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Abstract: Uncertain events frequently occur in today’s financial markets. Consequently, the
issue of portfolio selection is becoming increasingly significant. This paper thoroughly
considers the complexities of stock returns in real-world scenarios and employs uncertain
differential equations (UDE), uncertain time series analysis (UTSA), stochastic differential
equations (SDE), and random time series analysis (RTSA) to predict stock returns, thereby
enhancing the accuracy of these predictions. Furthermore, this paper addresses investors’
preferences and the limitations of using variance as a measure of investment risk. It introduces
arisk preference factor and proposes an uncertain random mean-lower variance model. Finally,
a genetic algorithm is utilized to solve the model, and numerical simulations are conducted to

demonstrate the model’s practicality.

Keywords: uncertain random portfolio; uncertain differential equation; uncertain time series
analysis; stochastic differential equation; random time series analysis; genetic algorithm

1. Introduction

The portfolio problem is concerned with determining the optimal decision among
various stocks with a view to achieving a proper balance between two conflicting goals:
return on investment and risk. In 1952, Markowitz [1] introduced the portfolio
problem, presenting the classic mean-variance model, which laid the foundation for
various models in modern finance. This model aims to minimize risks while ensuring
certain returns or maximize returns within a specified risk tolerance. Subsequently,
numerous scholars have studied portfolio optimization models. Jin and Zhang [2]
extended the traditional mean variance model, considering the influence of high-order
moments, and proposed a new method for robust portfolio optimization, which
provides cutting-edge theoretical support for portfolio optimization. Yang and Li [3]
combined stochastic dominance theory with portfolio optimization to propose new
perspectives and methods, enriching the theoretical framework of portfolio
optimization. Moreover, other researchers have further explored portfolio
optimization, such as Konno and Suzuki [4], introducing the skewness of asset returns
and emphasizing the crucial role of the third derivative of the utility function in optimal
portfolio selection. Huang [5] proposed a new risk model based on the redefined
concept of portfolio risk. Krejic et al. [6] incorporated fixed costs and impact costs as
nonlinear functions of trading activities into the optimal portfolio model and studied
the portfolio optimization problem of VaR risk measurement considering trading costs.
Li and Shu [7] defined skewness and its calculation formula in uncertain stochastic
environments and demonstrated the effectiveness and applicability of skewness
through portfolio selection problems.

Variance has traditionally served as a fundamental tool for assessing risk in
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portfolio selection. However, this approach is subject to criticism for penalizing
deviations from the mean, regardless of whether they are above or below the mean.
Consequently, with the advancement of portfolio theory, scholars have introduced
various alternative risk metrics, including Value at Risk (VaR) [6], skewness [7], and
others. Despite these innovations, the distribution function often exhibits thick-tailed
phenomena [8—10], where variance alone may fail to comprehensively capture the

entirety of risk. In response to this challenge, numerous scholars have put forth high-
order moment models [11,12] that incorporate asset returns in portfolio construction.

Traditional portfolio optimization models are primarily based on probability
theory. However, the dynamics and complexities of financial markets render this
approach inadequate for studying portfolio optimization by relying on probability
theory alone. Consequently, many scholars have turned to fuzzy set theory [13] as a
means of addressing the portfolio optimization problem. Deng and Li [14] introduced
a fuzzy portfolio optimization model incorporating loan constraints, assuming asset
returns as fuzzy numbers. Pahade and Jha [15] proposed a mean-variance-skewness
model that utilizes trapezoid fuzzy variables to account for skewness. Kwakernaak
introduced fuzzy-random variables based on fuzzy set theory to tackle mixed stock
portfolio problems, regardless of historical data availability.

Subsequently, in 2007, Liu [16] introduced uncertainty theory to better manage
subjective uncertainty, followed by a revision in 2010 [17]. With the advancement of
uncertainty theory, research on uncertain portfolios has flourished. Yu and Wang [18]
reviewed the application of uncertainty modeling in portfolio optimization and
proposed various cutting-edge modeling methods and theories to help better manage
and respond to uncertainty in investment decisions. Cai and Zhu [19] explored robust
portfolio optimization under Conditional Value at Risk (CVaR) and proposed new
methods to address the impact of uncertainty, particularly in risk management and
capital allocation. Liu and Zhou [20] studied the uncertainty problem in dynamic
portfolio optimization using stochastic programming methods, providing advanced
dynamic optimization techniques suitable for complex market environments.

In the context of a complex and volatile financial landscape, uncertainty and
randomness frequently coexist. Liu [21] integrated probability theory and uncertainty
theory, introducing the concept of uncertain random variables and chance theory.
Building upon the foundations of chance theory, Qin [22] proposed a mean-variance
portfolio optimization model within an uncertain random environment. Additionally,
risk measures for uncertain random variables were defined to gauge risk amidst
uncertain random returns, leading to the establishment of portfolio optimization
models tailored to uncertain random returns. Mehlawat et al. [23] conducted a detailed
investigation into high-order moment portfolio optimization within an uncertain
random environment. Treanja [24] introduced the optimization problem of interval-
valued Kuhn-Tucker pseudoconvexity (KT pseudoinvix), introduced interval-valued
curve integration and pseudoconvexity theory, and provided a new method to solve
optimization problems under uncertainty and randomness. This paper aims to further
explore uncertain random portfolios based on the groundwork laid by the research of
aforementioned scholars.

In this study, a heuristic algorithm, specifically the genetic algorithm, is
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employed. The genetic algorithm (GA), initially proposed by Holland in 1975 [25], is
distinguished as a randomized adaptive global search algorithm renowned for its
formidable search capabilities. It addresses the issue of multiple individuals in the
population simultaneously, thereby reducing the probability of becoming trapped in
local optima by evaluating a multitude of solutions within the search space.

This article combines the unified objective method of GA and multi-objective
optimization, which has a certain degree of innovation. Traditional multi-objective
optimization problems involve multiple objective functions and usually require trade-
offs and compromises between these objectives. The model in this article combines
multiple objective functions into a single objective function, innovatively
transforming complex multi-objective problems into single objective problems,
enabling genetic algorithms to be applied to these problems. By optimizing a single
objective function, the solution space can be explored more intensively, thereby
improving the global optimality of the final solution. Meanwhile, in the dynamic
environment of reality, the goals and constraints of the problem may constantly change.
Our method enables genetic algorithms to quickly adapt to these changes and provide
effective optimization solutions.

In assessing risk, the lower difference is employed in lieu of variance. In contrast
to this, the traditional approach to variance considers all segments of the income
distribution, encompassing both positive and negative returns. Nevertheless, in
practical applications, greater concern is often directed towards the risk associated
with negative returns, given their significant impact on investors. Hence, the concepts
of lower difference and semi-variance are introduced.

The investment portfolio optimization model we study aims to allocate stock
investments reasonably to maximize returns and minimize risks. In the future, these
models may play important roles in multiple aspects. Firstly, with the widespread
application of artificial intelligence and big data, models can provide personalized
investment advice for intelligent investment advisory platforms, automatically
adjusting investment portfolios based on users’ risk preferences and market conditions
[26]. Secondly, the model will be able to handle multiple asset classes (such as bonds,
commodities, real estate, etc.), achieve asset allocation in global markets, and balance
the risks and returns of different markets [27]. Finally, with the development of
financial technology, models can combine techniques such as natural language
processing and sentiment analysis to extract investment signals from unstructured data
(such as news and social media sentiment) and make more comprehensive investment
decisions [28].

The remainder of this paper is structured as follows: Section 2 presents a review
of key definitions in uncertainty theory and random theory. Section 3 outlines four
methodologies for forecasting stock return rates: uncertain differential equations
(UDE), uncertain time series analysis (UTSA), stochastic differential equations (SDE),
and random time series analysis (RTSA). Section 4 presents an uncertain stochastic
stock model that incorporates dual objectives of mean-lower difference to evaluate the
portfolio along with liquidity constraints and upper and lower limit constraints. Then
the model is transformed by normalization. Section 5 outlines the development of the
GA for deriving the optimal solution to the proposed model. Section 6 presents the
results of numerical simulations that demonstrate the effectiveness of both the
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proposed model and GA. Finally, conclusions drawn from the findings are presented.

2. Preliminary

Uncertain methods are well-suited for addressing complex and highly uncertain
environments. We can utilize UDE and UTSA to forecast return rates. The stochastic
approach offers the advantage of capturing the dynamic behavior of the system by
incorporating random variables, which can more accurately simulate market behavior.
This approach can be applied across various fields, allowing us to use SDE and RTSA
to predict return rates. This section introduces some fundamental concepts and
formulas related to UDE, UTSA, SDE, RTSA, and chance theory.

2.1. Uncertainty theory

Uncertainty theory was established by Liu in 2007 and has since been explored
by numerous researchers. Nowadays, uncertainty theory has evolved into a distinct
branch of mathematics dedicated to the analysis of uncertain phenomena. This section
will introduce « -path and inverse uncertainty distribution, which are integral

components of the broader field of uncertainty theory.
Definition 1([29]). An uncertain differential equation (UDE),

dX, = f(t, X,)dt+ g(t, X,)dC, (1)

which is defined to have an « -path X7 if it solves the corresponding ordinary
differential equation,

dxg = f(t, XHdt + 1g(t, X))o~ (a)dt, (2)

where @' (a) is the inverse standard normal uncertainty distribution, i.e.,

q)’l(a) =£1n1 a
V4 -

,a €(0,1). (3)

Lemma 1([30]). Ler X, and X be the solution and o -path of the uncertain

differential equation respectively. Then,
dX, = f(t,X,)dt+g(t,X,)dC,, (4)
~ 1
E[X,]=] Xde. (5)

Lemma 2([30]). It is clear that a Liu process C, is a normal uncertain process with

. 2 .
expected value 0 and variance t°, i.e.,

C ~N (O,t).
Furthermore, C, has an uncertainty distribution,
@00 = (1+exp(- = ))1 (6)
X) = exp|—— .
t p \/§t

Lemma 3([30]). For an uncertain variable & with regular uncertainty distribution
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®(x), its expected value can be obtained by,

E[f]zj‘;dfl(a)da. (7)

Lemma 4([30]). For an uncertain variable & with regular uncertainty distribution

®(x) and finite expected value e, its variance can be obtained by,

v[e]=[ (@ (a)-¢) da. )

Lemma 5([31]). Let & be an uncertain variable that follows a normal uncertainty

distribution N (e,o) with unknown expected value e and unknown variance o”.

Then the test for the hypotheses
H,:e=¢,and c=0, versus H :e#e¢,orc+0,
at significance level « is

W ={(z4,2,,*, z,): there are more than « of indexes i's with
a

1 <i<nsuchthatz < @61 (%) orz; > <D()1 (1—5)},

where CI)E1 is the inverse uncertainty distribution of N (eo, O'O) ,le.,

ooV3 a
I

In

Dot (@) = ey + :
o (@) =¢g 1—a
Lemma 6([32]). Phillips-Perron test (PP test) addresses the issues of

heteroscedasticity and serial correlation in the interference term &, of a regression

model. The three forms of the regression model are as follows:

Pt = BPi—1 + &- )
Pt = BDe—1 + 1 + &. (10)
e = Bpeot + 20, b Ape_j + pu+ at + & (11)

The null hypothesis is Hy: 8 = 1, and the alternative hypothesis is Hy: 8 < 1. When
the PP test statistic exceeds the corresponding critical value, the original hypothesis
that the time series is non-stationary cannot be rejected, indicating the presence of
unit roots. Conversely, if the PP test statistic is less than or equal to the critical value,
the time series is deemed stationary and is free of unit roots.

2.2. Probability theory
The RTSA analyses historical data to predict future moments. SDE is often used

to describe certain financial and economic phenomena, such as changes in stock prices.
This section describes some of the basics of RTSA and SDE.
Definition 2([33]). If we have a time series x;, then for any lag k, the Auto-
Correlation Function (ACF) p(k) can be expressed as

p(k) — Cov(xtﬂxt+k)’ (12)

Var(xg)

where Cov(x;,x;4x) is the covariance of the observations at time ¢ and time ?+k
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and Var(x;) is the variance of the time series x;.

Definition 3([33]). If we have a time series X,, then the Partial Auto-Correlation

Function (PACF) @, for anylag k can be expressed as

e = E[(xt - Ext)(xt_k - Ext—k)]
E [(xt—k - Ext—k)z]

’ (13)

where E(x,) denotes expectation, which is the mean, and the expected value of the
forecast is referred to as Ex,.

Definition 4([33]). The Akaike information criterion (AIC) is a measure of the
goodness of fit of a statistical model. It is based on the concept of entropy and can be
used to assess the complexity of the estimated model and the quality of the data fitted
by this model. The formula for AIC is as follows:

AIC = 2k — 2In(L), (14)

where k represents the number of parameter estimates in the model and L denotes
the maximum likelihood function of the model.

Definition 5 ([33]). The Bayesian Information Criterion (BIC) is another model
selection criterion that is very similar to the AIC, but is more stringent when dealing
with model complexity. The BIC formula is as follows:

BIC =k In(n) — 2 In(L), (15)

where 7 is the number of observations, k is the number of estimated parameters
in the model, and L is the maximum log likelihood of the model fit.
Lemma 7([34]). (Itd's formula) Suppose that X(-) has a stochastic differential

dX = Fdt + GdW, (16)

forF € L1(0,T),G € 1L2(0,T). Assume u:R X [0,T] = R is continuous and that Z—I:,

ou 0%u . .
—, — exist and are continuous. Let
ox’ 0x2

Y(t): = u(X(¢t),t). 17
Then Y has the stochastic differential

2
v =2 g1+ M gx 1 L0 Gy
ot ox 2 Ox 8
ou OJu 1 &’u (18)
=\ —+—F+-—
ot Ox 2 Ox

G* j dt + ou Gdw .
ox

The above formula is called 1to's formula or It0's chain rule.

Lemma 8([33]). The Augmented Dickey-Fuller (ADF) test is a statistical method used
to determine whether a time series contains a unit root, which indicates non-
Stationarity, or if it is stationary. The null hypothesis posits that the series has a unit
root (i.e., it is non-stationary), while the alternative hypothesis a that the series is
stationary. The ADF test typically employs an autoregressive model with lagged terms
to assess the stationarity of the series.
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In the case of a no-drift-no-trend term, the ADF test equation is as follows:
p-1

Ay, = pye—1 + Z ¢j Aye_j + uy. (19)
=1

In the case of a with-drift-no-trend, the ADF test is as follows:

p-1
Ayt:pyz—l+z¢j Ayt—j+/u+ut' (20)

J=1

In the case of with-drift-with-trend, the ADF test is as follows:

p-1
Ay, =py  + D 6 Ay, +p+at+u,. 1)

J=1

P V4
In Equations (19-20), p=ﬂ—1=(z¢l_)—l, ¢]* Z—Z ¢,j=12,..p—1. The

J=1 i=j+1
time series 'y, 1is the independent variable, while « 1is a constant value. The
coefficient 3 measures the trend’s strength, and p vepresents the serial

autoregressive coefficient.
Lemma 9([33]). The Ljung-Box (LB) test evaluates serial autocorrelation in time

series analysis. The null hypothesis asserts that 'y, is a white noise series, while the
alternative suggests otherwise. The LB statistic is calculated as follows:

n—k
nn+2)’

m ~2
LB=nn+2) Z <np_k k> ~x?(m),
k=1

where 7 is the number of samples and 2, is the correlation coefficient at k th

Var(py) =
(22)

order lag; this statistic follows a chi-square distribution with m degrees of freedom.
The null hypothesis is rejected at the significance level « if the p-value is less than
or equal to « , indicating that the series is not a white noise. If the p-value exceeds
a , the series is considered white noise.

2.3. Chance theory

In 2013, Liu introduced uncertain random variables to model complex systems
characterized by uncertainty and randomness. This section will introduce chance
measures, uncertain random variables, and chance distributions.

Definition 2([35]). If the uncertain random variable & has a finite expected value,

then its average lower deviation is

o2 =E[(§-E©) ] (23)
among which (f - E(f))_ =max{0,E(§) — ¢}
Lemma 10([30]). Assume that 11,13, ,Nm are independent random variables with
probability distributions ¥1,W,, -, ¥, and let 71,75,:*,T, be independent
uncertain variables with uncertainty distributions Y1,Y,,--+, Yy, respectively. If [ is
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a measurable function, then the uncertain random variable

E=fMun2 M T1, T2, ", Tn) (24)

has a chance distribution

D(x) = J«an Gy Y2 Ym)dW1 (1) AV, (v2) -+ AW (Vin), (25)

where
FOG Y1, Y2 Ym) = A V1, Y20 Ymo T T, Tn) < X3 (26)

is the uncertainty distribution of f(¥1,V2,***, Vm» T1, T2, ***, Tn) for any real numbers
Vi, Va2, Ym, and is determined by Y3,Y,, -, V4.
3. Forecast stock return rates

In light of the available historical data related to stocks, this section outlines four
methods for predicting stock returns: UDE, UTSA, SDE, and RTSA.
3.1. UDE predicts stock return rates

Assuming that the price of a stock at time # is X, the stock price is predicted

by the geometric Liu process as follows:
dXt = eXtdt + O'XtdCt. (27)
The analytic solution of Equation (27) is

X = Xy exp(et + aCy). (28)

Equation (27) has an « -path X as follows:

t
X% = X, exp(et + 0@ 1(a)t), (29)
where o €(0,1), e and o are the log-drift and log-diffusion, respectively,

O (a) is the inverse standard normal uncertainty distribution, and

»~1(a) = \?ln (=) (30)

According to Lemma 1, the expected price of stock is

1
E[X.] = f X¢da. (31)
0

Let o(¢) represent the return rates at a future moment £, the simple return rates

at moment / can be expressed as

S(t) = X

—_— (32)
X1

The expected return rates on the stock at time ¢ can be obtained from Equations
(31) and (32) as
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E[5(t)]= j —"d

exp elt+0'1® l(a)t) . (33)
o exp ez(t—1)+0'2 (a)(t—l)) %

In Equation (33), e; and o, are the parameters at time t, while e, and o, are
the parameters at time t — 1.
Based on the definition of the Liu process, the term

Cp.. —C,,
i ar(0,1). (34)
liv1 — L

Furthermore, X, obeys a log-normal uncertain distribution as follows:
InX, ~N (111X0+et,0't). (35)

Thus, the sample data constructed by variables ¢ and o should adhere to the
standard normal distribution of uncertainty as follows:

XIH _X eX ( i+l i)
O-X ( i1 i)

~N (0,1). (36)

Assume that there are n stock price observations Xx; ,X;,,X; at time
ty,ty, o, ty with t; <t, <. <t,, respectively. By substituting X;, and X,
with the observations x;, and x;,,, respectively, we can express the equation as

— X¢; — Xy (g1 — &)

Xtie .
[ - ) - 1121 Tty - 1)
hi(e, o) oxe, et — 1) i n (37)

which are real functions of the parameters e and o. The estimates of e and o
are denoted by e* and ¢, respectively. Using the method of moments [33], we can
get the system of equations:

(38)

The solution to the system of Equation (38) is

2 Xtipr
-1 Xt; (tl+1
{ N 39)

— 2 < xtl+1 B > 2 xtlﬂ e
n—1 Xt; (tiv1 — n—1 Xt; (tl+1 .

Using the definition of residuals, we generate n — 1 residuals &,,&3,++, &, of

\
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the Equation (29) corresponding to the observed data. In order to ascertain whether
the Equation (29) fits the observed data of stock price, it is necessary to test whether

the linear uncertainty distribution L ((), 1) fitsthe n—1 residuals &,,&;,:+,€,,1.¢e.,
&,,&,,&,~L(0,1).

Given a significance level « , it follows the test is

W= {(22,23, o -,zn) . there are more than « of indexes i's with

a } (40)

a
2 <i<n such that z, <E or z, >1-5 .

If the vector of the n—1 residuals ¢&,,é&;,-++,&, belongs to the test W, i.e.,
(&,,60.6,) €W,

then the Equation (29) is not a good fit to the observed data of stock price. If
(&85, .6,) W,

then the Equation (29) is a good fit to the observed data of stock price.

3.2. UTSA predicts stock return rates

An uncertain time series is a sequence of imprecisely observed values, each of
which is characterized by an uncertain variable. Mathematically, an uncertain time
series is represented by

X ={Xy, X5, Xu},
where X, are imprecisely observed values (uncertain variables) at time . A basic

problem of UTSA is to predict the value of X,,, based on previously observed

values Xq,X,, -, X,,.
In order to model the time series, Yang and Liu [36] suggested an uncertain
autoregressive model,

k
Xt = ao + 2 al Xt—i + gt’ (41)

i=1
where a,,a,,---,a, are unknown parameters, k is called the order of the
autoregressive model, and &, is a disturbance term.

The least squares estimate of a,,a,, --,a, in the autoregressive model (41) is

the solution of the minimization problem

n k
min z Ell X, —ay— z a; Xe—i | | (42)
ao,aq,.-,Ag
t=k+1 i=1

Denoting the optimal solution by a;, al* RTEN az , the fitted autoregressive model

is determined by

10
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k
i=1

Then, for each index t(t =k+Lk+2,--, n) , the #th residual is

k
Et =Xt _aS —Za?Xt_i (44)
i=1
Hence, a suitable approach to estimate the expected value of disturbance term is
the average of expected values of residuals, i.e.,

n

1 _

= Z E ], (45)
t=k+1

and the variance of the disturbance term can be estimated by

G2m z E (e, — 2], (46)

n—=k
t=k+1

where &, arethe fthresiduals, ¢=k+1,k+2,---,n, respectively.

Based on the time series Xi,X,,::',X,, it can infer that the uncertain
autoregressive model is

k
X, = aj + z @ X, + N(8,6). (47)
i=1

In order to test whether the UTSA model fits the observed data, we need to
evaluate whether the normal uncertainty distribution N (é,6) corresponds to the

n—k residuals &, ,,&,,,,":*,&, determined by Equation (44), i.e.,

Ek+1 Ekr2r 0 En~N (€, 6). (48)
Given a significance level « , it follows from Lemma 5 that the test is
W = {(Zx41, Zk+2, ***» Zn): there are more than « of indexes t's with
(% 1(1.%
k+1<t<nsuchthatz; <@ (E) orz; > @ (1-5)}

where

63 a

<I>_1(a') =é+ Tl?’l (49)

1-a
If the vector of the n—k residuals &,,,,¢&,,,,"*,&, belongsto W, i.e.,
(Ek+1) Ekv2r - En) EW,

then reject the null hypothesis that means the model is not a good fit to the
observed data. If

(Er+10Eet20---0En) EW,
then accept the null hypothesis that means the model is a good fit to the observed
data.

11
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The forecast’s uncertain variable X

n+l
N(ﬁl 6)’ i~e'9

() — (@ -2\
z)=(1+exp W . (50)

Taking « as the confidence level, it is easy to verify that the minimum interval
[a,b] with Z(b) — P(a) = « is
6V3 1+a . V3 1+4a
- In + In .

follows a normal uncertainty distribution

1—0('” yia 1—a

Since M {a <X

n+

< b} > ‘i’(b)—‘i’(a) =a , the a confidence interval of

3.3. SDE predict stock return rates
Let S, denote the price of a stock at time £, the following SDE can be obtained
from the Black-Scholes model:
dS; = uSidt + oS, dW, (51)
where 4 and o represent the drift and volatility of a stock, respectively, and W,

represents the Standard Brownian Motion.
Given the initial price S, ofastockattime =0, accordingto /t0's formula,
Equation (51) can be written in the following form, as follows:
dsS;

— = udt + odW,, (52)
St

the solution of Equation (51) can be obtained as follows:

o2
St = Spexp ((u - 7) t+ aWt>. (53)

Since Equation (51) implies

St=SO+f
0

and E (fotaStth) = 0, we have,

t t

,uStds+f o SpdW, (54)
0

E(S;) = So exp(put). (55)
The simple return rates on the stock at time ¢ is

t St—l
)

S
£ =~5— (56)

and according to Equation (55), the expected return rates at time 7 is

12
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E(S,)~E(S,.)
E(S,.)

_oexp(ut)

- eXp(/Uz(t _1))

E@)=

(57)

In Equation (57), g, is the parameter at ¢, while ¢, isthe parameterat #—1.

To predict the price of a stock at time £, it is necessary to estimate the two
unknown parameters £ and o in Equation (53). Since

52
InS,~N <ln So + <u - 7) t, 02t>, (58)

it is easy to obtain the probability density function of S, :

2

S, a?

f(Ssu 0)—;% - n(S_O)_( _7>t] (59)

e S;o\2mt 20%t '
The probability density function of S, can be used to obtain the likelihood

function
2\ 12

" G- (+-%)
L(Sii0?) = 1_[ , 60
St =] [ e o (60)

and the maximum likelihood estimation method can be used to obtain the
estimated values u* and d*, respectively.

To ensure the accuracy of the predicted stock return rates S; at t, it is essential
to conduct hypothesis testing on the estimated parameter values y* and ¢*. In this

section, only the hypothesis testing steps for the obtained parameter value ,u* are
provided. Similarly, the parameter value & can be obtained.
The null hypothesis, denoted by H,,, and alternative hypothesis, denoted by H,,
should be presented as follows:
Hy:p=p*, VS Hyp+u.
Construct a test statistic Z that follows a standard normal distribution and
assume that the original hypothesis is true, then

lnSt—<lnSo+<u*—02 t)) 61)

g ~NV(0,1).

Given the significance level « , the following equation can be obtained:

7 =
P <|Z| > Z%) =a, (62)

13
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a . .
where Z, represents the 3 supremum of Z , and the rejection domain can be
further determined as
|Z| = Z % . (63)

Bring historical stock return rate data into formula (61) to obtain the specific
value of Z . In the event that the value falls within the rejection domain, the original
null hypothesis must be rejected; otherwise, it must be accepted. Only when the
historical data of a certain stock passes hypothesis testing can this method be employed
to predict its future return rates.

3.4. RTSA predict stock return rates

The ARIMA model is a statistical model for time series analysis and forecasting.
It is based on the assumption that there exists a linear relationship between the current
observations and the past observations, which can be used to describe the
autocorrelation of the time series data, denoted as AR (p). The MA model treats a
time series as a past noise of a number of periods as a weighted average. The current
observation is obtained from the past white noise through a specific linear combination,
denoted as MA (q). The ARMA (p, q) model is a combination of AR (p) and MA
(q) with the order denoting the order of the AR and MA parts, respectively. The
ARIMA (p,d,q) model introduces a difference operation on the basis of
ARMA (p, q), which is used to handle non-stationary time series (seasonality). The
difference operation enables the ARIMA model to transform a non-stationary time
series into a stationary time series, which can then be modeled using the ARMA model.
The mathematical formulation is as follows:

14 q
Yt = d+z¢lyt—l +Et_29j8t_j,
i=1 =

< 64
¢p # 0,05 0, (64)

E(e) = 0,Var(e,) = 02,E(gpe5) = 0,Vs # ¢,

\ E(xse) = 0,5 < t,

where Y is the return rates at time ¢, &

f represents white noise at time 7,

t

PPy ,¢p are AR coefficients, and 6,,6,, -, Hq are MA coefficients.

The following outlines the steps involved in the construction of an ARIMA model
[33]:

Firstly, the ADF test is conducted in accordance with Lemma 8, with the
objective of determining the degree of smoothness exhibited by the data. In the event
that the data is found to be non-stationary, a differencing operation is then performed
on it until the resulting differenced data is deemed to be smooth. In the case of
economic time series, the number of differences, d , is typically limited to 0, 1, or 2.

Subsequently, the white noise test is conducted in accordance with the
stipulations of Lemma 9. In the event that the sequence is identified as a non-white
noise sequence, it is then ready for subsequent prediction.

The ACF and PACF are computed for smooth non-white noise sequences in order
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to identify the ARMA model, as demonstrated in Table 1. After the smoothing process,
the partial autocorrelation function is truncated while the autocorrelation function is
trailing, thereby enabling the construction of an AR model. Conversely, if the partial
autocorrelation function is trailing while the autocorrelation function is truncated, an
MA model can be built. Finally, if both the partial autocorrelation function and the
autocorrelation function are trailing, the sequence is suitable for the ARIMA model.

The BIC criterion can be employed to order the model and determine the p and ¢

parameters, thereby enabling the identification of the optimal model.

Then, the identified model must be tested to ascertain whether its residual
sequence is white noise. If it is not white noise, it indicates that there is still useful
information in the residuals, which must be modified in the model or further extracted.
Once the models have been identified, the parameters of each model are determined.
Finally, the following formula is applied to predict the results.

P
EIY]=d+ ) ¢i%s (65)
i=1
Table 1. Model ordering.

Model ACF PACF

AR(p) tail off p-order cut-off

MA (q) g-order cut-off tail off

ARMA (p,q) tail off cut-off !

4. Uncertain random portfolio model

In the considering of n stocks, let n, represent the number of stock prices that
satisfy the UDE, 7, denote the stock return rates that satisfy the UTSA, n, indicate
the stock prices that satisfy the SDE, and n, signify the stock return rates that satisfy

the RTSA. It follows that n = n, + n, +n, +n, . Simulate the dynamics of stock return

rates with UTSA, RTSA. The UDE and SDE simulate the stock price and,
consequently, the stock return rates. For sake of argument, let’s assume that the return
rates on all stocks are independent. To facilitate the narration, the following symbols
are introduced as shown in Table 2.

Table 2. Symbol specification.

Symbol Symbol specification

X; The investment proportion of I th stock with UDE
Vi The investment proportion of J th stock with UTSA
Pk The investment proportion of k th stock with SDE
m The investment proportion of m th stock with RTSA

6; The return rates of 1 th stock with UDE
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Table 2. (Continued).
Symbol Symbol specification
{; The return rates of J th stock with UTSA
¢k The return rates of K th stock with SDE
Nm The return rates of 71 th stock with RTSA
The investor’s target return rates
R The total return rates on the portfolio
V- Lower variance of the portfolio
a Lower turnover rate
An investor’s maximum risk tolerance
c Maximum investment proportion for each stock

For the sake of expression, we have
T T
x=(x1,x2,---,xnl) ,Sz(é'l,é‘z,---,é‘nl) ,
y:(yljyz’---,ynz)T,Q:(é’l,é'z,-u,é’nz)T,
T T
p:(plapza"'apn3) ’g:(‘flaé:z’"'aé:n}) >

0=, ) A=(m700007,) -

Obviously, x"8, y'¢, p'é and q'm are portfolio return rates satisfying
UDE, UTSA, SDE, and RTSA, respectively. Then the expected total return rate is

R= E[xT6+yTC+pT§+an]
:E[xlél+x252+---+x,115nl]+E[y1§1+y2cj2 +---+yn2§n2]
+E[ p&+ P&+ p & | E am+ g+t q,m,, |
:xlE[51]+x2E[52]+---+xnlE[dnl]
P E[G ]+ rE 6], B2, ]
+p1§[§l]+pzi[§2]+“.+pn3/E\":é:n3:|

+Q1/E[771]+%/E[772]+'”+qn4E[n;z4J
=x'"A+y'Z+p"E+q"N,

(66)

where
A = (E[6,),E[8,),+,E[6,,])",Z = (E[8:), E[S), -+, E[Sn, ])

g = (BL&) El&) B[, ]) N = (Bl Bl - B[, ])
Several drawbacks exist in utilizing variance as a measure of investment risk.
Firstly, risk is quantified by the variance of the anticipated portfolio return rates,
encompassing return rates exceeding the target rates as risk. However, investors
typically view higher return rates positively, rendering this inclusion unnecessary.
Secondly, the reliance on variance to gauge risk presupposes a normal distribution for
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the probability distribution of stock return rates, which is unrealistic in actual stock
markets. In addition, another assumption that underlies the use of variance to evaluate
risk is that investors are risk-averse and possess ample information. However, K.J.
Arrow and J.W. Pratt have shown that risk aversion does not universally represent risk
preferences [36,37].

In view of the aforementioned limitations of employing variance as a risk
measurement tool, this paper adopts the lower variance to measure risk, which can
better symbolize an investor’s intuitive feeling of risk and definition of risk. For an

uncertain random variable X , define the lower variance X~ as follows:

{X, X <0,
= (67)

0,X>0.

Considering the case of R < &, the lower variance of portfolio can be expressed
as

2

vo=E[(R-n) | =[(¥" (@) -h) da. (68)

where W is the chance distribution of R, and we have

‘P=;§xi1§“[5 (0)]+ Zy, E[( ]+ZpkE[§k )]+gqml§“[nm(t)]- (69)

In Equation (69), E[é‘ ] E[ } , E[é‘k ], and E[nm (t)]

indicate that the return rates satisfy the expected value of UDE, UTSA, SDE, and
RTSA, respectively. According to Equations (33), (43), (57), and (65) the following
equations can be obtained, respectively.

exp elt+01<l) l(Ot)t)

E[5(0]=], exp(e(t-1)+ 0,07 (a)(-1)

E[éf(f)]=aS+ZaS‘X,_,-, =12 m,

[ ]_M_l k=1,2,,n,
exp (s, (1 1))

E[nm (t)]:d+z¢iYH., m=1,2,---,n,.
i=1

(70)

In order to align the model more closely with the actual dynamics of the stock
market, we incorporate liquidity constraints, upper and lower limit constraints,
expected return rate constraints, and risk constraints into this uncertain random mean-
lower variance model. The liquidity risk associated with stocks pertains to the potential
inability to trade them in a timely and cost-effective manner due to inadequate market
liquidity. In general, a higher level of liquidity is associated with a lower level of
relative risk. Therefore, the liquidity of the stock represents a primary indicator of
interest to indicators in the context of actual investment. In this paper, stock liquidity
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is described by turnover rate, which refers to the frequency of stock turnover in the
market within a certain period of time. This is one of the indicators reflecting the
strength of stock liquidity, which can be expressed by the following formula:

Zlfixi"'zzljyj"‘i/ikpk"'z‘?/mqmZaa (71)
im1 =1 =1 =l

where 7., A, denote the turnover rate of the ith, kth, stock whose price meets
UDE, SDE, respectively and ¥ s Vm denote the turnover rate of the jth, m th

stock whose return rates meet UTSA, RTSA, respectively.

The upper and lower limits mean that the proportion of investment made by an
investor in any stock can neither be negative nor exceed ¢, which can be expressed
as

0<x,<c, i=12,---,n,
Oéyjéc, j=12,---,n,,
0<p <c, k=L2,---,n,

0<gq,<c, m=12,---,n,,

(72)

where ¢ is the maximum value of the investor’s proportion of investment in each
stock.

The objective of investors is to obtain higher investment return rates while
bearing lower investment risks. This can be expressed as the following equation:

max R= E[XT6+yT§+pT§+an] (73)

min ¥~ = E| (R —h)_T (74)

Additionally, it should be noted that different investors have varying degrees of
acceptance of investment risks. Consequently, a risk preference factor : is introduced.
In accordance with Equations (66)—(72) and the objective functions (73) and (74).
Model (75) can be incorporated into the following equation:

18



Mathematics and Systems Science 2024, 2(1), 2859.

min M :(l—l)R’"‘”‘_R +lV_ g

max Vl?:i’l
st. R=>h,
V= <b,
n ) 13 ny
zrixi +szyj +Z/1kpk +27111qm 2 a,
i=1 j=1 k=1 m=1 (75)

m n, ny n,
Y XAy Y Pt 2a, =],
i=1 =1 k=1 m=1

0<x,y,,P:,9, ¢,
i:1,2,"',n1,j:1,2,"',”[2,

k=1,2,---,n,,m=12,---,n,.

In problem (75), R, denotes the maximum portfolio return rates when

investment risk is not considered, and V.

min

denotes the minimum portfolio risk when

portfolio return rates are not considered. The risk preference factor, denoted by ¢, is
a key in this context. The greater the value of ¢, the greater the weight of the variance
after normalization of problem (75), which may be interpreted as indicating a greater
risk aversion on the part of the investor.

In order to solve problem (75), the values of R and V . need to be obtained

under the same constraints as in problem (75). Therefore, this paper puts forth two
sub-models, with R and V'~ serving as objective functions, respectively. The sub-
models are formulated as follows:

max R :E[XT6+yT§+pTé’;+an]
st. R2>h,
V- <b,

n n, ny n,
Zz—ixi +leyj +z/1kpk +Z7/mqm Za,
il =1 k=1 m=l

m 7 73 7y
PREDNIEDW RS WAL
i=1 = k=1 m=1

0<x.,Y,, P9, <6,
i:1:27“')”1’.]':1523”'5n27

(76)

k=12,---,n,,m=12,---,n,.

and
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min ¥~ =E|[(R —h)_T
st. R2>h,
V-<b,

m 7, 73 ny
DTXAD A A D D+ D Yl 24
i1 =1 k=1 m=1

n n, ny ny
zxi +Zyj +2pk +qu =1,
i=1 = = m=1

Osxiayj’pk’qm SC,
i:1:25"'an13j:172"")’12’

(77)

k=12,---,n,,m=12,---,n,.

5. Problem solving

GA is an optimization method inspired by biological evolution and is typically
employed to address complex optimization problems [25]. The algorithm simulates
the genetic and evolutionary processes observed in nature, with the objective of
identifying the optimal or near-optimal solution to a given problem. This is achieved
by simulating the natural selection mechanism, in which the fittest survive and
reproduce.

The five principal elements involved in the GA are as follows: parameter coding,
setting of the initial population, design of the fitness function, design of genetic
operation, and setting of the control parameters. The operation process of the GA is
characterized by a typical iterative process, comprising the following essential
elements and basic steps:

The GA typically employs a binary coding method, whereby the decision
variables are represented as binary strings. The length of the binary coding string,
denoted by L, is dependent on the required precision. The binary coding strings for
each decision variable are then concatenated to form a chromosome. The range of

intervals is represented by the closed interval [/, H,], the length of the encoding is

denoted by O, and the current string O, =5, -5, corresponds to the decimal H,.

The integer part of the encoding represents the quotient when dividing by two, while
the fractional part represents the product when multiplying by two. The precision of
this representation is denoted by Equation (78). The corresponding decoding equation
is presented in Equation (79).

H —-H
5=t (78)
L H,-H
Hi:Hr-i—ZSi'ﬁ. (79)
i=1 -

Following the initialization of the population or subsequent perturbations, it is
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necessary to assess the adaptation of individuals. The assessment of adaptation is
based on the objective function pursued. In this context, it is possible to consider the
objective function to be solved as its hardness function. In the event that the objective
function is a maximum problem, then

F(0y) = f(X). (80)

Conversely, in the event that the objective function is a minimization problem,
then

F(0) =W - f(Xp), (81)

where W is a constant we introduced to satisfy the non-negative value of the fitness
function.

The evaluation function corresponding to each chromosome is then defined as
the ratio of the fitness of a particular chromosome to the sum of the fitness values of

all chromosomes. The evaluation function of an individual O,, Eval (Q) , 1s shown
in Equation (82).

F(0;)

Eval(0;) = ——————.
l L1 F(0)

(82)

Subsequently, the selection operation is performed using the roulette wheel
method. This entails that the probability of each individual entering the next generation
is equal to the ratio of'its fitness value to the sum of the fitness values of the individuals
in the entire population. The formula is presented in Equation (83). A random variable
r is generated in the interval [0,1], and the individual variable Oy is selected if
P k—1 <r<Pp k-

_ Eval (0,)

k k :
ZEval(Ol.) (83)

In the above process, two parent individuals, designated as O, and O,, are
selected from the current population. The crossover point is then set at a specific
position, designated as M;, at which two offspring individuals, designated as 0; and
0,, can be generated. The following equation can be used to calculate the values of
0; and 0,:

0,=0,[1:M,]+0,[M, ],
0,=0,[1:M,]+0,[M,],
where 0;[1: M;] represents the gene segment of the parent O, before the crossover
point, while 0,[M;:] represents the gene segment of the parent O, after the
crossover point.

The individual O; to be mutated can be determined by roulette selection. Once a
specific mutation site M, has been selected, the mutated individual 01 can be
generated by

0;=0;.
The mutation operation of the gene at the specified point is then performed, for
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example, by setting OL [M;] = G. The new gene value G can be either a randomly
chosen one or one generated according to a specific rule.
The complete algorithmic process is illustrated in Algorithm 1.

Algorithm 1 Solution Algorithms for Optimization

1: Step 1. Encoding.

: Step 2. Generate random initialization of N chromosomes.
: Step 3. Calculate target values for all chromosomes.
: Step 4. Calculate the fitness of each chromosome based on the target value.

: Step 5. Selection of chromosomes by means of roulette.

: Step 7. Update chromosomes with mutation algorithms.

2

3

4

5

6: Step 6. Update chromosomes with crossover algorithms.

7

8: Step 8. Repeat steps 3 to 7 until the termination condition is satisfied.
9

: Step 9. Output the best chromosome as the optimal solution.

6. Numerical simulation

In this section, a numerical simulation is designed to predict daily stock return
rates and the optimal portfolio. In order to illustrate the models proposed in this paper,
we selected some stocks from the Shenzhen Stock Exchange and the Shanghai Stock
Exchange. The daily return rates and prices from 4 May 2023 to 30 April 2024 are
collected for each stock, resulting in a total of 242 data points. Finally, each of the two
stock exchanges has four stocks that meet the four predictive models discussed in
Section 3, with two stocks meeting each of the UDE, UTSA, SDE, and RTSA models
(nq + ny + n3 + ny = 8). All the data on daily stock return rates and prices used in
this paper are obtained from the CHOICE database
(https://choice.ecastmoney.com/dataservice).

The UDE equation is used to predict the price of stock 300528.SZ. Firstly, the
parameters e = —0.0871 and o = 11.6035 are obtained by using the method of
moments estimation, and the UDE obtained after parameter estimation is

dXt = eXtdt + O'XtdCt (84)

dX, = 0.0871X,dt + 11.6035X,dC,. (85)

Subsequently, a hypothesis test is performed on the residuals, i.e., whether the
residuals conform to a linear uncertain distribution. From Equation (40), the number
of points belonging to the rejection domain is 12, which is less than n * @ = 242 *
0.05 = 12.1. This shows that Equation (85) can fit the stock price well. Based on
Equation (86), the stock price on 6 May 2024 is obtained, and then based on the stock
price on 30 April 2024, the daily return rate on 6 May 2024 is calculated using the
formula (32) for the simple return rates, resulting in a daily return rate of 1.71%.

1
ElX,(0)] = J 10.94 exp(—0.087t + 11.60350~(a)t) da, (86)
0

The prediction process for stock 000651.SZ is analogous to that of 300528.SZ.
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The parameter e = 0.1975 and the standard deviation o = 3.3732 are used to
construct the corresponding UDE, which is given by

dX, = 0.1975X,dt + 3.3732X,dC,. (87)

The hypothesis testing of the residuals indicates that the number of points falling
in the rejection domain is 12, which is less than the number of points required to reject
the null hypothesis,n * ¢ = 242 * 0.05 = 12.1. This suggests that the equation can
predict the stock price well. Based on Equation (88), the stock price on 6 May 2024 is
calculated, and then based on the simple return rates, the return rate on 6 May 2024 is
obtained as 0.35%.

1
E[X,(0)] = f 35.42 exp(0.1975t + 3.37320 1 (a)t) da, (88)
0

The AR model is employed to forecast the daily return rates of stock 600886. SH.
The LB test on the residuals initially indicates that the series is a white noise series.
The p-value of the PP test is 0.0375, which is less than 0.05, indicating that the series
is a smooth series. Subsequently, a fixed-order AR model based on the AIC criterion
is employed to fit the series, thereby obtaining an AR (2) model. The resulting
coefficients are as follows: a; =0, ¢, = —0.0011, a, = 0.7828, a, = 0.4273.
The original Equation (41) for the uncertain time series fit is as follows:

X:=0.7828X;_,+0.4273X;_,-0.0011. (89)
Then the prediction equation is obtained by least square estimation method:
E[¢; ()] = 0.7251X,_; + 0.2748X,_,, (90)

where ag =0, aj =0.7251, and aj = 0.2748 . Using the aforementioned
prediction Equation (90), the daily return rate on 6 May 2024 is calculated to be
1.7095%.

The prediction process for stock 600674.SH is analogous to that of 600886.SH.
The residuals are initially subjected to the LB test, which indicates that the series is a
white noise series. The p-value of the PP test is 0.0272, which is below the 0.05 level
of significance, indicating that the series is a smooth series. The series is fitted using
the AR model, according to the fixed order AIC criterion, in order to obtain the AR

(2) model. The resulting coefficients are as follows: ay =0, O =-0.0021,

a, =0.7832 and a, =0.3539. The original equation is fitted to the uncertain time

series, resulting in the following equation:

X,=0.7832X, ,+0.3539X, ,-0.0021. (91)
Then the prediction equation is obtained by least square estimation method:

E[{(1)]=0.7255X, , +0.2744X, ,, (92)

where a; =0, al* =0.7255 and a; =0.2744 . Through Equation (92), the daily

return rate of the stock on 6 May 2024 is calculated to be 3.3364%.
The SDE model is used to predict the price of stock 000786.SZ and thus predict
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its daily return rates. Firstly, the parameters 4 =2.3212 and o =1.4724 are

obtained by maximum likelihood estimation to obtain the SDE after parameter
estimation:

dS, = uSdt+oS,dw, (93)

dS, =2.32128,dt +1.4724S,dW.,. (94)

Hypothesis testing is conducted on the parameters y and o using Matlab’s own
function chi2gof, resulting in a p-value of 0.0187, which exceeds the significance level
of 0.01. The stock price on 6 May 2024 is firstly obtained from formula

E[S,(D)] = 26.34 exp(2.3212¢t) (95)

and then the formula (56) is used to obtain the daily return rates on 6 May 2024
as 2.35%.

The stocks 603689.SH and 000786.SZ are analogous, as they are both estimated
using the maximum likelihood estimation method to obtain the parameters y =
2.9116 and ¢ = 1.2326 . These parameters correspond to the prediction of the stock
price of the SDE, which is given by

dS, =2.9116S8,dt +1.2326S dW.. (96)

The hypothesis testing of the parameters 4 and o using Matlab’s own

function chi2gof yielded a p-value of 0.0331, which is greater than the significance
level of 0.01. The stock price on 6 May 2024 is determined by the following formula

E[S,(t)] = 56.58 exp(2.9116t). (97)

The simple return rate is then used to determine the daily return rate on 6 May
2024, which is calculated to be 2.95%.

The RStudio software is employed to forecast the daily return rates of 688089.SH
and 000752.SZ, utilising the RTSA model. In the case of stock 688089.SH, the initial
step is to verify the smoothness of the series using the ADF test. In all three Equations
(19)—(21) the p-values are less than 0.05, indicating that the series is smooth. This is
true for the following scenarios: no-drift-no-trend, with-drift-no-trend, and with-drift-
and-trend. Subsequently, the LB test is conducted by Equation (22), resulting in p-
values of 6.324 x 1073 and 9.813 x 10™3 for periods 6 and 12, respectively. These
values are less than 0.05, indicating that the series is not a white noise series.

The series is then fitted using the ARIMA model with the BIC criterion to obtain
the optimal model as ARIMA(1,0,0). The coefficient of this model is ¢; = 0.2588.
Consequently, the model equation is as follows:

Yt = 0.2588Yt_1 + &t (98)

where Y is the daily return rates series, and &, is the error term at moment ¢.

Then, the prediction equation is given by:

E[n,(t)]=0.2588Y,. (99)
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In accordance with the aforementioned prediction equation, a daily return rate of
3.0478% is predicted for 6 May 2024.

As with the stock 688089.SH, we first perform an ADF test on 000752.SZ. In all
three cases, the p-value is less than 0.05, indicating that the series is smooth.
Subsequently, the LB test is performed, and the p-values for periods 6 and 12 are found
to be 2.985 x 1072 and 4.736 x 1078, respectively, which are less than 0.05. This
suggests that the series is not a white noise series.

Subsequently, the series is fitted using the ARIMA model, with the optimal
model selected using the BIC criterion to obtain an ARIMA (1,0,1) model. The
coefficients of this model are ¢; = 0.7440 and 8, = 0.4930. Consequently, the
model equation is as follows:

Y, = 0.7440Y,_, + & — 0.4930¢,_4, (100)

where Y; is the daily return rate series, and &; is the error term at moment ¢.
Then, the prediction equation is given by:

Eln,(®)] = 0.7440Y,_,. (101)

In accordance with the aforementioned prediction equation, a daily return rate of
1.4520% is predicted for 6 May 2024.

For the above, the results of hypothesis testing are presented in Table 3, while
the prediction results are shown in Table 4.

Table 3. Hypothesis testing passed.

No. Code UDE UTSA SDE RTSA
1 300528.SZ v x x x
2 000651.SZ v X X X
3 600886.SH X v X X
4 600674.SH X ) X x
5 000786.SZ X X v X
6 603689.SH X X v X
7 688089.SH X X X v
8 000752.SZ X X X v

Lower turnover rate is denoted as a = 0.01, maximum risk tolerance as b =
0.05, maximum investment proportion for each stock as ¢ = 0.25, target return rates
as h = 0.04, and risk preference factor as ¢ = 0.75. In this context, GA is employed
to solve two sub-models, model (76) and (77), as well as the optimization model (75).
The results obtained are presented in Table 5. The solutions for model (76) and model
(77) are Rpgx = 2.76% and V,,;,, = 1.553 x 10™%, respectively, which are used as
normalization standards. Subsequently, these values are substituted into model (75) to
obtain the solution for the optimization model:

x=(0.0764,0.2495,0.1767,0.0509,0.0187,0.1715,0.0137,0.2427).
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Table 4. The data of eight stocks.

No. Return rates Expect value (%)

1 H 1.7100
UDE

2 H 0.3500

3 vV, 1.7095
UTSA

4 vV, 3.3364

5 & 2.3500
SDE

6 &, 2.9500

7 m 3.0478
RTSA

8 1, 1.4520

According to model (75), the optimal value (OV) is M = 1.8521, accompanied
by lower variances of 5.5994 x 10™* and return rate of 1.6337%.

Table 5. The investment proportions in model (75) and sub-models (76) and (77).

X y p q ov
Model 75) (iosy  ooso  oimsy  osy M =18521
voie o (O3 0MBOa R <276%
vose (7 U OIEOWD y <1553x10

Furthermore, the investment proportions and OVs are calculated for varying
values of (, as illustrated in Table 6, along with the corresponding values of R and
V™, as shown in Table 7. As evident in Figure 1, the values of ¢, resulted in distinct
OVs. In Figure 2 (a) and (b), the dashed lines represent Ry,q, = 2.76% and V,,,;,, =
1.553 x 10™*. As ; increases, the changes in R and V™ are not substantial, but the
difference in multiples between V'~ and V,,;,, was much larger than the multiples

min

. V=V
between R,,, and R . Consequently, when normalized, V—"”” became

Rmax—R . . . .
——_ Therefore, with an increasing :, the weight of

max

significantly larger than

V=V . . :
—,=.* became more pronounced, leading to an increase in the value of M.

min

Table 6. The investment proportions and OV for different .

X y P q oV
1=0.1 (0.0040, 0.0020) (0.2328, 0.2485) (0.0131, 0.2484) (0.2471, 0.0051) 0.0012
1=0.2 (0.0184, 0.2476) (0.1836, 0.1232) (0.0809, 0.1828) (0.0144, 0.1490) 0.1361
=03 (0.0168, 0.2144) (0.1894, 0.0352) (0.0993, 0.1894) (0.0056, 0.2499) 0.4423
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Table 6. (Continued).

X y P q ov
=04 (0.0522, 0.2251) (0.2281,0.1023) (0.1152, 0.0795) (0.0293, 0.1684) 0.6956
=05 (0.0138, 0.2410) (0.2152, 0.1090) (0.0751, 0.2150) (0.0023, 0.1287) 0.8308
1=0.6 (0.1288, 0.2428) (0.1981, 0.0280) (0.1479, 0.0515) (0.0163, 0.1866) 1.5306
1=0.7 (0.1749, 0.2475) (0.2034, 0.0291) (0.1071, 0.1370) (0.0138, 0.0872) 1.6587
1=0.8 (0.2373, 0.2486) (0.2472, 0.0045) (0.0071, 0.0028) (0.0050, 0.2476) 2.7690
=09 (0.0783, 0.2350) (0.2086, 0.0594) (0.1230, 0.1090) (0.0023, 0.1843) 2.2430
Table 7. R and V'~ for different 7.
1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
R (%) 2.7587 1.8327 1.7170 1.7381 1.8439 1.5575 1.6549 1.3299 1.6564
V- (X 1074 ) 1.5408 4.6970 5.2120 5.1160 4.6489 5.9659 5.4994 7.1296 5.4924
.
0.1 0‘.2 0‘.3 0.‘4 0.‘5 0‘.6 0.‘7 0.‘8 0.9
Figure 1. The OV for different .
4+ % x107*
.
351
ol
3t 5L
x 25 S 4r
sl
5.
5l
o
.
10.1 0‘.2 0‘.3 0.‘4 0.‘5 0‘.6 0.‘7 0.‘8 0.9 00.1 0‘.2 0‘.3 0.‘4 0.‘5 0‘.6 0.‘7 0.‘8 0.9

(a) R for different ;.

L L

Figure 2. R and V- for different :.
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7. Conclusion

This paper discussed the portfolio problem in an uncertain random environment.
Stock return rates were characterized using uncertain random variables. To enhance
the accuracy of stock return rate predictions, this paper employed four methods to
predict stock return rates: UDE, UTSA, SDE, and RTSA. Additionally, the lower
variance was utilized to measure investment risk, which aligned more closely with the
definition of risk and the mindset of investors than measuring risk with variance. A
risk preference factor : was introduced, leading to the proposal of an uncertain
random mean-lower variance portfolio model. The results of numerical experiments
demonstrated the effectiveness of the method for solving portfolio return rate
maximization.

The model is being constructed based on the last five years of market data.
However, this dataset may be subject to sample selection bias, as it fails to take into
account changes in the economic cycle. Furthermore, the accuracy and completeness
of the data are pivotal factors influencing the model’s validity, particularly when
confronted with the absence of data or anomalous volatility. Furthermore, market
volatility and policy changes represent external factors that must be taken into account.
These factors not only interfere with the normal functioning of the market, but they
may also cause the historical performance on which the model is based to fail to reflect
future trends. Although the model performs well on the training set, it may not be able
to cope well with future market changes or extreme situations. These are some
unresolved issues.

The portfolio model proposed in this paper has both theoretical value and the
potential for wide-ranging applications in several fields. In economics, the model can
be utilized for portfolio optimization and risk management. In engineering, it can be
employed to assess the efficacy of project investments. Furthermore, in data science,
the model can be integrated with machine learning algorithms for feature selection and
predictive analysis. Future research could investigate the potential of machine learning
techniques to enhance model performance on an ongoing basis. This not only has
implications for theoretical research but also offers substantial support for investment
decisions in practice.
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