 0.88, one has the crisis, with some chaotic
windows inside the regular band. Figure 10c shows the corresponding maximum
Lyapunov exponent, which is in agreement with the bifurcation diagram. Figure B1
in the Appendix shows zooms of Figure 10, used to carry emphasis on the transition
of the system.

To justify the behavior of the system, the time trace, the phase portraits, and the
frequency spectrum of the system are plotted for some values of y,. In Figure 11,
one has in (a) the temporal evolution of the displacement, (b) the phase portrait, and
(c), the frequency spectrum obtained for the same parameters as in Figure 10, but
with y, = —0.15. As one can see, one has the chaotic impulses, which are justified
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by the frequency phase spectrum, which has large a band. In Figures 12 and 13
obtained for the same parameters as in Figure 10, but withy, = 0.2 and y, = 0.7,
respectively, one has the train of regular impulses, which is justified by their
frequency phase spectrum, with a finite number of picks.

(©

lya

-0.02 H

-0.04 : : : : :
-0.1 0 0.2 0.4 0.6 0.8 1

Y2
Figure 10. (a,b) Bifurcation diagrams at positions 1 and 2 respectively; (c)
maximum Lyapunov exponent obtained for w; = w, = 0.05, y; = 0.25,y, =
—-0.17,2; = 0.25,4, =1, u; = 0.01, u, = 0.05,A =2, w = 0.5.

Case for weak frequency w = 0.05

The bifurcation diagram is first plotted as shown in Figure 14, for parameters
chosen as in Figure 10, but with w = 0.05, which shows the bifurcation picture
different to that obtained above in Figure 10. In this figure, the chaotic band has
considerably reduced, with chaos appearing around y, = 0.5 and also for y, >
0.85. Figures 15 and 16 show the evolution of the system fory, = 0.2, and y, =
0.5, respectively, which are the train of bursting signals.
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Figure 11. (a) Temporal evolution of the displacements; (b) phase portrait; (c)
frequency spectrum obtained for the same parameters as in Figure 10, but with y, =
—0.15. As one can see, one has the chaotic impulses.
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Figure 12. (a) Temporal evolution of the displacements, (b) phase portrait; (c)
frequency spectrum obtained for the same parameters as in Figure 10, but with y, =
0.2. As one can see, one has the train of impulses
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Figure 13. (a) Temporal evolution of the displacements; (b) phase portrait; (c)
frequency spectrum obtained for the same parameters as in Figure 10, but with y, =
0.7. As one can see, one has the train of impulses.
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72
Figure 14. (a,b) Bifurcation diagrams, (c) maximum Lyapunov exponent, obtained
forw; = w, = 0.05,y; =0.25,y, = -0.17,1; = 0.25, 4, =1, u; = 0.01, u, =
0.05,4 =2 and, w = 0.05.
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Figure 15. (a) Temporal evolution of the displacements; (b) phase portraits; ()
frequency spectrums obtained for the same parameters as in Figure 14, but with y, =
0.2. As one can see, one has the train of bursting.
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Figure 16. (a) Temporal evolution of the displacements; (b) phase portraits; (c)
frequency spectrums obtained for the same parameters as in Figure 14, but with y, =
0.5. One has the train of bursting.

Synchronization

In order to study the synchronization of two consecutive layers, q, is plotted as
a function of g, for the above-studied cases as shown in Figure 17. In Figure 17a,b
obtained for w = 0.5 and y, = —0.15 and y, = 0.2, q, doesn’t synchronize q;, and
the figures obtained look like the chaotic signal, while for (c) and (d), obtained for
(w =0.5andy, = 0.7) and (w = 0.05 and y, = 0.45), q, synchronizes fairly g, .
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Figure 17. Synchronization curves for (a): w = 0.5 and y, = —0.15, (b): @ = 0.5
andy, = 0.2; (¢):w = 0.5andy, = 0.7; (d): w = 0.05 and y, = 0.5.

3.2.2. Results for N =3

In this case, Figures 18 and 19 show the behavior of the system for N=3, and
for w; = 0.05, w, =1, 4, = 0.25, 1, = 0.5, 13 = 0.5, 4y = u3 = 0.01, u, = 0.05,
y1 =0.25,y; =0.25,y, = 0.2, y3 =05 and 4, = 1,w = 0.05 is for Figure 18,
while w = 0.5 is for Figure 19.

3.3. Discussion

From the above results, it is obvious that by taking into account the effect of
nonlinearity of multilayer beam structures on elastic foundations under mobile point
loading, the system has rich dynamics depending on both the nature of the system
(coupling) and loadings, which means that:

e The dynamics of the system can be chaotic or regular for large frequency
values, that is to say, the high speeds of the mobile load. This assertion is in
agreement with the results of Shaohua Li et al. [40], who showed that road
vibrations excited by moving vehicle loads move from transient chaos to
attenuated periodic motion and finally disappear to increase road life. Thus, the
chaotic appearance observed shows that throughout the foundation the
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differential settlement is not uniform; therefore, special treatment of the soil is
necessary (clearing, use of synthetic geomembrane, avoidance of preferred
isolated and continuous footings, etc.) to reduce the risk of structural collapse.
The observed crisis (intermittency of chaos) on the bifurcation curves for
certain frequency values could be the cause of the destruction of certain
foundations and must be considered by engineers when sizing structures and
calculating reinforcement.

The chaotic appearance observed in the soil foundation can also be interpreted
as the transition of the soil from the elastic state to the plastic state, which
directly affects the physical properties of the soil, such as bulk density, strength,
stress, and porosity. However, this chaos could be important for the compaction
of the subgrade in road constructions since it could increase the compaction
rate.

S _.-""____ >
e e AR AT i
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G ‘-l{(.ry"l‘-"_..-"‘-.-,i-l"-

1000 1500 20 20

1000 1500 20

t %

Figure 18. (a,b,c) Temporal evolution of the displacements for N = 3; (d,e,f) phase

portraits obtained for w; = 0.05, w, =1,1; = 0.25,1, = 0.5, 43 = 0.5, y; =
[,43 = 001, Uy = 005, Y1 = 025, Y1 = 025, Y2 = 02, )/3 = 05 and AO =1
and w = 0.05.
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Figure 19. Temporal evolution of the displacements for N = 3 obtained for same
parameters as in Figure 18, but with « = 0.5.

4. Conclusion

The dynamics of a multilayer beam structure system under moving point load
was studied with particular emphasis on nonlinearity and the coupling parameter.
This study could find direct applications to railways and road transport. To achieve
this, we first proposed the model studied, taking into account the literature and real
physical phenomena. Subsequently, Lagrange’s formulations allowed establishing
the nonlinear equations of the system, which are a function of the dissipative and
elastic coupling between the different layers of the system. The different forms of
energy of the system are thus established, including the kinetic energy and the
potential energies of deformation and curvature depending on the elasticity of the
system and the nature of its deformation.

These equations were thus used to find the Eigen modes and the natural
vibration frequencies of the system. Then, by considering a sinusoidal standing
waveform at the spatial part of the system equation, the temporal part was reduced to
the coupled third-order nonlinear differential equations, where the first line was
forced, while the rail at the position data directly feels the effects of all its direct and
indirect neighbors (first, second, third, etc.). These coupled nonlinear equations were
used to determine the equilibrium points, and these equations were subsequently
solved analytically through the multiple time scale method, which showed more
complex dynamics, with the formation of hysteresis when the number of beams
increased. The system of coupled nonlinear equations of the system was then solved
numerically by means of the fourth-order Runge Kutta scheme, and the transition of
the system towards chaos due to nonlinearity was analyzed through the bifurcation
diagram and the Lyapunov exponent, which showed strong sensitivity to the
coupling parameter as well as the system frequency. The results showed for a 2-layer
structure that when the frequency value was high » = 0.5, there was a periodic
behavior for 0.22 <y, <0.22 and y, > 0.88. For y, < 0.22 and y, > 0.88, we had the
crisis, with a few chaotic windows inside the regular band. When the frequency was
low, that is @ = 0.05 the chaotic band was considerably reduced, with chaos
appearing around y, = 0.5 and also for y, > 0.85. The time trace showed chaotic
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Appendix A

Equations obtained after Equation (48)
2R1w1D1¢py + 2y19Ry — Agcos(dy + Tix1)

3
- V10(R2005(¢1 — ¢+ T1(x1 + x2)) + Rzcos(dy — 3+ (1 + X3)T1)) + ZhoRf =0

20,D1R; + ppoRywy — Vzo(R1Sin(¢2 — ¢+ (1 + x2)T1) + Rzsin(p, — p3 + Ti(x2 + X3))) =0

3
2R;w;D1¢5 + 2y20R; + ZAZOR% — Y20(Rycos(¢py — 1+ T1(x1 + x2)) + Rzcos (92 — 3 + T1(x2 + x3)) (A1)
=0
2w30D1R3 + pzow3R3 — y30(Rysin(ps — ¢y + T1 (X1 + x3)) + Rasin(eps — ¢, + T1(x2 + x3))) =0
3
2R3w30D1¢3 + 2y30R3 — V30(R2005(¢3 — ¢+ T1(x2 + x3)) + Ricos(Pps — d1+T1(xq + X3))) + 1/130R3?,’
=0
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Appendix B

Zooms of the bifurcation diagram showing in Figure 10.
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Figure B1. Zooms of the Bifurcation diagram obtained in Figure 10.
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