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Abstract: Coronary pneumonia caused by the SARS-CoV-2 virus was one of the most
significant public health threats in recent years. In this paper, we develop and investi-
gate an SEIRS epidemic model that incorporates infectivity during both the latent and
infectious stages to characterize the transmission dynamics of COVID-19. By calcu-
lating the basic reproduction number (Ry) and applying monotonic dynamical system
theory along with geometric methods, we validate the threshold theorem. Our analysis
demonstrates that the disease-free equilibrium is globally stable when Ry < 1, while

the endemic equilibrium becomes globally stable when Rg > 1.
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1. Introduction

The COVID-19 pandemic, caused by the SARS-CoV-2 virus, has rapidly spread
worldwide, leading to significant economic disruptions and a major public health crisis.
For the purpose of responding to the epidemic and providing theoretical support for
epidemic prevention and control, a number of researchers have committed themselves
to numerical fitting of COVID-19 data in real-time as well as the risk assessment of
COVID-19 prevalence. Based on the epidemiological and clinical characteristics of
COVID-19, scholars usually employ the SEIR epidemiological model and its improved
version to study the spread of COVID-19 [1-5]. The results of the above research not
only explain how COVID-19 disease evolved over time, but also assess the risk of

disease transmission.

Stability analysis is also a common technique used to study COVID-19 transmis-
sion. Annas et al.[2] developed the SEIR model with an effective vaccination rate and
assessed vaccination’s impact on COVID-19 epidemic patterns through the use of sta-
bility theory and numerical simulations. In [6], the researchers introduced a nonlinear
coupled model to capture the dynamics of COVID-19 spread and assess the global sta-
bility of the disease-free equilibrium. Meanwhile, Abdulla et al. [7] developed a SHIQ
model to illustrate the transmission dynamics of the virus and employed Lyapunov sta-
bility theory to analyze both the global and local stability of disease-free and endemic

equilibria.

Considering the influence of age structure and other spatial factors, recent advance-
ments in epidemic modeling emphasize the critical role of variable parameters and frac-

tional derivatives. Al-Arydah [8] developed an SIRS model incorporating vaccination
1
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and variable immunity durations, demonstrating that the basic reproduction number is
highly sensitive to changes in immunity loss rates and that extending the vaccine’s im-
munity period significantly enhances disease control effectiveness. Bouissa et al. [9]
investigated the global dynamics of a time-fractional SIR model with reaction-diffusion
equations, highlighting the impact of public health measures, such as mask-wearing, on
disease transmission. Furthermore, Bouissa and Tsoul [10] conducted an in-depth anal-
ysis of disease dynamics by integrating the Crowley-Martin functional response and
saturation treatment mechanisms into a nonlinear fractional-order SEIRS model. Their
study revealed how changes in the fractional order and associated memory effects influ-
enced the interactions among different compartments, shedding light on the local and

global stability of the model’s equilibria.

Taking into account the literature discussed above, the objective of this paper is to
examine the trends in the evolution of COVID-19 using the SEIRS infectious disease
model. Moreover, we will analyze the global stability of the model, which will help us
determine the final evolution of the disease and demonstrate that the government’s pre-
vention and control measures are necessary to combat COVID-19. The structure of this
paper is as follows: Section 2 provides a comprehensive description of the proposed
mathematical model. Section 3 presents an in-depth analysis of the model’s dynamic
behavior. In Section 4, we summarize the key findings of the study, emphasizing im-

portant insights derived from numerical simulations.

2. Formation of the SEIRS epidemic model for COVID-19

When COVID-19 is present in a region, individuals initially fall into the suscep-
tible category, with a significant portion eventually transitioning to the exposed state.
After an approximate 14-day latent period, those who are exposed become infectious.
They then recover, gaining temporary immunity, and subsequently return to the suscep-
tible state. Furthermore, the transmission characteristics of COVID-19 indicate that
individuals in both the latent and susceptible stages have the potential to spread the

disease.

Considering the transmissibility of COVID-19 during both the incubation and in-
fectious periods, and drawing on the work of Liu et al. [11], we utilize the incidence
function f(S, E,I) = BSY(0F + I) as shown in Flowchart 1.

The parameter /3 indicates the transmission rate, reflecting how quickly suscepti-
ble individuals become infected through interactions with infected individuals. On the
other hand, 6 is a modification factor that adjusts the transmission rate for those who
are in the exposed stage compared to those who are symptomatic. If 0 is less than 1,
it implies that individuals in the exposed stage have a lower likelihood of transmitting
the disease compared to symptomatic individuals.
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Figure 1. A sketch of the SEIRS transmission scheme for COVID-19.

Meanwhile, the parameter ¢ > 0 typically represents an adjustment factor that
modifies the influence of the susceptible population (S) on the transmission rate of the
disease. When ¢ = 1, the transmission rate is directly proportional to the number of sus-
ceptible individuals, indicating a linear relationship. If ¢ > 1, it reflects a super-linear
effect, meaning that as the number of susceptible individuals increases, the transmis-
sion rate rises more rapidly. On the other hand, ¢ < 1, the effect is sub-linear, meaning
that the impact of an increasing number of susceptible individuals on the transmission

rate diminishes.

According to scheme in Figure 1, the COVID-19 model can be interpreted as

follows:

S'=pu—(u+0)S—pSYI+6F)+ IR,
E'=pSYI +0FE) — uE —¢F,
I'=¢cE — pl — 41,

R =0cS+~I —uR—6R

()

where S(t), E(t), I(t), and R(t) represent the proportions of individuals who are sus-
ceptible, exposed, infected, and recovered from the disease, respectively, at time ¢.

Each of the parameters is described in detail in Table 1.

Table 1. Detailed explanation of the parameters for model (1).

Parameter Description

I} Rate at which the disease spreads

u Proportion of natural births and deaths

€ Rate of transition from exposed (£) to infected (/)

~y Rate of recovery or transition from infected [ to recovered (R )
) The rate at which recovered individuals become susceptible

o Vaccination rate of susceptible populations

For the purpose of preventing the spread of SARS-COV-2 virus, the government
has implemented several strategies to curb the spread of epidemic viruses, including
ordering citizens to wear facemasks, imposing travel restrictions, offering vaccinations,
and requiring patients to stay at home or in hospitals. Once the measures have been

taken, the transmission rates 8 will begin to decrease. To be reasonable, 5 must be a
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function, and the model (1) could be written as

S'=pu—(u+0)S—pB(t)SUI+06F)+ R,
E' = B(t)SU(I + 0E) — uE — ¢E,
I'=¢F — ul — I,

R =0S+~I — uR—96R

@)

Based on the work of Al-Arydah [12], in model (2), it is assumed that the trans-

mission rate function () is a two-stage monotone decreasing function:

B(t) = { Boexp(—m(t —t)) t>1 3)

50 t <t

where t; represents the time at which interventions to control the COVID-19 outbreak
are implemented, and m > 0 denotes the rate of exponential decline, reflecting the
intensity of the social restrictions.

Following a period of implementing prevention and control measures, once the
COVID-19 outbreak is brought under control, the intensity of these measures may be
eased. However, this relaxation could potentially result in a resurgence of the outbreak,
as observed in Ukraine. In the case of two waves of COVID-19 outbreaks, we assume

that the transmission rate function follows a four-stage model.

Bo t<t
. ﬂo exp(—ml(t — tl)) 1 <t<t,
Alt) = B te<t<tr @

,81 exp(—mg(t—tL)) t>tr

where ¢, is the time for epidemic prevention and control to loosen up, while ¢, is the
time to start preventing and controlling epidemics again. m; > 0 (i = 1, 2) represents
the exponential decay rate and quantifies the intensity of the social restrictions.

3. Analysis of the SEIRS model (1)

Due to the fact that S + F 4+ I + R = 1, the biologically feasible region
Q={(S,E,,R)eR, |S+E+I+R<1} (5)

Is positively invariant with respect to the system (1). Therefore, we focus on solutions
originating in region {2, where general existence, uniqueness, and continuation results

are all valid.

3.1. Existence of equilibria and basic reproduction number

The objective of this section is to determine all steady states of the system and
calculating its basic reproduction number. It is straightforward to determine that system
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(1) always has an equilibrium free from disease

0+ p o
S+pu+o’ 6+ puto

)

0= (

Using the next-generation matrix approach, the basic reproduction number Ry can
be defined as:

Ry = p(FV 1) (6)

Here, F'V ! represents the next-generation matrix, and p denotes the spectral ra-

dius of this matrix.

A simple calculation leads to

BOSE BSE e+u 0
F= V= (7
0 0 —&  u+y
with Sp = 21
d+pu+o
Therefore, the basic reproduction number can be calculated as follows:
So? 0
R = B o0™e+ 00+ 1) ®)
(e+u)(n+9)

Additionally, the system features an endemic equilibrium that is determined by the

basic reproduction number, which is defined as follows:

P = (8% B, I, RY), ©)
where 5* = SORO_%y E* = MI*, R* = M +osS” and
€ 5_|_M
I = (5"1_:“)6 (1_(1)(11)
(e+m)(p+7)+(y+e+pu)d Ro

Consequently, we have

Theorem 1. The endemic equilibrium P* of the model (1) can only exist if and only if
Ry > 1.

3.2. Global Stability Analysis SEIRS model (1)
3.2.1. Global Stability Analysis of the Disease-Free Steady State

With the basic reproduction number Ry in mind, we can arrive at the following

conclusion:

Theorem 2. If Ry < 1, the disease-free equilibrium Py of the model (1) is both locally
and globally asymptotically stable. Conversely, if Ry > 1, it becomes unstable.

Proof. At the disease-free equilibrium point Fp, the Jacobian matrix associated with

5
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the model (1) is given by
[ —p—0o —p65y? —B Su? 5 ]
0 BGSOq —€E— U ﬁ Soq 0
Jp, = (10)
0 € -y — i 0
[ o 0 Y —0 — ]

The characteristic equation of matrix Jp, can be expressed as follows:
A+p)A+5+p+0) N +ard+az) =0 (11)

where a; = (—£60So + e+~ +2u) and az = —(e+ p)(p+v)(Ro — 1). Equation (11)
gives four characteristic roots. They are

M=~ y=—(0+p+o0)

and A3, \4. satisfy
A3+ Ay = —a1, A3y = a2
From (8), we observe that

BeSp? B80S S 054
(e+mp+v) e+tp  etup

It follows that if Ry < 1 there will be a; > 0,a2 > 0, which implies that the
real parts of all four eigenvalues of J,, are negative. If Ry > 1, then A\; and A2 are
negative and one of A3, A4 will have a positive real part. To summarize, Fy is locally
asymptotically stable when Py and becomes unstable when F.

Put R =1—- 5 — F — I into the first equation of the model (1), we get

S'<(u+6)—(u+o+0)S

By integrating the previous differential inequality, the following result is obtained
0< S(t) < Sy — (Sy — 5(0))e~Otnto)t

When ¢t — oo, we have 0 < S(t) < Sy, and there exists a time 7" > 0 such that for
t>T,
0<8(t) <5So

Based on the second and third equations of model (1), it can be deduced that

(12)

E' < (BOSE —e — p)E + BSA,
I'=eE—(v+pl



Mathematics and Systems Science 2024, 2(2), 2885.

Let’s look at the differential equations below

B = (80SY — & — p)E + BSU, -
['=cBE—(y+miI
Based on (7), (13) has the following matrix form.
Y = (F-V)Y (14)

where Y = (E,I)T.
It can be seen that the global stability of the linear Equation (15) is determined by
the stability of the matrix F' — V. Lemma 2 in [13] shows that, if Ry < 1, then

s(F-V)<0

with s being the maximum real part of each eigenvalue accordingly. Therefore, all the

solutions in (15) satisfy

lim I(t) = O,tlinoqu(t) =0 (15)

t—o00

we can conclude from the comparison principle that each solution of (13) satisfies

lim I(t) =0, lim E(t) =0 (16)

t—o00 t—o0

Consequently, (1) has a limiting system

{ S'=p—(p+0)S+0R, (17

R =0S—(0+pR
The Jacobian matrix of system (17) is a Metzler matrix, thus, it can be concluded
that system (3.14) is a cooperative system with a unique equilibrium

ﬁ’:( 0+ p o
O NSt u+ad+uto

).

Using the monotone system theory developed in [14], We propose that Py of system
(17) is globally asymptotically stable.

In terms of limit system theory [15], the unique positive equilibrium F is a global
attractor of model (1). Since (1) is local asymptotic stability, this implies that it is global
asymptotic stability. We have now proved the Theorem. [

3.3. Global stability of the endemic equilibrium

3.3.1. Liu-Hethcote-Levin conjecture

If o = 0 = 0, system (1) is the Liu-Hethcote-Levin’s model. The following

conjecture was put forward by them in [11].

Conjecture 1. (Liu-Hethcote-Levin conjecture.) Suppose Ry > 1, then the endemic

7
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equilibrium of the system (1) is globally asymptotically stable if o = 6 = 0.

It has been extensively studied in literature since the Liu-Hethcote-Levin conjec-
ture was formulated. According to Li-Muldowney’s geometric approach, partial an-
swers can be obtained in [16—19], while complete answers are given by Lu and Lu in
[20].

With 8 > 0 and o = 0, the model (1) is a SEIRS epidemic model with infectious
force in the latent and infected periods. By building a proper Lyapunov function and
using Lyapunov’s direct method, Jiao, Liu and Cai [3] have obtained a sharp threshold
condition of global asymptotic stability when § = 0. Additionally, Li and her col-
leagues’ results [21,22] suggest some conditions that are sufficient for global stability.

As a natural question, one might wonder whether the dynamic behavior of the
SEIRS infectious disease model (2.1) match that of the Liu-Hethcote-Levin conjecture
when o > 0and 6 > 0.

Problem 1. Is the Liu-Hethcote-Levin conjecture valid if 6 > 0 and o > 0 ?

Theorem 4.3 from [19] offers a clear and practical implication: if the disease-free
equilibrium Py is unstable, then the system exhibits uniform persistence. Thus the
following conclusion can be proved in the same manner as in the proof of proposition
3.31in[23].

Proposition 1. Model (1) is uniformly persistent in € if Rg > 1.
3.3.2. Geometric criterion for global stability

Consider a system of differential equations with an invariant n — r dimensional

manifold:
i = f(z) (18)

Let D be a subset of R™. The invariant manifold I" is defined as the set of all points
x in D that satisfy h(z) = 0, i.e.,

I'={xeDCR"|h(z) =0} (19)

where h(x) is a continuously differentiable function defined on D, and the rank of the

Jacobian matrix % is r when h(z) = 0.

Drawing upon the geometric techniques developed by Li and Muldowney [18,24],
Lu and Lu [20] have proposed a new criterion for determining global stability.

Theorem 3. ([20])
Assume that the system (18) meets the following conditions:
(Hy) The simply connected set 1" contains a compact absorbing subset K.
(Hy) There is a unique equilibrium & € K C T in system (18);

(H3) There exist §;(t) and some positive numbers k;, i € N = {1,2,--- ,n} such
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that for all t > T and for all o € K,

~ . 1 t
bilt) + 32 "L (0) < gu(e) with lim t/o Gilt) = 3 < 0

— K t——4o00
i#]

where l;ij (t) represent the elements of coefficient matrix

. o flr+2

B(t) = B(z(t)) = P;P~' + P 5 @t 20)) P~ —v(x)I (20)

Here v(x) and P(x) are defined as in [20,24]. Then the unique equilibrium T of
(18) is globally stable in T'.
3.3.3. Global analysis of model

Ifoc = 0,0 =1, model (1) can be written as

S'=pu—puS—pBSYI+E)+ R,
E' = BSY(I +E) — (¢ + p)E,
I'=¢eE—(v+pl,

R =~I — (6 +p)R

e2y)

Our main result is as follows.
Theorem 4. Ifo = 0,0 = 1 and Ry > 1, the epidemic equilibrium P* of model (21)
is globally asymptotically stable in T

Proof. Letz = (S,E,I,R) € R}, and h(z) = S+ E + I+ R — 1, from Proposition
3.1 in [24], it is easy to deduce that

Y ={z € RY|h(z)=0}

is a three dimensional invariant manifold with v(x) = —p and m = dim % =1.

From the invariance of 3 and Proposition 1, it follows that there exist a large
enough 7' > 0 and a constant mg > 0, such that for each t > T

mo < S,E,I,R<1 (22)

which implies the existence of a compact set K C X..

Our next task is to check condition (H3) in Theorem 3 hold, we will divide it into

two cases.
Case 1: Ify > .

An easy computation shows that the Jacobian matrix J(z) = % of system (21)
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can be expressed as follows:

[ —BqST Y I+ E) —p —BS1? —BS51 0
BgSIYI+E)  BST—c—p  BST 0
J(z) =
0 € —y — 0
L 0 0 gl —0—

According to the definition of the third additive compound matrix, J (%! (z) is given
by the following expression:

——7 0 0 ) ]
v ——94 854 854
JBl(z) = + v
0 5 -y =90 —pBS1
|0 0 BgSI Y I+ E) —e—~v—9§ |

Here U = diag{+ + 359, + BS9,¢, 359 — 3u} with op = —3¢ST~Y(I + E) — 3p.

Let P(x) be defined by P(z) = diag{R, [, E, §} An easy computation shows
q

that
_ (3]
B(t)= PP + P% Pl — vl
] ro-
—€—7 0 0 0qg
o ey B8 pggge-lp (23)
— + @
0 % —y—6 —B¢STE
0 0o pEEEE oy _§ |

where ® = diag{w+55q+u+g,d}+ﬁsq+u+ %,w—i—u—k %,BSQ—Qu—i—%}.
Rewrite the system of equations as follows

eE I

eE_r v_F pSII+E) _E

7= I+’y+u,R = R+5+u, i = E+€+u,
OR 1 S’

— =BS8TYI+E 1— ) +=

o =058 (I + E) + u( S)+S

From (22), we can can deduce that there exists an m > 0, such that

BqSTIE < Bgmy? £ m > 0
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Consequently,

ha(t) = by (t +Zyblj

R’ R
:—5qS‘J*1(I+E)+ﬁS‘1—2u—e—fy+ﬁ+5q§
R 1 S’
=BST—2u—ec—~y+— 1—= =
BST=2p—e—y+ +apll - g)+ag
BSIT R 1 L
= "—e—v+etp+pral- ) tag+ 5
Pt +E+ (1 l)+ §/+E
g HTOTRTHETGTCS TR
R s FE
< —yy — _ e I
< —u ’V+R+QS+E
and
ha(t) = boa(t) + Y _ [ba; (t)]
i#]
aJ E' Al
— _BqSTNI+ B) + st + P ggseir 2u—5—5+f+’%
E' R E' R
S q—1 Z 4L < = 2
BaSTTE £ 2 + S mm A2+
Similarly,
hs(t) = bss(t +Z|b53
i#]
I' ¢E
= —BgSTI(I+ E) —2u—y— 5+ BgST B+ 7 +EI
I/
= —BgST T = 2p—y =0+ 25+ (v+p)
I/
=—BgST' —p—65+ 27
I/
< —pu—38+2=
S—pu-0+27
and
ha(t) = baa(t +Z!b4y
i#]
S’ S+ FE
=—2u—v- 5_€+S+B(E)+Bsq
% SUI+E) S
=2 §—e+ =42 =/ _p= -
p= = €+S+ﬂ i ,6’
S’ E
< 9 —~—§ — il -
< 2p—7y—0 5—|—S+2(5—|—u—|—E)

Sl El

11
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Define functions g;(t) of condition (H3) by
R ! / IR
nt)=—p-—r+F+agt 5 Bl =-m+25+ 5
and e . .
g3(t) = —p—=0+24, ga(t) =~y —0te+ 5 +24

By virtue of condition (22), we get

1 [t -
lim = / Ggi(t)=h; <0 (24)
0

where hy = —pt — v, ho = —m,h3 = —p — 8, hy = — v — 0.
Case 2: Ifv < e.

We introduce transformation

s=Se=E+(1-Ii=1Ir=R
15 g

but for simplicity of notation, we continue to use S, F, I, R for s, e, i, 7.

Model (1) becomes

S'=—BSYI+E)+pu—puS+IR,
E'=BSII+E) - (v+pE,

25
I'=~E — (e + p)I, (23)
R =el—(6+u)R
We shall adopt the same procedure as in the proof of Case 1, one can obtain that
. (3]
B(t)=PP ' + P P L
ox
[ —e—~ 0 0 sq%
At A -V L | (26)
0 o —e—-§ —pgSTE
0 0 w e

where & is defined as in (23)

Similarly, we take functions g;(¢) of condition (H3) in Theorem 3 by

R S" FE E' R
a t = — —_ _ —_ e a t = — 2— _—
r S’ E'
q = —u — 2— @ =~ =) — I S
gs(t) w—0+ IR gat)y=~v—0—e+ 5 + 2

We conclude from condition (22) that

t—+oo t

1 t
lim / gi(s)ds = h; <0 27
0

12
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where hy = —pt — v, ho = —m,h3 = —pi — S, hy =y — § — €.

From Case 1 and Case 2, it follows that conditions (H;)—(Hs) in Theorem 3
hold true, this establishes that the endemic equilibrium P* possesses global asymptotic
stability, thereby completing the proof.

4. Concluding remarks

In this study, we have developed and analyzed SEIRS epidemic models with infec-
tious force in latent and infected periods to investigate the spread of COVID-19. Based

on model (1), one can obtain the basic reproduction number as follows:

R, = P53+ 00+ )
(e + ) (pu+)

With the help of monotonic dynamic systems theory and geometric methods, we have
demonstrated that the disease-free equilibrium point of model (1) is locally and globally
stable if and only if and only if Ry < 1.

Based on the Lu-Lu stability theorem presented in [20], we can further conclude
that when the basic reproduction number Ry > 1, the positive equilibrium point of
system (1) not only exists but also demonstrates global asymptotic stability. This im-
plies that when Ry > 1, the system will eventually reach stability, with all solutions
converging to the positive equilibrium point. In epidemiological models, this finding
is crucial as it indicates that once the disease’s transmission potential exceeds a cer-
tain threshold, the proportion of infected individuals will stabilize, thus validating the

model’s effectiveness in describing the temporal dynamics of disease spread.

Table 2. Initial values of model (1) with # = 1 and o = 0.

Variable value Variable value
S(0) 0.99934957 E(0) 0.00039730
1(0) 0.00021936 R(0) 0.00003377

Table 3. Parameter value of model (2).

Variable value Variable value Variable value
I 0.0262 Ié] 0.0571 € 0.0257
o' 0.0476 q 0.9252 1) 0.1290

Proportion of Individuals

0 200 400 600 800 1000 0 200 400 600 800 1000
Time Time

(a) Ro ~ 1.4867 > 1 (b) Ry ~ 0.649 < 1

Figure 2. Time Evolution of Infected Individual.

To demonstrate our findings, we give a numerical simulation. For the system

13
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described by Equation (21), the parameter settings and initial values are detailed in Ta-
bles 2 and 3. Through numerical simulations, we observed (as shown in Figure 2a)
that when the basic reproduction number Ry ~ 1.4867 > 1 exceeds 1, the proportion
of individuals in the latent and infected states tends to stabilize over time. This obser-
vation aligns with the conclusion of Theorem 4, indicating that the systems positive
equilibrium point exhibits global stability.If we replace the parameter ;1 = 0.0262 in
Table 3 with u = 0.08, resulting in Ry ~ 0.649 < 1, the numerical simulation shows
that over time, the number of latent and infected individuals eventually approaches zero
(Figure 2b). This supports the conclusion of Theorem 2.

Although we have thoroughly examined the system’s stability from a qualitative
perspective, we have not yet conducted an in-depth analysis of the specific effects of
the transmission rate function. Considering that some countries have experienced two
waves of COVID-19, we model the transmission rate function using a four-stage func-
tion. Based on the initial values and model parameters provided in Tables 2 and 4, our
graphical analysis reveals that the number of infected individuals exhibited two peaks
over time before gradually declining to zero (Figure 3). This pattern is frequently
observed in real-world pandemics, such as the similar fluctuations seen in Ukraine’s
COVID-19 outbreak in 2020.

Table 4. Parameter value of four-stage SEIRS model (2)

Variable value Variable value Variable value
I3 0.0664 51 0.1024 e 0.0183
ol 0.0275 q 0.0001 0 0.4901
0 0.005 ma 0.0340 my 0.0095
t 220.1187 tr 309.4841 tr, 364.0042
153 0.0972 o 0

0.012

= |nfected Individuals (Blue) ‘

0.01¢

0.008 |

0.006

0.004

Proportion of Individuals

0.002

0 100 200 300 400 500 600
Time

Figure 3. Time Evolution of Infected Individual.

The appearance of such fluctuations is likely influenced by multiple factors, includ-
ing changes in public health policies, variations in public behavior, and virus mutations.

However, we have not yet explored these fluctuations from a qualitative analytical per-

14
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spective. To better understand this phenomenon, we plan to conduct further qualitative
analyses to investigate the underlying causes and mechanisms behind these fluctuations.
This research will enhance our understanding of how the transmission rate function af-
fects epidemic dynamics and provide scientific insights for developing more effective
pandemic control strategies.
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