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1. Introduction and main result

The problem of finding four numbers such that the product of any two of them
increased by unity is a perfect square was first solved by the Greek mathematician

Diophantus of Alexandria before 1637 [1]. He found a set of four positive rational

numbers {i 3 &5} which satisfy this property. The first set of four positive

16’16’ 4’ 16
integers with the above property {1,3,8,120} was introduced by Pierre de Fermat. In
1753, Leonhard Euler found an infinite number of sets of four positive integers:
{a,b,a+b+2r,4r(r + a)(r + b)}, whereab + 1 =12,a,b € N. In other words,

every Diophantine pair can be extended to Diophantine quadruples. He was able to

720t Fermat’s set [2]. In 1969, Baker and
8288641

Davenport proved that it not possible to add a fifth positive integer to the Fermat’s set

add the fifth positive rational

[3]. The Fibonacci sequence (Fy)kso has several strong connections with the
Diophantine quadruples. In 1977, Hoggatt and Bergum conjectured that the set
{Fok, Foks2, Fokyar 4Fok 41 Fok 42 Fok 43} is a Diophantine quadruple [4]. In 1979,
Arkin, Hoggatt and Strauss proved that every Diophantine triple can be extended to a
Diophantine quadruple [5]. More precisely, let {a, b, ¢} be a Diophantine triple such
thatab+1 =712%,ac+1=s%bc+1=t2.

Define d = a + b + ¢ + 2abc + 2rst, then the set {a, b, ¢,d} is a Diophantine
quadruple since ad + 1 = (at +rs)?,dc + 1 = (cr + st)?,bd + 1 = (bs + rt)?.

In 1980, Veluppillai extended the triple {2; 4; 12} to a Diophantine quadruple [6].
In 1998 Kedlaya extended the following triples [7]:
{1,3,120},{1,8,120},{1,8,15},{1,15,35},{1,24,35},{2,12,24} . In 1998, it was
proved that the sets {k — 1,k + 1,4k} can be extended respectively to a Diophantine
quadruple [8]. In 1998, Dujella and Petho proved that the pair {1,3} cannot be
extended to a Diophantine quintuple [9]. In 1999, Dujella proved the Hoggatt-Bergum
conjecture, and this result also implies that if {Fyx, Fog 42, For+4, d} is @ Diophantine
quadruple, then d cannot be a Fibonacci number [10]. In 2008, Fujita proved that for
k > 2, the Diophantine pair {k — 1,k + 1} cannot be extended to a Diophantine
quintuple [11]. The question of finding the existence of Diophantine quintuples was
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one of the oldest outstanding unsolved problems in Number Theory. In 2004, Dujella
showed that there are no Diophantine sextuples and at most a finite number of
Diophantine quintuples exist [12]. In 2019, He, Togbé and Ziegle proved that
Diophantine quintuples do not exist [ 13]. A set of m nonzero positive rational numbers
{ai,ay, ..., ay} is called a strong Diophantine m-tuple if a;a; + 1 is a perfect square
foralli,j = 1,2, ...,m. It is quiet clear that there does not exist a strong Diophantine
pair consisting of integers. However, in 2008, Dujella and Petriccevi¢ proved that
there exist infinitely many strong Diophantine triples of positive rational numbers and
it is not known whether there exist any strong Diophantine quadruples [14].

In this paper, from Diophantine quadruples, we construct matrix strong
Diophantine 27-tuples.
Theorem 1. There exists an infinite number of matrix strong Diophantine 27-tuples.

We show that Diophantine quadruples generate matrix elliptic (or hyperelliptic)
curves which have each 54 matrix points.

2. Preliminaries

Let
aip A1z 413 A1 n-1 A1n
a1 Qzp Q4p3 Ay Aon
Mn (C) = :ai_j eEC
\an—l,l Apn-1n-2 An-1n-1 An-1n
an1 an2 Ann-1 Ann

be the set of n-by-n complex matrices.
Definition 1. 4 set of m positive integers {a4, a,, ..., Ay} is called a Diophantine m-
tuple if a;a; + 1 is a perfect square for all 1 < i < j <m.
Definition 2. 4 set of m positive rational numbers {a,,a,, ..., @} is called a rational
Diophantine m-tuple if a;a; + 1 is a rational square for all 1 < i < j <m.

Let us introduce the matrix version of the above definitions.
Definition 3. 4 set of m matrices with positive integers as entries {A1,45, ..., Am},
A; € My (N), is called a matrix Diophantine m-tuple if A;Aj + I,are matrix squares,
with positive integers as entries, for all i # j.
Definition 4. A set of m matrices with positive rational numbers as entries
{A1, Az, ., Ap), A; € My (Q), is called a rational matrix Diophantine mtuple A;A; +
I, are rational matrix squares, with positive rational numbers as entries, for all i # |.
Let S = {ay,ay, ..., ay,} be a Diophantine tuple. Consider the elliptic curve y*> =
(a1x + 1)(azx + D(azx + 1).

Then, every integer x of the set {ay, as, ..., a,, } generates an integer point on this
curve.
Theorem 2. The number of integers points on the elliptic curve y*> = x3 + ax + b is
finite [15].

This result allows us to claim that the number of elements of the set S is finite. In
2019, He et al. [13] proved the following conjecture.
Conjecture 1. There does not exist a Diophantine quintuple.
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This conjecture is not true at all for Diophantine m-tuples over the set of matrices
M, (N).
Definition 5. 4 set of m positive integers {a4,as, ..., 4, } is called a strong
Diophantine m-tuple if a;a; + 1 is a perfect square for all 1 <i <j<m. This
definition includes the case a? + 1 is a perfect square for all i.
Definition 6. A set of m positive rational numbers {ay, as, ..., a,, }is called a rational
strong Diophantine m-tuple if a;a; + 1 is a rational squares forall 1 < i < j < m.

3. Proof of the main result

In this section, we show that Diophantine quadruples generate matrix strong
Diophantine 27-tuples. Let us introduce the matrix version of the definition of a strong
Diophantine m-tuple.

Definition 7. 4 set of m matrices with positive integers as entries

{A1, Az, ., A} € Myp(N)
is called a matrix strong Diophantine m-tuple if A;Aj + I, are matrix squares, with
positive integers as entries, for all i and j.
Definition 8. 4 set of m matrices with positive rational numbers as entries

{A1, 45, ..., A} € Mp(Q),
is called a rational matrix strong Diophantine m-tuple if AjAj + I, are rational
matrix squares, with positive rational numbers as entries, for all i and j.

The Main Question: Are any matrix strong Diophantine quintuples (sextuples,
septuples)? Can there be an infinite matrix strong Diophantine tuples?

First of all, let us observe that the set S = {ay, as, ..., a,,} is a strong Diophantine
m tuple if the set S is a Diophantine mtuple and a? + 1 is a perfect square for all 1 <
i < m. Finding strong Diophantine mtuples is equivalent of solving the equation

x2+1=vy%x,y€N. (1)

The structures of Pythagorean triples allow us to claim that this Equation (1) does
not have any solution in N at all. Therefore, there does not exist any strong
Diophantine pair of positive integers. This means that there does not exist any diagonal
matrix strong Diophantine pair. In other words, if A € M,,(N), is a diagonal matrix
with positive integers ccefficients, then the matrix A% + I, cannot be written as a
matrix square with positive integers as entries. Therefore, matrix strong Diophantine
m-tuples cannot be made of diagonal matrices. We can now prove our main result.
Proof of Theorem 1. Let S = {a, b, ¢, d} be a Diophantine quadruple such that ab +
1=1fac+1=rfad+1=r% Suppose that

000 2z 00
00 x 000
0 a 0000
Aoy =11 g 9 0 0 o
00 0 O

\ )/
0 00 0 a O

Let Q,(b,c,d) = {b,c,d} x {b,c,d} x {3,8,120} be the set of triples of positive
integers. The set Q4 (b, ¢, d) has exactly 27 elements. Let G, (S) be the set of matrices
defined by G,(S) = {A,(x,y,2): (x,v,2) € Q,(b,c,d)}.

The set G, (S) has exactly 27 matrices. A simple calculation shows that
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z' +1 0 0 0 0 0
0 ax' +1 0 0 0 0
D 0 0 ax'+1 0 0 0
A (e, y,2)A, (Y, 2") + 1y = 0 0 0 71 0 0
0 0 0 0 ay'+1 0
0 0 0 0 0 ay+1
z+1 0 0 0 0 0
0 ax + 1 0 0 0 0
L 0 0 ax+1 0 0 0
Aa(x!y!Z)Aa(nylZ)+I6= 0 0 0 Z+1 0 0
\ 0 0 0 0 ay+1 0 /
0 0 0 0 0 ay +1
and
z+ 1 0 0 0 0 0
0 ax + 1 0 0 0 0
0 0 ax + 1 0 0 0
Ay, 2" +ls=| 0 0 z+1 0 0
0 0 0 0 a+1 0
0 0 0 0 0 ay+1

for all (x,y,2), (x",y',z") € Q,(b,c,d).

We can say that the matrices A, (x,y,z)A,(x',y', z") + I4 are matrix squares for
all (x,y,2),(x",y',z") € Qu(b,c,d),sinceab+1=712,ac+1=rfad +1=r2

Therefore, the set G,(S) = {A,(x,v,2): (x,y,2) € Qu(b,c,d)}, is a matrix
strong Diophantine 27-tuple. Finally, there exists an infinite number of matrix strong
Diophantine 27-tuples. O

Every Diophantine pair generates a matrix strong Diophantine 27-tuple. Indeed,
let {a, b} be two positive integers such ab + 1 = 2,7 € N. Euler’s result allows us to
claim that the set S(a,b) ={a,b,a+ b+ 2r,4r(r + a)(r + b)} is a Diophantine
quadruple [2]. Our main result allows us to claim that the associated set G,(S) =
{A,(x,v,2): (x,y,2) € Qu(b, c,d)}, is a matrix strong Diophantine 27-tuple.

4. Construction of matrix elliptic curves

It is well know that elliptic curves can be constructed from Diophantine
quadruples [10]. Let S = {a, b, c,d} be a Diophantine quadruple. It is possible to
construct a matrix elliptic curve from the elements of the set G,(S) =
{4,(x,y,2): (x,y,2) € Qu(b, c,d)}.

Let A,(S), A, (S), A3(S)be elements of the set G, (S). Let us consider the matrix
elliptic curve:

E:Y? = (41(S) + 16)(A2()X + I6) (A3 ()X + 1), X € G,(S5) ()

Every matrix of the set G,(S) allows the construction of a solution of the
Equation (2). Therefore, the matrix elliptic curve E has 54 matrix points in
Mg(N) X Mg(N). Finally, there exists an infinite number of matrix elliptic curves
which have 54 matrix points in Mg(N) X Mg(N). To every matrix A of G,(S), we
associate the matrix elliptic curve E,: Y? = (X2 + 1) (AX + I;).

The matrix elliptic curve E4 has 54 matrix points in Mg(N) X Mg(N),X €
G, (S).
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5. Construction of matrix hyperelliptic curves

Let S = {a,b,c,d} be a Diophantine quadruple. It is possible to construct a
matrix hyperelliptic curve from the elements of the set G,(S). Let us consider the
matrix hyperelliptic curve

Ep:Y? = (X* + 1) (A1 ()X + 1) (A2(S)X + 1) (A3 ()X + 1), X € Go(S)  (3)
of genus g = 2. This equation has exactly 54 solutions X, 4; € G,(S).

Therefore, the matrix hyperelliptic curve E; has 54 matrix points in Mg(N) X

Mg(N).
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