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Abstract: In this paper, a regularized solution to the Cauchy problem for matrix factorization
of the Helmholtz equation in a three-dimensional unbounded domain is constructed explicitly
based on the Carleman matrix. When solving applied problems, in addition to an approximate
solution, the derivative of the approximate solution is found. It is assumed that the solution to
the problem exists and is continuously differentiable in a closed domain with precisely
specified Cauchy data. An explicit formula for continuing the solution and its derivative is
established, as well as a regularization formula for the case when, under the specified
conditions, instead of the original Cauchy data, their continuous approximations with a
specified error in the uniform metric are given. As a result, the stability of the solution to the
Cauchy problem in the classical sense is estimated.
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1. Introduction

At present, the theory of correctly and ill-posed problems, most of which have
practical significance, is rapidly developing. Obviously, the theory of ill-posed
problems is an apparatus of scientific research for many scientific directions and
studies. The concept of a correctly posed problem was first introduced by Hadamard
[1], and he asserted that any mathematical problem corresponding to some physical
or technological problem must be correctly posed [1]. When it comes to ill-posed
problems, the following question arises: What do we mean by an approximate
solution? It must be defined so as to be stable with small changes in the initial
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information. The second question: What algorithms are correct for constructing such
solutions? The answer to this question can be found in the work [2].

The term conditional correctness first appeared in Tikhonov’s scientific
research [2], then in works [3,4]. When an ill-posed problem is correct according to
Tikhonov, the existence of a solution and its belonging to the correctness set are
assumed in the problem statement itself. After the uniqueness and stability theorems
are established in the study of the conditional correctness of ill-posed problems, the
question of constructing optimal solution methods arises. We are well aware that the
Cauchy problem for any elliptic equations and for systems of elliptic equations is
considered ill-posed (see, for example, [1-9]). Boundary value problems for various
equations were considered in [10-13].

Using the methodology of works [3—4,8-9], in this work we will construct the
Carleman matrix and a regularized solution based on it. In this paper, we find a
regularized solution to the Cauchy problem in explicit form for matrix factorizations
of the Helmholtz equation of an unbounded domain. Our approximate solution
formula also includes the construction of a family of fundamental solutions of the
Helmholtz operator in space. This family is represented by some entire function
depending on the dimension of the space. In this study, based on works [14—16], we
obtained better results due to the K(z), function. Based on these results, we were
able to obtain effective results in finding an approximate solution based on the
Carleman matrix. The Carleman matrix or the Carleman function are also
constructed in works. This helped to get good results when finding an approximate
solution based on the Carleman matrix. The Carleman matrix or Carleman function
for some elliptic equations and systems was considered in the following studies [17—
20].

In many correct problems for elliptic equations, it is not possible to calculate the
values of the vector function on the entire boundary. Because of this, the problem of
restoring the solution of elliptic-type systems is one of the topical problems. At
present, there is a special interest in problems of this type and their applications.

Let R3 be the three-dimensional real Euclidean space.

{=(01,42,43) ER3, 1= (1,12,m3) € R,
{'=(01,0) €RE, 1’ = (n1,m2) € RA

Q c R3 is an unbounded simply-connected domain with piecewise smooth
boundary consisting of the plane D: ;3 = 0 and a smooth surface Z lying in the half-
spacens > 0,i.e,0Q0 =2 UD.

Next, we will use the following notations:

7"=|77_f|: a=|77'_5’|; Z=iva2+a’2+773:a20;
X1

0; = (0¢,,0¢,,0:,)", 0c = x7, x" = (Xz), transposed vector y,
X3

W) = Wi (D), . W,(O)T, v°=(1,..,1) ER?, n=2", m =3,
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u, 0 - 0
Ew) = U2 . _|| —diagonal matrix, u = (uy, ..., u,) € R™
0 0 0 wuy,

We consider a bounded simply-connected domain Q < R™, having a piecewise
smooth boundary 90 = X U D, where X is a smooth surface lying in the half-space X
and D is the plane 1,,, = 0.

Let P(xT) be a square matrix of dimension (n X n) for which the following
holds:

P*xNP(") = E((IxI* + 22)v%),
where P*(¥T) means the Hermitian conjugate matrix of P(x¥7), 2 € R, the elements
of the matrix P(xT) consist of a set of linear functions with constant coefficients

from the complex plane C.
Let’s consider the following system of equations:

Py W(¢) =0, (D

in the domain (), where P(d;) is the matrix differential operator of the first-order.

Let’s assume a set:
S(Q) = {(W:0 > R},

here W is considered continuous on Q = Q U dQ and W is a solution of system (1).

2. Statement of the Cauchy problem

Suppose f: X — R" be a continuous given function on X.
Let W(n) € S(Q) and

Wmls=fm), nex. (2

Our main goal is to determine the function W () in the domain (, based on its
known values on X.
If W (n) € S(Q), then the following Cauchy type integral formula:

W) = fa L GAWeDds,, Te0 3)

is valid and
L, $; ) = (E([T(A)v°)P x (3))P(th),

where t = (tq,t5, t3) shows the unit exterior normal, which is drawn at a point 7 on
the surface dQ and I';(Ar) —is the fundamental solution of the Helmholtz equation
(see [16]), which has the following form:

eiﬂr

(Ar) = — 4)

4nr’

Let K(z) be an entire function taking real values z, (z =a +ib, a,b —real
numbers) for which the following is true [8,9]:
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K(a) # 0, sup|pr(p)(z)| = B(a,p) < oo,
b>1

(%)
—o<a<o, p=0123.
The function W (1, {; A) for n # { is defined as follows:
W0 0) 1 J‘°°I [K(Z)] cos(4a) ©)
G === Im a,
7 22K ({3) Jo z—{31Va? + a2
Equation (3) remains unchanged; we represent the function I'; (Ar) as follows:
Y, ) =T34+ 6, A), (7)
where G(n,{; 1) is a regular solution with respect to the variable 1, including the
pointn = ¢.
In this case (3) is depicted as follows:
w@) = [ Lonsawonds, <eo ®)
Q

where:
L, 32 = (E(Y(1, & DvO)P*(0))P(Lh).

We generalize Equation (8) to an unbounded domain ().

Suppose Q c R3 be an unbounded domain, and its boundary 0Q be piecewise
smooth (extending to infinity).

And also let

Qr={m:n e, Inl <R}, QF =Q\Qz, R >0.

Theorem 1. Suppose that W(n) € S(2), and 0 is a finitely connected unbounded
domain in three-dimensional space with piecewise smooth boundary 0.2.
If for a fixed € () the following is true

lm [ LG AWds, = o, ©
g

then the integral representation Equation (8) will be true.
Proof. It is known that for a fixed { € Q(|{| < R), relying on the integral
representation Equation (8) we have:

f MmCDWMM%=f L(n, & )W (n)ds,y +
519} d

Qg

L GHWds, = W@+ [ LG AW sy S € .
0% 00y

Due to the limit condition Equation (9), as R —» oo, we obtain the integral
representation Equation (8).
Suppose that the unbounded domain Q is defined as follows:

0<%<hh=£p>a

and most importantly d€ extends to infinity.
Let for any dy > 0 for area 0{) the following growth condition be true:
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J3q €xpl=dopoln'llds, < o,0 < py < p. (10)
Suppose W (n) € S(Q) that it satisfies the boundary growth condition:
W ()| < explexpp,In'l], p2 <p,n€Q. (11)

In (6) we put:

K(z) = exp [—dipl (z — %) —dqipy (Z - g)] ,

K({3) = exp [dcospl ((3 - g) + dqcosipg ((3 - g)], (12)

0<p1<p, 0<l<h,

where

d = 2cexp(p,1']),d; > Lh c=>0,d>0.
C

os(po3)”

Then the integral representation Equation (8) is true.

For a fixed { € Q and n = oo, we estimate the functions W(n, {; 1), _a"’g)lf :ﬂ)’ j=
J
ﬁ and 0‘1’(71,(;1)'
ons
To estimate aw%ﬁ, we use the equality:
J
A¥mSA) _ O¥mSA) s BN O B
am;  as  om; 20’] (J) s )= 1,2. (13)
And so,
, h , h
exp [_dlpl (Z - E) - dllpO (Z — E):” =
. h _ h
= expRe [—dlpl (Z - —) —dyip, (z — _)] =
2 2
h
= exp [—dpD/ a? + a®cosp, (773 — E) _
h
dy1poy a? + a?cospy (773 - E)]
As:
T AT pT T
2 p 2" p2 2
T p1 T ( h) T
oS-35 S —o)<s=s<z
2 p 2 Po Y3 5 222
Consequently,

cosp (n3 — g) > 0, cosp, (r]3 - g) = cos% > §p > 0.

It does not vanish in the region Q and:
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|¥(n, ;)| = Olexp(—ep1In'D], €>0, n >, nEQUI,

o¥Y(n, ;A

‘% = Olexp(—ep1In')], €>0, n >0, nE€EQUIQ, j=1,2.
J

o¥Y(n, ;A

|% = O[exp(—ep1In'D], €>0, n > o0, n € QUI.
3

We now choose p; with the condition p, < p; < p. In this case, condition Equation
(10) will be valid, and the integral representation Equation (8) will take place. O
Next, for convenience, we weaken condition Equation (12).
Let us denote by S, () the following growth condition:

S,(Q) = {Wm:W(n) € S(Q), W@ < explo[exppln]], n = 0, n € Q}. (14)

The following is valid:
Theorem 2. Suppose W (n) € S,(2) and the following is true:

h

[W ()| < Cexp [ccosm (ng - 5) eXP(plln’I)] : (15)

c=0,0<p; <p,m€I,
where C —is a constant. Then the integral representation Equation (8) is valid.
Proof. Next, we divide the region Q by the line n; = % into two corresponding the
following regions:

h h
Ql = {T]O < N3 <E}andﬂz = {T’E < N3 < h}

First, let us consider the domain Q4. To do this, we substitute the functions K4 (z)
into equality Equation (6) instead of the functions K (z)

. h ] h
Ki(z) = K(2)exp [—6 T (z - 5) —6,ip (Z - E)] ) (16)
p<t<2p6>008 >0,

Here the function K(z) is directly determined from Equation (12). In these cases,
condition Equation (10) will be true.

And so,
. h , h
exo ie(=3) —ouin (=-3)| -
= exp [—&mcosr (n3 - g)] =
= exp [—5‘[\/ a? + az] < exp[—d8expt|n’|],
as

T

h h h h
S = —T% < T(T]3 _Z) < r% < Eandcosr(% _Z) = COST, = 6y > 0.
We denote the corresponding W(n, {; 1) by W+ (n, ;).
As

h
COST (n3 - Z) =08y, nENLUI,

then for fixed { € Qy,n € Q; UAQ,, for Y*(n,{; 1) and its derivatives are true
asymptotic estimates.
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W+ (1,4 )| = Ofexp(—oexp(zln'D], 1 -, p<7<2p,
|—W+a(:'.m)| = O[exp(—=dpexp(z|n')], n > o, p<T<2p, j=12.
J

+ .
2208 _ ofexp(-s,exp(rinD), 7 o0, p <7< 2p

Suppose that W (1) € S,(€2;), and in the domain (, the following is true

[W(m)| < Cexplexp(2p — &)In'l], &> 0. 17

We choose 7 the inequality 2p — ¢ < t < 2p in Equation (16).
It is obvious that for the region Q; the condition Equation (16) will be satisfied, then
therefore the following integral representation is valid

W@ = fa L0 GOWas, e (18)

where
L, 2) = (E(W*(m, & Hv)P*(0))P(tT).

If W(n) € S,(Q;) in Q, satisfies (15), then for 2p — & <7 < 2p we obtain the

following

W) = f L, & HW(ds,, € Q. (19)

00,

where
LM, 32 = (ECY~(, & )v°)P*(0))P(ET).

Here the function W~ (n,{;1) is represented by formula (6), in which the
function K (z) is taken as a function of K, (z):

h
K,(z) = K(z)exp |—6it(z — hy) — 6,ip (z - E)]’ (20)
where
h h h
h1=§+z, E<T’3 <h, §<<3<h1, 6>0, 81 >0

In these formulas, the integrals (according to Equation (11)) converge uniformly for
6 =0, when W(n) € S,(Q). In these formulas we put § = 0 and, combining the

formulas obtained, we find

h
W@ = [ LoGwads, 10 Gy e
Q
where
L(n,¢; 2) = (E(P, ¢ HvO)P*(8;) ) P(ET.

(Note that here the integrals over the cross section 13 = % cancel each other out)
Here the function P(n, ¢; 1) will be determined on the basis of Equation (6), and the
function K(z) is determined from Equation (16), where § = 0. Based on the
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continuation principle, Equation (21) will be true forv{ € Q. Taking into account
condition Equation (18), the integral representation Equation (21) will also be true
for V6; = 0. Assuming §; = 0, we obtain the complete proof of the theorem. o

In the integral representation Equation (6), choosing functions K (z) and K ({3)

as follows:
K(z) = 1
(z) = Z=0, + 2h)? exp(oz),
1 o (22)
K((3) = (Zh)z eXp(O-Z3)J 0 < {3 < hl h = ;;
we get
—0¢s @ exp(oz) cos(la)
Y.GA)=——F5—] I 23
SN =" mamy ), MGV ra P
Then the integral formula Equation (8) has the following form:
W@ = [ LoGowads, (en 24)
Q
where
Lo, 8 2) = E(¥s(, 3 DvO)P*(0) (P(ET).
3. Approximate solution of the Cauchy problem
Theorem 3. Assume that W(n) € S,({2) and the following is true
W@l <M, neD. (25)
If
Wo©) = [ Lo, W sy, 1€, 26)
b
then the following estimates are true:
W) = Wo(DI < K,(4,{)aMe™%, €, 27)

‘OW(() _ W5 (4) < Kp(l, ()O-Me—UQ’ c>1, (€N, j=123. (28)

aq; aq;
Where K, (A, ¢) represents the bounded functions on compact subsets of the domain

Q.
Proof. To do this, we first estimate Equation (27). Based on the integral

representation Equation (24), as well as the equality Equation (26), we obtain the
following

wQ) = fz Lo (0, & W ()ds, + fD Lo (0, 8 W ()ds, =
— W) + fD Lo(n, & DW (n)ds,, ¢ € Q.

Based on Equation (25), we next estimate the following



Mathematics and Systems Science 2024, 2(2), 2895.

W) =Ws (Dl <

f Le(m, W (Mm)ds,| <
’ (29)

sf Lo (0, & DIIW (p)lds SMf Lo (0,3 Dldsy, ¢ € Q.
D D

Next, we estimate the integrals fD [Ws(m, & Dldsy, |,

0¥s (.54 C_ 15
T| ds ] = 1,2 and
0¥s (.
f | 43
Now separating the imaginary part of equality (23), we finally obtain the following
J‘” (—a? + B + 2B, B)cosoa, N
(af + BD)*(af + B?)

) cos(la)da] ,

| dsy, on the part D of the plane 3 = 0.

30(713—(3)
Yo, G A) = 22h)1
(2afBy + aip — BiB) sinoa,
(af +BD)?(@f +B?)

(30)

where
af =a*+a? B=n3-03 Pf1=n3—{3+2h
Then, based on Equation (30), we have

J W, 3 Mds, < K,(A,0)ae™ %, 0>1, (€. (31)
D

Next, we will use the following equality

Mo G4) _ 0¥, 85 4) s = 2(n, - ) 0V, $; )
on; ds an; i~ s ' (32)

s=a? j=12.
Based on Equation (30) and equality Equation (32), we obtain the following
J Vs, )
D

an; dsy <K,(A,{)oe "3, a>1, {€Q, j=12 (33)
Now, we will estimate [, |

CALIGES /1)| ds

And here too, based on Equatlon (30), we obtain the following

f 0¥ (n,¢; 1)
D

on3
From inequalities Equation (31), Equations (33) and (34), taking into account
Equation (29), we finally obtain an estimate Equation (27).

|ds,, < K,(L{)oe~%, c>1, {€Q, (34)

Now it remains to prove the inequality (28). To do this, we will take the derivatives
of equalities Equations (24) and (26) with respect to {;, (j = 1,3), and as a result we

will estimate the following:
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ow W 0Ls(n, ;4
| © W@ _ f o052 i | <
9¢; 9¢; p 0
dLs(n,$; ) ILo(n. G| 35
< f aa# IwW@lds, < Ja( (35)
D ]_ j
(eEqQ j=13.
aq"a(n’(ﬁ) L 1
a—{j dSn,] = 1,2 and
f |aly”(n i A)| dsy, on the part D of the plane 3 = 0.
In order to evaluate the first integrals, we will use the equality
a0 Gih) W SN 05 0405 A)
0y, 0s az, U s ' (36)
s=a? j=12
Based on equalities Equations (30) and (36), we finally obtain
0¥, ¢ ) _ .
f Jaf dsy <K,(A,{)oe "%, 0>1, {€Q, j=12 (37)
D J
And now it remains to evaluate the integral f |w| dsy.
Based on Equation (30), we obtain as a result
ovY,(n, ;A
fD %| dsy < K,(1,{)oe™%, 6>1, {€Q. (38)

From Equations (37) and (38), based on Equation (35), we finally obtain the validity
of estimate Equation (28). O
Corollary 1. For each { € (2 the following limit equalities hold.:

lim W, ({) = W({), lim 2@ W@ " _ 153
og—00 o—00 a{j a{j

We define Q, as
0 ={(1.020) €Q, a>(32e q=max((), 0<e<q}.
Here ({") —is a surface. It is easy to see that the set 2, C () is compact.

Corollary 2. If{ € Q,, then the families of vector functions {W,({)} and {aw,,(()}

are satisfied uniformly as c—o, i.e.:

W ($) _, aW (<)
g A

w

Ws($) 3 W (), , J=1,
We should note separately that the set E, = Q\(, is a boundary layer for this
problem, as in the theory of singular perturbations, where there is no uniform
convergence.
Let us assume that the boundary of the domain () belongs to the hyperplane
13 = 0 and a smooth surface S, which extends to infinity and lies in the following
layer:

10
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T
0<ny<h, h=;, p>0.

Suppose that the surface X (or the curve at m = 2) is given by the equation
mm =%, n' €R?,
where (") satisfies the condition
W' ()| <M < o, = const.

We put
q = maxy'(y’), | =maxy 1+9"20n).
Theorem 4. Let W(n) € S,({2) satisfies in the boundary condition Equation (25),
and on a smooth surface X the inequality

Wm| <6 0<6<1. (39)

Then the following estimates will be valid

Wl <K pA,HoM™(1—-3/q) 6%((_3/q), 0>1, (€. (40)
aw () 1-8 &
‘ 3, <K,(A, oM a4, 0>1, (€Q, @1
j=13.

Proof. Let us first evaluate the validity of Equation (40). Based on the integral
representation Equation (24), we obtain

W) = fz Lo (0, 8 W ()ds, + f Lo, GADW(Dds, (€0 (42)
D
We estimate the following

WDl < +

L Lo (. & W (m)ds, fD Lo, G OW s, |, €. (43)

Thanks to Equation (39), we first estimate the first integral Equation (43).

[ Lo gmwanas,| < [ 1L,.sniwmlas, <
> ) (44)

< 6f |Le(m, ¢ Dldsy, ¢ € Q.
b

—aqj"a(n’.{;l) dsy , j= 1,2 and

Here we will appreciate [, [W5(n,{;)|dsy, fz‘

aq’c( .{;l)
Js |#| ds,onaZ.

Based on equality (30), we obtain the estimate
J W, 3 Dds, < K,(4,0)0e’@%), 6>1, {€Q. (45)
)

And now, to estimate the second integral, based on Equations (30) and (32), we
obtain, respectively,

11
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aYe(n, G A

dsy < K,(4,{)oe’@%), ¢ >1, {€Q, j=12. (46)

|

When estimating the integral fz |aly,;(—:(1)| ds,, we take Equation (30) into account
3
and obtain
oY, (n, ;A
f %| ds, < K,(1,)oe?@=9), 6> 1, {€q. (47)
b 3

From the obtained estimates Equations (45)—(47), and also on the basis of Equation
(44), we obtain

f Lo, G OWmds,| < K,(A,{)06e°7%), 6> 1, {€Q. (48)
z
The following is known
f Lo, DOW(mds,| < K,(4,)oMe™%, 0> 1, {€Q. (49)
D

Now taking into account Equations (48) and (49) and using Equation (43), we have
W) < (K_p(AOo)/2(6eraq + M)er(—al 3), 0 >1, (€. (50)

Choosing o from the equality
_1 1 51
o= p n 5 (51)

we will obtain proof Equation (41).
Now it remains to prove Equation (41). Here we first find the partial derivative of

Equation (24) with respect to the variable {;, j = 1,3:

w({) 0Ls(n,$; ) dLs(n, ;)
= Wm)d ——W(mds, =
9¢; L 9¢; m s"+JD 9¢; e (52)
OO, [ OLOED e ¢, =15
0¢; p 94
Where
oWs($) _ [OL(n. & A)
57, = L—a(j W(mdsy. (53)
We estimate the following
w({) Ly, 5 )
||
0Ls(m, ¢ A) W5 (9)
+ fD—a{j W(mdsy| < 3, + (54)
L, (0,3 2) e
+ La—(JW(n)dsn , (€Q, j=1,3.

Based on Equation (40), we will estimate the first integral Equation (54).

12
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fww(n)dsn Sf w‘ Wmlds, <
s 0y sl 96 (55)
dL, g]; ;A ds,, (€Q, j=123.

To prove Equation (55), we estimate the integrals f |M‘ dsy,j= 1,2 and

0¥s(n.3:4)
k5
Based on equalities Equations (30) and (36), we finally obtain

f s, G A
pX

aq;
Now let’s move on to estimating fz |

|ds77 onalxX.

dsy <K,(4,{)oe’@%), ¢>1, (€Q, j=12. (56)

A LIURS /1)| ds,.

Based on Equation (30), we finally obtam

0¥, ¢ A)
[

From the already obtained estimates Equations (56) and (57), and also on the basis of
Equation (55), we obtain

|dsy < K,@.00e7@%), 5> 1, e, (57)

oLs(n,¢; )
— W dS SK A, 0'560(61_{3), O'>1, E.Q,
J, =55 s, < KA. ¢ .
j=13.
We received the following
0Lz, ¢ A)
— 2 W n)ds, | < K,(4,)aMe %3, a>1, (€,
|, = wands) <16,0.0 ¢ 0

j=1.3.

From the estimates obtained above Equations (58)—(59), based on Equation (54), we
have as a result

w©Q)| _K,Ado e
%, < > (6e%1 4+ M)e ,0>1, (€, 60)
j=13.

In the last estimate, choosing ¢ from Equation (51), we finally obtain the validity of
Equation (41). o
Assume that W(n) € S,(Q) is defined on X and f5(1) is its approximation with

an error 0 < § < 1 in this case
max|W () — fs(m] < 6. (61)

We put
Wy @) = fz Lo (1,3 D fs(mdsy, ¢ € Q. 62)

Theorem 5. Let W(n) € S,(2) on the part of the plane n3 = 0 satisfies in the

13



Mathematics and Systems Science 2024, 2(2), 2895.

condition Equation (25).
In this case, the following are true:

Wos) () = L Lo, $ D fs(mdsy, ¢ € Q. (63)
W) IWs5 () 18 &
‘ o, 4 <K, oM 484, 0>1, (€Q, )
j=13.

Proof. Based on the integral representations Equations (24) and (62), we will have
W@~ Waiy@ = | Lo GOW s, -
- | L pms, = | Lo AW Eas, +
+ | LG DW s, - [ 1,06 Dfsends, =

- L Lo (1,5 W) — f5()}dsy + f Lo (. OW () ds,.

and
W) Wo( _ [ e G B
oLs(m,¢; A) _ ONs(y,x; 1)
—LTfs(y)dsy = La—j U(y)dsy +
0Ls(n,¢; A) 0L;(n,¢; A) _
+La—(jw(’7)d5n —LTfs(n)dSn =
_ (9L & A) B AL, (1, )
= [Foe R won — fienyds, + | =T R wonas,

j=1.3.

Based on Equations (25) and (61), we will further estimate the following:

+

W) = W ()| = UZLJ(TL GDW ) — fs(mldsy

+

L Lo (1,5 YW ()ds, | < L 1Ly (1, 5 DKW ) — f5GD)Hds, +
4 j Lo (0,5 DIW(Ids, < 6 f 1Ly (1,3 D)lds, +
D >
M [ 15,8 Dlds,
D

and

14
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‘GW({) _We (D _
aq; aq;

0Ly (n, ¢ 2)
l,

a¢;
+L

[ s &)y — oy, | +
o a(]

0Ls(1,4; A)
< L +(]| W) — fs(m}ds, +
aLa(n: ¢ A)
T‘ Wnlds, <o |

L. $ D)
L0, $A)

6(1
6{]

To prove this theorem, we will use the already known results of Theorems 3 and 4.

K,(1,)o
2

W(mdsy

dsn +

ds,, j=13.

W (@) = Wos) (@] < (879 + M)e ™5,

‘aW(z) Wo@| _ KA Qo
a¢; a¢; - 2
In the last estimates, choosing ¢ from Equation (51), we will fully prove the validity

of estimates Equations (63) and (64). O
Corollary 3. For each { € 12 the following corresponding limit equalities hold:

We(©) W) . —
- =13
3¢ ag;

(6e%1 + M)e™%%, j=1,3.

d
MWy @ = W), lim

— Ws
Corollary 4. If { € 0, then the families of functions {Wg(,g) ¢ )} and {Wa;{a.)(()} are
j

convergent uniformly for § = 0, i.e.:

W, w@) | —
W) (§) 3 W), a(g?(() 3 6{(-()' j=13.
j j

4. Conclusions

In this paper, we have found an approximate solution to the problem based on
the properties of the Carleman matrix. If the Carleman matrix is known, then it is no
longer difficult to find a regularized solution in explicit form. In this case, we have
that the solution to the problem exists and is continuously differentiable in a closed
region with exactly specified Cauchy data.

We note that for solving applicable problems, the approximate values of W ({)

and 22 a”’“) , {€Q, j =1,3 should be found.

As a result, we constructed a family of vector functions W ((, f5) = Wy(5)({)
3} g . -y .
aw(g?f 2 — Wa(;)@), j =13, which depend on the parameter o . It is
j j
additionally proved that under specific conditions and a special choice of the

parameter 0 = (), at § — 0, the family W;5,({) and L‘S)(O are convergent to a

and

(5)

solution W({) and its derivative ,{ € Q at point { € ). Here we will call

+8)($)
Ws5)({) an ¢

the regularlzed solution of the problems Equations (1) and

15
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