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B, (f;x) = ni e ™

Abstract: The current article deals with a study on some moderation of the Phillips
operators, including constant and exponential functions. Here, we derive the moments
applying the notion of moment-generating function for the well-known Phillips operators.
The authors also establish uniform convergence estimates for the improved form of these
operators. Additionally, some direct estimates involving the asymptotic-type results are
discussed.
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1. Introduction

Approximation theory is one of the important subjects that is frequently used by
the mathematical and scientific fraternity. It is divided into many fields. Here we are
dealing with positive linear operators that play a key role in the field of
approximation theory. A few positive linear operators, e.g., Bernstein operators, are
described within finite intervals, but there are many such operators that are
interpreted in infinite intervals, such as Baskakov [1] operators, which are given as
below.

v

1 = v x
Bn(f;X) = WIZO f(E) C(Tl +v-— 1,17)m
where n € Nand f € C[0, ).

In recent years, several operators were appropriately moderated, preserving the
test functions that appeared in this field, and many modifications have been carried
out regarding this matter to obtain a better approximation. One may see a few of the
results in the related direction [2—8].

Phillips operators, named after the name of great mathematician Phillips [9], are
defined as:

. [ (Odt + e () M

(nx)? (= _ ()’
Jo TR

v=1

The above Equation (1) preserves both constant and linear functions.
Approximation properties of Phillips-type operators have been discussed by many
researchers in [10-16]. Inspired by the work of King [17], in the year 2010, Gupta
[18] introduced the moderated Phillips operators, which preserve e;. The modified
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formation of operators shows better approximation in comparison to normal Phillips
operators. Through normal calculation and computation, we have:

nx6
1(0) = Py(e%; x) = eli-0) @)
Which is the moment-originating function of the operators P, and it will be
useful in finding the moments of the Phillips operators.
The moments are given as:

0 6?2 6x + 6nx?% +n%x3\ 63
P,(e tx)—1+x9+(x + )

2! n? 3!
<24x + 36nx% 4+ 12n%x3 + n3x4> 04
+ = —
n 4!
<120x + 240nx? + 120n%x3 + 20n3x* + n4x5> 0%
+ y —
n 5!
720x + 1800nx? + 1200n%x3 + 300n3x* + 30n*x> + n®x®
+ s
96
7 7
X 7] +0(6")
Hence, it can be seen that:
dr dr nx6
Pn _ ot. _ -6
My () = [d@rpn(e 'x)]9=o ~ lder e( 9)]9—0, N

where Mﬁ}(x) = P,(ex; %), e, (t) =tF, k=0,1,2, ...

Acar et al. [19] proposed a modification of linear positive operators to reproduce
the function e?4 .

The current article is organized as follows:

In the starting section, we obtain modified Phillips operators preserving
exponential functions. The authors study the quantifiable estimate for the Phillips
operators, preserving the function e ~*. Section 3 deals with the preservation for e4*
where 4 is real.

In section 2 and section 3, the authors have shown that moderated operators
furnish better approximations than the standard Phillips operators.

2. Results for the preservation of e™

In this section, we present the preservation of e™ and also establish some
lemmas.

For the preservation of the function, we have:

= na, (x v-l
SuCim) = Y e (RnCO) )) j e B P+ e 0) )
v=1
Let the Equation (4) conserve e ~* means S, (e t;x) = e™*
—nan(x)

Hence, we obtain e™ = e n+1  suggesting that:




Mathematics and Systems Science 2024, 2(2), 2821.

anry =D )

We can also write the Equation (4) as follows:

0 (x(n+ 1)’ (o _,, ()" _
Sn(f3x) =n¥yi,e x(nH)Tfo e "tmf(f)df + e XM £(0)
Lemma 1. Using normal computation, we have:

At Ax(n+1)
Sp(e?t;x) = e n-a

Lemma 2. For the operators in Equation (4), if Ty 1 (x) = Sp(em; x) with e (t) =
tk,k = 0,1,2, ... then using Equation (3), we get:
Sn(eoi x)=1
Sn(es; x) = ap(x)

2a,(x)
n

Sn(ezx) = arzl(x) +

6a2(x) 6a,(x)
Snles; ) = @ (x) + ———+—2
12a3(x) N 36a2(x) N 24an(x).

n2 ns

Sn(es; ) = az(x) +

Lemma 3. Let My ,(x) =S,((t —x)%x),k=0,1,2,... then by making the
application of Lemma 2, we get:

M0 (x) =1
x

Mn,l(x) = an(x) —X = n

20,(x)  x*  2x 2x

- 2
Mn,Z(x) = (a’n(x) —x)°+ ” F+7+F

Mp4(x) = (@n(x) —2)* +

12a3(x) 36a2(x) 24a,(x)
+ +
n n2 n3

24xa?(x) 24xa,(x) N 12x%a, (x)
n n? n

From Equation (5), it follows that:
limn(a,(x) —x) =x
n—-oo

lim n ((ocn(x) —x)%+ ZanT(x)> =2x (6)

Let C*[0, ) be the subclass of real-valued continual functions with a finite
limit at infinity endowed with the uniform norm. Boyanov [20] established the
uniform convergence of a sequence of linear positive operators.

Proposition 1. Holhos [21] observes a sequence of positive linear operators:

Qn: €7[0,00) = €70, )
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and set:
”Qneo - 1"[0’00) =an
10n(e™) = e ¥y oy = B
"Qn(e_Zt) - e_zx"[o,oo) = Yn.

If a,, Bn, Yn approaches to 0 as n — o, then:

1Qnf — f"[o,oo) Sanll f "[0,00)+ (2 + an)(‘)*(fr \V an + 2B, + Vn)~

The modulus of continuity is described as:

w*(f;5):=| sup 6|f(t)—f(x)|-

e X—e~t|<
x,t>0

Theorem 1. For f € C*[0, ), we have:

1Snf = Fllg.e0) < 20" (f,/1n),

where:
n+2

1
T = lISae ) =l = (1-—=) @+ D™

Proof. The operators S, conserve constant functions and also e ™*; thereforea,, =
Brn = 0. In order to compute y,,, in view of Lemma 1, we have:

—2x(n+1) 2x
Sn(e_Zt;x) =e nrz = e 2X.on+z,

Considering the function:

fa(x) = Sn(e_Zt: x) —e ?%,x > 0.
For a function which is positive, f,,(0) =0, limy_ ;0 f,(x) = 0 and it has its
maxima at point;

X _n+2lo (n+2)
n- & w1/

Hence, we have:

n+2

1
Yn = "fn"[o_oo) = fu(xn) = (1 - m) (n+ 1)_1-

This carried out for the proof of the theorem. o
Remark 1. For the operators defined in Equation (1), according to Proposition 1,
we have:

IPf — f"[o,oo) < Zw*(f, vV 2fn + Vn)a

using Equation (2), we have:

1 n+1
n+1)

B = 1Pu(e™®) = e ¥l g 0y = (1 - n1,

and
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2 (n+2)/2
T = B (e ey = (1-—=) 207

Hence Proposition 1, gives finer approximation results for the modified Phillips
operators S,, than the regular Phillips operators P,.
Remark 2. According to Equation (4) it can be seen:

Sa(f; x) = Pn(f; an(x))- (7

We also represent S,, as in Theorem 2.
Theorem 2. For all f € C[0, ), we set:

Sa(F(¢53) = Proa (£ (@) ). ()

Proof. On substituting t = nTH v, the proof follows from Equation (7).

We describe a function h(t) as:

()

h(t) = f f € C[0,0) )

where Cg[0, ) indicates the subinterval of all bounded continuous function on
[0, 00).
Hence, we get:

Sn(f,%) — f(x) = Ppya(h,x) — h(x) + h(x) — f(x).
So,

"Snf - f"[O,oo) < "Pn+1h - h"[O,oo)+" h— f "[0_00) (10)

According to Heilmann and Tachev [22], for every f € Cg[0, o)

1Pf = Fllg oy < 2KZ(fin7Y) < Cad (f;n-%). (11)

We see that the Peetre’s K-functional and the Ditzian-Totik modulus of continuity
follow from Heilmann and Tachev [22].
It is clear that:

Ih=flom< o(fsn™D)MBf = fllg oy < 2K5(fin™) < Cog (f;n_%) (12)

Now, from Equations (10)—(12), we get the proof. o
Theorem 3. For every f € Cg[0,0) and n is any positive integer, inequality (13)
holds.

ISnf = Flljg 0y < Cwd(f,n %) + w(f,n™h). (13)
The asymptotic-type outcome for the operators S,, is showed in the following.
Theorem 4. Consider f, f'' € C*[0, ), now for any x € [0, ), we obtain:
! n x(x + 2) n
InLSn(fi ) = £(] = 2[f () + £ (]l < === If" ()]

x? 2x ., 1/
+2 7+2x+7+kn(x) -a)*(f (x),n~Y ),
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where:
en () = n2[S,((e™ = 7% x) - My s (O]
Proof. Using Taylor’s expansion, we derive:
f@®) =f)+ (@ —x)f"(x) + % t—x)*+g(t,x)(t —x)* (14)

Noting that:

7 lies between x and t. On applying the operator S,, to both the sides of Equation
(14), we obtain:

1
Sn(f52) = f(x) = My, () f ' (x) — EMn,Z(x)f”(x)| < ISp (gt ) (t — )% %)|.
By Lemma 3, authors get:
In[Sn(f;x) = FO)] —x[f' () + f" O]l
1
< |nMy 1 (x) = x|If" ()] + > |nM,, 5 (x) = 2x||f" ()]

+nSn(g(t, ) (t — )% %)

_"(” 2 ) + InSu(g(t (& — 0% ).

For the proof of the above theorem, we need to estimate |nS, (g (t, x)(t — x)?; x)].
Using the inequality:

r®-rel < (1+55L) o g6 >0,

we obtain:

91 < (145D w0,

For [e™ — e~ t| < &, we have |g(t,x)| < 2w*(f", ).
When |e™ — e~t| > §, then:

—-e”

96 0] < 2C7=Y e (57, 6).

Therefore,

l9(t, 0] < 2 (1 o Gl W 020 6))

Applying above result and inequality of Cauchy-Schwarz, we have for § = n=%/2,
nSp(lg(t, 0)[(t — %)% x) < 2nw*(f" (x), 5)My 2 (x)

+ 57 10" (@), O)Sal(e™ = e 012 - [My4 (0]
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x? 2x
=2 - +2x + — + k()| @ (f" (x),n"Y2),

Where, ky (x) = n?[Sn((e™ = €% x) - Moy ()] /. 0
Corollary 1. Suppose f, f" € C*[0, ), so for x € [0, ), we get:

lim n[S, (f, ) = £()] = x[f"(x) + f ()]

3. Results for e4*, where A is real

In this section, we achieve a moderation of the Phillips operator for any real 4,
where a copy of e4? (an exponential function) is produced. From Lemma 1, we
observe that:

At An_n(x) 4
S (e, x) =e n-a = et*,

For,

ap(x) =x (%) =Xx (1 — %), considering the operators

> — v (o] v—1
SA(f; %) = nE e~ *(n=4) Mfo e‘”t%f(t)dt + e XM+ £((), (15)

v=1

Hence, the moment-generating function of above Equation (15), is given as:

(n—A)ex)

1, (0) = e("5cd (16)

Now from Lemma 2, we have:

Sh(ep; x) =1
4 A
Si(en; x) =x (1 - Z)

SA(ey; x) = x (1 - g) [x (1 - é) + E]

n/ n
From Lemma 3, we get the following representation:

Ax

M) = —— (7)

x%A% 2xA 2x
2 2 T (18)
n n n

st _x*A* 12x°A2 LA 36x2 ) A\?  24x RAYE (19)
o == (1) (1-3) + S (0-0) ()

Sg
M5 (x) =

Therefore, by Equations (18) and (19), we get:

Wi SR 2 (-8 420D ()

M —Z 42
2 (X) - T n

Therefore, for any for fixed x € [0, ), when n — oo, we have the following
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result:

A
M
n+® _, 0, having order of convergence as 0 ()

Mng (x)

Lemma 4. For any real A, we have:

x2A? + 2nx
SAedt(t —x)?%;x) = —————e4*%,

(n— 4)?
Proof. For any A € R, let a function f(t) = e“?, then:

© V-1 v+ k-—1)!
nf e ™ GOk edtpkge = w ) =
0 (v-21)! (v—=—D!(n-A)v*
Hence, we have:
= (x(n —A)" n’v!
A(,Aty. — —-x(n—A4)
Sne t’x)_Z ¢ v W=D (n— At

v=

e—x(n—A) had (nx)v
n—A 4 (v-=21)!

v=

-x(n—-A4) ad

_nx-e Z (nx)?
B n—A4 v!

v=0

nx - e

n—A4"°

Finally, we have:

St ) = z i GOV EA D
N En—(A;ii e
e[S e ]
e z 0" | o z ”]
= % [n2x? + 2nx].

Hence:

SA(e(t — x)?%;x) = SA(e4tt?, x) — 2xS2 (e4t;, x) + x2S2 (e?t; x)

eAx znxzeAx

= R [n%x? + 2nx] — — + x2e4¥
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2.2 2
_ Ax x“+2nx 2nx )

(n — A)? _n—A+x

2 42
_Xx A®+2nx .
(n—A4)?
Thus,
Exponential growth for continuous functions on [0, ©) is given by:

Il f lla:= sup |f(x)e 4] < 00,4 > 0.

x€[0,00)

Ditzian [10] considered the modulus of continuity of second order as follows:

w(f,6,A) = sup |f(x)—2f(x+g)+flx+2g)le".

g<6,0sx<0

For the requirement in this article, we define first-order modulus of continuity as:

wi(f,86,A)= sup |f(x)—fx+g)le . o
g<6,0sx<o0

Theorem 5. Let G be a subinterval having polynomials of the interval C[0, ), and
let Qu: G = C[0, ™) be the sequence of positive linear operators which preserves the
linear functions. Let for any constant A > 0 and fixed x € [0, ), the operators Q,,

satisfy.
Q,((t —x)%e;x) < C(4,%) - M,?”é(x).
If in addition f € C2[0,0) N G and f" € Lip (a, A),0 < a < 1, then for x € [0, ),

we obtain:

1
Qu(fi ) = F(0) =5 f " (OMZ5(x)

. My (s | £, (20)

[eAx . C(4,x) s ,/C(ZZA, 0|

In Theorem 5, we assume that the sequence of positive linear operators
preserves linear functions. From Equation (17), we observe that S preserved only
constants. By the application of Theorem 5, this is not essential. Hence, it is to show
that:

SA((t — x)%eAt; x) < C(A, X)MSH (%) (1)

By Lemma 4, and using Equaiton (18), for > 24 , we get:

x2A% + 2nx
SRt —x)%ex) = AT e4% < 8eA¥MSh (x) (22)
In view of Theorem 5, we consider the following Theorem 6 for the Phillips

operators, which preserve e4*:
Theorem 6. If f € G:={f € C[0,0);|l f lI4,< oo, f € C?>[0,0)NG and f" €

Lip (a,A),0 < a < 1 then for n > 24, x € [0, ), we mention:
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x%A? 2xA 2x

A Ax ! 1 "
SR~ f@) + () ~ NG

_+_
n? n? n

sa
Mn‘ A (%)

Mﬁ,’z(x)-wl f, x),A ] (23

- 2

- [e“‘x N C(A,x) +,/C(§A,x)] .

sa
Mn’2 (%)

Corollary 2. Let f, f" € G, A is positive. Then for x € [0, ), we show:
lim n[SE(f; x) = f(0)] = x[-Af'(x) + ()],

Remark 3. Comparing Corollary 1 and Corollary 2, we observe that:
for A = —1, both the results coincide.

4. Conclusion

In the present article, the authors have obtained modified Phillips operators that
preserve e * and e4¥. They have presented a better approximation of modified
operators than the standard Phillips operators. Further improvement in
approximation can be explored by preserving other exponential functions like
e and et (a, b are real). Researchers can also find such results on other positive
linear operators.
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