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ABSTRACT

In this paper, by introducing predator-taxis into the diffusive predator-prey system with spatial memory, then we
study the inhomogeneous spatial patterns of this system. Since in this system, the memory delay appears in the diffusion
term, and the diffusion term is nonlinear, the classical normal form of Hopf bifurcation for the reaction-diffusion system
with delay can’t be applied to this system. Thus, in this paper, we first derive an algorithm for calculating the normal
form of Hopf bifurcation for this system. Then in order to illustrate the effectiveness of our newly developed algorithm,
we consider the diffusive Holling-Tanner model with spatial memory and predator-taxis. The stability and Hopf
bifurcation analysis of this model are investigated, and the direction and stability of Hopf bifurcation periodic solution
are also studied by using our newly developed algorithm for calculating the normal form of Hopf bifurcation. At last,
we carry out some numerical simulations to verify our theoretical analysis results, and two stable spatially
inhomogeneous periodic solutions corresponding to the mode-1 and mode-2 Hopf bifurcations are found.
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1. Introduction

The reaction-diffusion systems based on the Fick’s law have been widely used in physics, chemistry and

131 More precisely, based on the Fick’s law, that is the movement flux is in the direction of

biology!
negative gradient of the density distribution function, the predator-prey model with cross-diffusion
considering two different prey behaviors’ transition!¥, the diffusive predator-prey model in heterogeneous
environment™>®, the diffusive predator-prey model with a protection zonel”), the diffusive predator-prey model
with prey social behavior'®, the diffusive predator-prey model with protection zone and predator harvesting!,,
the diffusive predator-prey model with Bazykin functional response have been studied by many researchers!'?.,
Furthermore, a predator-prey meta-population model is studied by Bajeux et al.l'!l. In order to include the
episodic-like spatial memory of animals, Shi et al.l'?! directed movement toward the negative gradient of the
density distribution function at the past time, and they proposed the following diffusive model with spatial
memory
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du(x,t)
T AUy (%, ) + dy(u(x, u, (x,t — 7)), + f(u(x, 1)), x€ENt>0,
du (1)
%(x,t)=0, x €00,t >0,
u(x, t) = ug(x, t), x€N-T<t<0,

where u(x, t) is the population density at spatial location x and time t, d; and d, are the Fickian diffusion
coefficient and the memory-based diffusion coefficient, respectively, Q € R is a smooth and bounded
domain, uy(x, t) is the initial function, uy, (x,t) = 0*u(x,t)/ 0x% u,(x, t) = du(x, t)/ 0x, u,(x,t — 1) =
ou(x,t — 1)/ 0x, Uy (x, t — T) = 0*u(x, t — 1)/ 0x>, and n is the outward unit normal vector at the smooth
boundary dQ. Here, the time delay T > 0 represents the averaged memory period, which is usually called as
the memory delay, and f(u(x,t)) describes the chemical reaction, and the biological birth or death.
Moreover, in order to further investigate the influence of memory delay on the stability of the positive
constant steady state, on the basis of model (1), Shi et al.['3! studied the spatial memory diffusion model with
memory and maturation delays. Furthermore, Song et al.l'* have considered a diffusive predator-prey system
with memory-based diffusion and Holling type-II functional response, and by carrying out some numerical
simulations, the stable spatially inhomogeneous periodic solutions and the transition from the unstable mode-
2 spatially inhomogeneous periodic solution to the stable mode-1 spatially inhomogeneous periodic solution
are found.

For the general predator-prey models in ecology, apart from the random diffusion of the predator and
prey populations, the spatial movement of predator and prey populations also occurs, which is usually shown
as the predator pursuing prey and prey escaping from predator!!>. The pursuit and evasion between the
predator and prey populations also have a strong impact on the movement pattern of the predator and prey
populations!'®'¥!, By noticing that such movement is not random but directed, i.e., predator moves toward
the gradient direction of prey distribution, which is called prey-taxis, or prey moves opposite to the gradient
of predator distribution, which is called predator-taxis. Recently, the predator-prey model with prey-taxis!'*-
241 the predator-prey model with indirect prey-taxis!?>?°!, the predator-prey model with predator-taxis!*”) and
the predator-prey model with indirect predator-taxis!®*! have been researched. Especially, Wang et al.l'”!
considered the following diffusive predator-prey model with both predator-taxis and prey-taxis, and their
proposed model is

(Ou(x,t)
T Ay (2, ) + EU(x, Ve (x, 1)) + f(ulx, t), v(x, t)), x€Qt>0,
dv(x,t)
1= = Ve (2, 8) = (v (x, Ouye(x, 1)) + glulx, t), v(x, 1)), x€ENt>0, )
ou(x,t) _ ov(x,t) —o, X €L O,
on on
u(x,0) =ug(x) =2 0,v(x,0) = vy(x) =0, x €Q,

where Q = (0, ¢m) with £ € R, u(x,t) and v(x,t) represent the densities of prey and predator at the
location x and time t, respectively, uy(x) and vy(x) are the initial functions, d is the rescaled diffusion
coefficient for the prey population, and the diffusion coefficient of the predator population is rescaled as 1.
Furthermore, the term &(u(x, t)v,(x,t)), represents the prey moves away from predator, and & > 0 is the
intrinsic predator-taxis rate. The term —n(v(x, t)u,(x, t)), represents the predator moves towards prey, and
n > 0 is the intrinsic prey-taxis rate. Therefore, by combining with models (1) and (2), and by considering
that the spatial memory and predator-taxis, we proposed the following diffusive predator-prey model with
spatial memory and predator-taxis subjects to the homogeneous Neumann boundary condition
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du(x,t)

T AUy (6, 8) + E(u(x, v (x, t))y + fulx, t), v(x, t)), x € (0,¢m),t > 0,
dv(x,t)

ET AopVsx (2, 8) — dog (V(x, uy (x,t — 7)), + g(u(x, t), v(x, t)), x € (0,¢m),t >0, (3)
u,(0,t) = u,(¥m,t) = v,(0,t) = v,(¥m, t) =0, t>0,
u(x,t) =ug(x, t),v(x,t) = vy(x,t), x € (0,4m),-1<t<0,

where dy; > 0 and dy; > 0 are the random diffusion coefficients, d,; > 0 is the memory-based diffusion
coefficient, uy(x, t) and vy(x, t) are the initial functions, and f(u(x,t), v(x,t)) and g(u(x,t),v(x,t)) are
the reaction terms.

This paper is organized as follows. In Section 2, we derive an algorithm for calculating the normal form
of Hopf bifurcation for the system (3). In Section 3, we obtain the normal form of Hopf bifurcation truncated
to the third-order term by using our newly developed algorithm developed in Section 2, and the mathematical
expressions of its corresponding coefficients are given. In Section 4, we consider the diffusive Holling-
Tanner model with spatial memory and predator-taxis. The stability and Hopf bifurcation analysis of this
model are studied, and some numerical simulations are also carried out. In Section 5, we give a brief
conclusion and discussion.

2. Algorithm for calculating the normal form of Hopf bifurcation for the
system (3)

2.1. Characteristic equation at the positive constant steady state

Define the real-valued Sobolev space

2 0u 0dv
——=Oatx=0,€n}

X:= {(u, )T € (W22(0,4m)) oy T 3y

with the inner product defined by
i
[Ul' U2] = J U{Uzdx for Ul = (u,l, Ul)T eX and U2 = (uz,vz)T € X,
0
where the symbol T represents the transpose of vector, and let C: = C([—1,0], X) be the Banach space of

continuous mappings from [—1,0] to X with the sup norm. It is well known that the eigenvalue problem

(700 = 1p(x0),x € (0,4m),
§'(0) = ¢'(¢m) = 0

has eigenvalues 1,, = —n?/ £ with corresponding normalized eigenfunctions
! 0
_l n = )
D) = 3 (e, Y (x) = ——2 (nx/€)  |\tm @
no = X8 () =70 (nx/®) Iz | V2 nx
——Cos (—) , n=1,
vem t

where e;,j = 1,2 is the unit coordinate vector of R2 andn € No = N U {0} is often called wave number, N,
is the set of all non-negative integers, N = {1,2, ... } represents the set of all positive integers. Without loss of
generality, we assume that E, (u,,v,) is the positive constant steady state of system (3). The linearized
equation of (3) at E, (u,, v,) is

Ju(x,t)
d _ uxx(x' t) Uyxx (x' t— T) u(x' t)

617(35, t) |~ Dy (vxx(x, t)) + D2 (vxx(x, t— 1:)) +4 (v(x, t)) ©)
at

where
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_(d11 S(u*> _ ( 0 0) _ (11 Qg2
Dl - ( O dzz ’Dz o —d21U* O ’A - (a21 a22) (6)
and
S of (u,,v,) i of (u,, v,) — ag(u,,v,) S ag(u,,v,) ™
11 au ) 12 av 4 21 au ) 22 av .

Therefore, the characteristic equation of (5) is

neN,
where '), (1) = det (M,(1)) with
n? n?
Mn(l) = A[z + €_2D1 + _g_ze_lTDZ - A. (8)

Here, det (.) represents the determinant of a matrix, I, is the identity matrix of 2 X 2, and D;, D,, A are
defined by (6). Then we can obtain

[,(1) = det (]Vl”n(l)) =12 —TyA+],(r) =0, ©
where
n2
T, =Tr(4)-Tr (Dl){,—z,
4 ) (10)

i —At n —At n
Jn(@ = (di1dz; + dyiéu.v,e )1?_4 — (d11a22 + dpza1; — ag18u, + dyyv.agze )ﬁ + Det (4)
with Tr (A) =ap + ayy, Tr (Dl) = dll + d22 and Det (A) =a;ay — appay.

2.2. Basic assumption and equation transformation

Assumption 1. Assume that at T = t., the characteristic Equation (9) has a pair of purely imaginary
roots tiwy, with w, >0 for n =n, €N, and all other roots of the characteristic Equation (9) have
negative real parts. Let A(t) = a1(7) * ia,(7) be a pair of roots of the characteristic Equation (9) near T =
T¢ satisfying a,(t.) = 0 and ay(t.) = wy,. Meanwhile, the corresponding transversality condition holds.

Let T = 7. + u such that u = 0 corresponds to the Hopf bifurcation value for system (3). Moreover, we
shift E, (u., v,) to the origin by setting
U(x,t) = (Uy(x, ), Uy (x, t))T = (u(x, t),v(x, )T — (u,,v)7,
and normalize the delay by rescaling the time variable ¢ — t/7. Furthermore, we rewrite U(t) for U(x, t),
and U; € C for U, (0) = U(x,t +8), —1 <6 < 0. Then the system (3) becomes the compact form

du
dit) = d(WAU,) + LW (Uy) + F(U,, ), an

where for ¢ = ((p(l), (p(z))T € C,d(u)A is given by
d(WA(@) = doA(p) + F (o, 1)

with
doA(@) = TD1Pxx(0) + T Dy rx(—1)
£ + 1) (9202 (0) + 9D (0)0 7 ()
—d1 (e + 1) (27 (1P (0) + 017 (-1 @ (0)) . (12)
( d11037 (0) + §u.0 (0) )
+u .

_d2177*<l’9(c}c)(_1) + dzz%(jc) 0)
Furthermore, L(u): C — X is given by
L) (@) = (¢ + W) A@(0), (13)

Fip,u) =

and F: C X R — X is given by
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fe®(0) +u,, @ (0) + v,

Flp,) = (tc + 1) <g%¢(1)(0) o, p®(0) + v%) = L) (). (14)
In what follows, we assume that F (¢, 1) is C¥(k = 3) function, which is smooth with respect to ¢ and

u. Notice that u is the perturbation parameter and is treated as a variable in the calculation of normal form.

Moreover, by Equation (13), if we denote Ly(¢) = t.A9(0), then Equation (11) can be rewritten as

T oA W) + Lo(Up) + P, (15)
where the linear and nonlinear terms are separated, and
Fo,w) = uAp(0) + F(o, ) + F(p, ). (16)
Thus, the linearized equation of (15) can be written as
20 = doAW,) + Lo(Uy). (17)

Moreover, the characteristic equation for the linearized Equation (17) is

1_[ L@ =0, (18)

_ n? n?
M,(2) = I, + Tepz D1+ ch—ze"lDz - T A. (19)

where T'),(1) = det (ﬁ[n (A)) with

By comparing Equation (19) with Equation (8), we know that Equation (18) has a pair of purely
imaginary roots tiw, forn = n. € N, and all other eigenvalues have negative real parts, where w. = T Wy, .
In order to write Equation (15) as an abstract ordinary differential equation in a Banach space, follows by
Farial®), we can take the enlarged space

BC: = {1/7(9): [—1,0] = X:9(0) is continuous on [—1,0), Elelil’(r)l_l/)~(9) € X},
then Equation (15) is equivalent to an abstract ordinary differential equation on BC
Ut

d - -
T AU + Xo(O)F (U, ).

Here, A is an operator from G} = {¢ € C: ¢ € C, ¢(0) € dom (A)} to BC, which is defined by
Ap = ¢ + Xo(TcD19xx(0) + T D202 (= 1) + Lo () — 9(0)),
and X,(0) is given by
ww-{f, 7150<°
In the following, the method given by Faria® is used to complete the decomposition of BC. Let C: =
C ([—1,0],R2), C:=C ([0,1],R2*), where R?* is the two-dimensional space of row vectors, and define the
adjoint bilinear form on C* X C as follows

0 ]
W), HO))n = POIP(0) — f 1 fo B(E — 0)AM, (0)p(£)dE

for ) € C*,$ € C and & € [—1,0], where M,,(#) is a bounded variation function from [—1,0] to R? X R?,

i.e., M, () € BV([—1,0], R? X R?), such that for ¢(8) € C, one has
2

n n? °
2.3 D19(0) T D) + Lo(9(®) = [ aM(0)9(®).
-1
By choosing

() = (¢(8), $(8)), ¥(s) = col @T(s), 9" (s)),
where col(.) represents column vector, ¢(8) = col (¢1(6), p,(8)) = pel®<? € C? with ¢ = col (¢4, P,)
is the eigenvector of Equation (17) associated with the eigenvalue iw., and Y(s) = col (1(s), P, (s)) =
Pe 19cS € €2 with ¢ = col (¥4,1,) is the corresponding adjoint eigenvector such that

5
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(W(s), @(O))n, = I,

where
1 1
¢ = a1y — iwp, — di;(nZ/4?) W=n a2 — §u.(n2/¢?)
§u,(nZ/€?) —ay, iwp, + dyp(né/€?) — ay,
and

_ iwn, + (nc/€)?da; — ayp
2iwy, + (e /€)?d11 — aq1 + (nc/£)?dyy — pp + TeA12d51 v, (N /£) 267106
According to the method given by Farial®, the phase space C can be decomposed as
C=PPQ,P=Imm,Q =Kerm,
where for ¢(6) € C, the projection 7r: C — P is defined by
7 1
60). 8]
7 2
60). 8]

Therefore, by following the method given by Farial?”), BC can be divided into a direct sum of center

n

n(¢(6)) = d(6) (¥(6), Vo, (). (20)

subspace and its complementary space, that is

BC =P @ Ker m, (21)
where dim P = 2. It is easy to see that the projection m which is defined by (20), is extended to a continuous
projection (which is still denoted by 7 ), that is, m: BC — P. In particular, for & € X, we have

.
o@D =2 @vO| [ ﬁ(;)] Yo, (O, (22)

By combining with Equations (20)—(22), U, (0) can be decomposed as
z . _ .
U0) = D(O) () 1 0O +w = (21969 + z,$e70 )y, () +w

~ (56 5®) (gg ;) +(h),

where w = col (w;, w,) and

(23)

V0. 5P] 0 (V). 5]

(2)= v), @) + @1/
V), [v:0), 8]

If we assume that
_ T
®(0) = (¢(0),6(6)), z¢ = (217, (), 227, () ,
then (23) can be rewritten as
U (8) = ®(0)z, + w with w € G nKerm:= QL. (24)
Then by combining with Equation (24), the system (15) is decomposed as a system of abstract ordinary
differential equations (ODEs) on R? X Ker 7, with finite and infinite dimensional variables are separated in
the linear term. That is

[F@©®)z2 + w1, 57|
[F@©)z, +w,1,67]) (25)
W = Agw + (I, — M) X (0)F (P (0)z, + w, ),
where z = (2, 2,)", B = diag {iw., —iw} is the diagonal matrix, and Ay1: Q" — Ker = is defined by
Agiw =w + XO(H)(TCDlwxx(O) + 7.Dwy (1) + Lo(w) — W(O)).
Consider the formal Taylor expansions

7 = Bz + ¥(0)

6
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8 1 1 1
Flo,w) = Z j—!Fj(%M).F((P.M) = z j—!ﬂ(¢,ﬂ):Fd(¢.M) = z j—!P}-“(fp,#)-

j=2 j=2 j=2
From Equation (16), we have
Fo (o, 1) = 2uA@(0) + F> (9, 1) + Ff (o, ) (26)
and
Fi(p,1) = Fi(o,) + Ff (@, 1), = 3,4, (27)
By combining with Equation (22), the system (25) can be rewritten as
1
(z' =Bz + 2 ~fit (z,w, ),
j=2 J:
: 1,
W= Agw +z ]—'f] (z,w, 1),
jz2 7"
where

[F( @)z, + w10, 85
[Fi @@z + w0, 52]) 28)
[ w1 = (U =M XO)F ((O)z, +w, )

In terms of the normal form theory of retarded functional differential equations with parameters®”, after

£z w, ) = ¥(0)

a recursive transformation of variables of the form

1
(zw) = @) + 5 (U@, U@ ®).j 2 2 (29)
where z,Z € R%,w,w € Q" and U}': R? » R?, U?:R3 —» Q" are homogeneous polynomials of degree j in Z
and u, a locally center manifold for Equation (15) satisfies w = 0 and the flow on it is given by the two-
dimensional ODEs

. (!
z =Bz+z j—!gj(z,O,y),

=2
which is the normal form as in the usual sense for O]DEs. By following study!®*>%, we have
92(2,0,1) = Projge, (M3) f2(2,0,1) (30)
and
93(2,0,1) = Projyer(yz) f3 (2,0, 1) = Projs f3 (2,0,0) + 0(u?|z]), 31

where Proj, (q) represents the projection of g on p, and f2(z,0,u) is vector and its element is the cubic

polynomial of (z, 1) after the variable transformation of (29), and it is determined by (41),

Ker (M3) = Span {(#(Z)l), (ﬂgz)}'

32)
2 2 0 0 (
weroad) = soan{(*52). (%) ;,22). Gz, )}
er(Ms) pan 0 0 2175 )"\’ 2
and
2
s = span{(4%). (1)} 6y
In the following, for notational convenience, we let
q1.,92
az, 'z’ p
H(azz2p) = 172 "), a€cC.
( 1 2 H) <0_»,Z](:IZZ§1M

We then calculate g} (z,0,u),j = 2,3 step by step.
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2.3. Algorithm for calculating the normal form of Hopf bifurcation
2.3.1. Calculation of g1(z, 0, u)

From the second mathematical expression in (12), we have

Ff(p, 1) = F(9) + uFsi (@) (34)
and

F§ (o, ) = uF$y (@), Ff (o, 1) = (0,0)7,j = 4,5, (35)
where

SACROVIORPRIONE0)
~d17 (9 (-DP ) + 92 (-1 )
del (@) = 2D19xx(0) + 2D,y (—1), (36)
JUROBRORPRIONE0)

Ffi(p) =6
) — iy (¢ DR 0) + 9P (10 ?(0))

deo (p) =2

A

\
Furthermore, it is easy to verify that

I:Z‘UA(CD(O)ZX) ﬁ(l)] =2uAl ®(0 %
[ZHA(cD(O)Zx) '3(2)] =il < ()(Zz)>,

|uFgs (@(©)z,), 57| n?
[yFi(cb(e)zx) 2] ) . <D1<q’(°)( )>+D2<“’(‘1>(2)>>-

From Equation (14), we have F, (®(0)zy, 1) = F,(®(6)z,,0) for all u € R. It follows from the first
mathematical expression in (28) that

(37

|[Fa(@(O)z2,, 1), 57|

|E(@@)z, ), 82] )
This, together with Equation (26), (30), (32) and (34)—(37), yields to
g% (z,0,u) = PrOjKer(le) le (z,0,4) = H(B1puzq), (38)

f21 (Z' 0' /.l) = lp(())

where
ng
B, = 2y (0) <A¢(0) - ﬁ(chb(O) + D2¢(—1))>- (39)

2.3.2. Calculation of g3(z, 0, u)
In this subsection, we calculate the third term g3 (z, 0, i) in terms of Equation (31). Denote
|[Fa(@(8)z, +w,0), 57|

D (z,w,0) = W(0
f2 (Z w ) ( ) I:FZ(CI)(Q)Zx +W 0) '3(2)]

40
[FE(@©)z, +w,0), 55| @

[FE(@(0)z, +w,0), 7]
It follows from Equation (38) that g3 (z,0,0) = (0,0)7. Then £3(z, 0,0) is determined by

£ (z,w,0) = w(0)
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PR 00) = 200+ 5 (.2 000U 0) + (Duf (2, 00)) U3 (2, 0)(6)

+ (D 2 (2,00)) UZD (2,0)(8) ), “
where (z,0,0) = £, (2,0,0) + £"?(z,0,0),
DSy (2,00) = (D f2(2,0,0), Dy £2(2,0,0), Dy, 7 (2,0,0)), W)
Uz(z,0) = (M2)™*Projim (w2 f2(2,0,0), U (2,0)(8) = (MF)~*f7(2,0,0),
and
U@ (2,0)(8) = col (U3 (2,0)(8), UZ(2,0(8), U1 (2,0)()) 43)
According to Equation (41), we calculate Proj¢ £51(z,0,0) by the following four steps.
Step 1 Calculation of Projg f1(z,0,0):
Writing F3($(0)z,, 0) as follows
B@O2,0 = ) Agqzizfvi (), (44)

q1+q2=3
where Ag q, = Aq,q, With q1,q, € Ny . From Equations (27) and (35), we have F3(®(6)z,,0) =

F3(®(0)z,,0), and thus
Projg f31 (z,0,0) = 7'((32121222)'
where

3
By = 20 ¢TA21- (45)
. . 1 1 .
Step 2 Calculation of Projg ((szz (2,0,0))U3(z, 0)).

Form Equations (26) and (34), we have
Fy(©(0)2y,0) = F,(®(8)2y,0) + F55(P(6)zy). (46)
From Equation (14), we write
F(@(0)z, +w, 1) = F,(®(0)z, +w,0)

= D A (0 + S, (0O)z W) + 0w, 47
q1+q2=2
where S, (®(0)z,, w) is the product term of ®(0)z, and w. By combining with Equations (34) and (36), we

write

2
FE(@(0)2,0) = Fh(@O0)z) = ) Al q,2025 (85,00 — ¥2.00) 75, (48)
a1+q2=2

where &, (x) = (V2/Vém)sin ((nc/®)x), and
_( 27:91(0)$2(0) \ _ ~
Ago B <—2d21Tc¢1’1(—12)¢2(0)) - Agz' 49
o ( 467.Re (9, (0)6,(0)) ) @

U \~4dyTeRe {§1 (~1)2(0)})
From &, (x) = (v/2/\ém)sin ((nc/%)x) and Equation (4), it is easy to verify that
i

tn
[eom= [ g.ommax=o

0 0
Then by combining with Equations (46)—(48), we have
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[F(@©)2., 00 6]\ Q 50)
[E(@0)z,,0),57] ) 0
Thus, by combining with Equations (33) and (50), we have

Projs ((szzl(z, 0,0)) Ui (z, 0)) =)

f21(Z' 0'0) = lp(o) (

Step 3 Calculation of Projs ((Dw f59(2,0,0)) U3(z, 0)(9)):

Let
U3(2,0)(0) 2 h(0,2) = ) hn(0,2)1a (), 51)

neN,
where

h(0,2) = Y. +aq,=2Mnqrq, ()22

S, ((D(H)zx, Z h, (6, Z)Vn(x)>' 7(1?

Then we have

nENQ
S, | &6 h, (6 (2)
2| 2@z Y B0, D100 |, BE
| nENQ |
= > b (520121, hn(0,2)) + S (0122, hn(0,2))).
neN,
where
! 0
_I n= )
£ \/E
bo= [ Womew= 1 (52)
° N @
0, otherwise.

HCDCC, we have
D, f @D 0,0) ) U2 0)(6
w2 (Z, , ) Z(Z' )( )

=W(O)< D ba(S:(6(0)21, ha(6,2) + 5, (¢(9>z2.hn(e,z)))>.

nloine
and
Projs <<DW £, 0,0)) U2(z, 0)(9)> = H(Byy232,),
where
B = %uﬂ (5260 ho 11 (6) + 52((5(9_). ho20(9))) -
+ =T (S2($0) hane 12 (0)) + $2(B(0), han, 20(0))) -

Step 4 Calculation of Projs ((Dw_wx_wxx £89(2,0,0) U5z, 0)(9)):
Denote p(8) = (0@ (8), 9@ (0))" = d(0)z,.

10
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FE(0(8), W, Wy, W) = FE(0(6) + W, 0) = Fh ((8) +w)
{ &7 ((0200) + W2 () (@2 (0) + W2e(0) + (9@ (0) +wy (1)) (92 (0) + (w2>xx<0)))\|
. ((«a&“(—l) + W) (=1) (#2(0) + (),(0)) +>
(0% (=1 + W) (=) (@ (0) + w,(0)) /

and
£.p (0)wy (0) )
—dy1 TPy (—1w2(0)/
£7c (02 () (W1 (0) + 0L () (W2)(0) ) )
—dy17e (0P ()W (—1) + 9L (1) (W2)2(0)) )

5 7.0M(0) (W 0
52(d3)(<ﬂ(9),wxx) _ 2< ¢t (zg Y(W2)x (0) _

—d1 70 (0) (W) k(1)
By combining with Equations (4) and (51), we have

(V32 00) = he(6,2) == ) ha(8, )6 ()5,

S (0(0),w) = 2(

S92 (0(0),w,) = 2(

neN,
2
iUZZ,xx(ZJ 0)(6) = hxx(e: z) = — Z hn(e: Z)Vn(x)z_z-

neN 0
Then we have

(D FE (90D, W, W, W) ) U2V (2, 0)(6)
= 5\ (0(0), h(8,2)) + 5:4% (9(8), hy (6, 2)) + 5% (9(6), hyx (6, 2))

[§§d,1)((p(9), h(6,2)), .37(1?]
[§§d,1)(¢(9), h(6,z)), Br(li):l

=~/ ) b (S P @017 ha(0,2) + 5D G017, ha(6,7)),

TlENO

[ggd,z) (¢(9), h,. (6, Z))’ 31(11)]
[§§d,2) (p(0),h,(8,2)), :81(1?]

= (1/0) ). 1/ 0 (SED (@ ©O)21, hn(0,2)) + 51 (G012, 1 (6,2)))

nENO

(5599 (p(6), hen 6,200, B
(559 (0(8), e (6,2, B2

== > /0D (S5 @017, hn(6,20) + S5 (G072, hn(6,2)))

neN,

where b,, is defined by Equation (52) and

and

i 1 )
Ch = f fnc(x)fn(x)]/nc(x)dx = {ﬁ; n= ZnC’
O 0, otherwise,
and for
() = (62(6),62(8))",¥(0) = (32(0),y2(®)" € C(-1,0],R?),
we have

11
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$Tc$2(0)y1(0) )
—dy1Tc$1(—=1)y,(0)/°
ch(d’z(O))ﬁ (0) + ¢1(0)y, (0)) >
—d1 T (4’2(0)3’1 =D+ ¢ (—Dy, (0)) '
§7:1(0)y2(0) )
—d1Tc$2(0)y1(—1)/°
Furthermore, by combining with Equations (40), (42) and (43), we have

1,2 2,d
(Duws 2 (2,0,0)) USZD (2,0 (6)
[Pt S (@), W, Wi, W US (2,00 (9), 5P|
[P FE (00D, W, W, W )US D (2,0)(6), 7|

(5{0(0),y0) = 2

A

S8 (¢(6),y(0)) = 2<

S$9(©).7®) = 2

=Y(0)

and then we obtain

Projs ((Dw,wx,wxxfz‘l'” (00| Ufe, o>(9>> = H(Bz32{2,),

where
1 -_—
Baa = — = /D7 (510 (006, ho11(0)) + 51V (6(6), hoao (6)))
1 . . - (54)
T 57 v Z b3, (52(‘1'])(‘1’(9)’}12115,11(9))"‘Sz(d'])(¢(9),hznc,zo(9)))
n j=1,2,3
with
b(l) _ Tlg b(Z) _ an 3) _ (ch)z
ZnC__ﬁ' 2nc_7' 2n, — 72

3. Normal form of Hopf bifurcation for the system (3)

By using the algorithm developed in Section 2, we can obtain the normal form of Hopf bifurcation for

the system (3) truncated to the third-order term
1/Byzyu\ 1 (B,z}z,

Z'=Bz+—(— )+— _ + 0(|z|u? + |z|D), 55
2\B,z,u 3!<3221222> (Iz|lpu* + 12]*) (55)

where

n
B, = 297 (0) (Aqu) 22 (D:(0) + Dz¢(—1))),
(56)
By = By +;(Bzz + By3).

Here, B; is determined by Equation (39), B,;, B, and B, are determined by Equations (45), (53), (54),
respectively, and they can be calculated by using the MATLAB software. The normal form Equation (55)
can be written in real coordinates through the change of variables z; = v| — iv,,2, = v + iv,, and then
changing to polar coordinates by v; = pcos ©, v, = psin @, where © is the azimuthal angle. Therefore, by
the above transformations and removing the azimuthal term ©, Equation (55) can be rewritten as

p = Kipup + Kop° + 0(uPp + |(p, 1)[*),
where

1 1
K = ERE(BQ»KZ = gRe(Bz)-

According to the study®!, the sign of K; K, determines the direction of the Hopf bifurcation, and the
sign of K, determines the stability of the Hopf bifurcation periodic solution. More precisely, we have the

12
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following results:

(1) when K; K, < 0, the Hopf bifurcation is supercritical, and the Hopf bifurcation periodic solution is
stable for K, < 0 and unstable for K, > 0;

(i) when K; K, > 0, the Hopf bifurcation is subcritical, and the Hopf bifurcation periodic solution is
stable for K, < 0 and unstable for K, > 0.

By combining with (53), (54) and the second mathematical expression in Equation (56), it is obvious
that in order to obtain the value of K,, we still need to calculate s 0(8), /1,11 (6), hon,20(6), hon,,11(6) and

ALI1612'

3.1. Calculations of hg¢(0), hy 11(0), hz,,20(0) and hy,_11(0)

From the study!®”, we have

M3 (h (8, 2)¥3 (%)) = Dy (hn(6, 2)¥n(x))Bz — Agi (hn (6, 2)yn (1)),
which leads to

(M3 (1 (6, 21 (), 7|
| M3 (ha (6, )1 (), B (57)
= Ziﬂ)c(hn,zo(‘g)z12 - hn,OZ(Q)ZZZ) - (hn(e' z) + X, (6) (Lo(hn(e' Z)) — hn (0, Z))),
where

Lo(hn(6,2)) = —t(n/€)* (D174 (0,2) + Dyhn(—1,2)) + 1A, (0, 2).
By Equation (22) and the second mathematical expression in (28), we have
f2(2,0,0) = Xo(8)F;(©(8)zy,0) — 7 (Xo () Fy(@(8)zy, 0))
_ |Fa(@(6)2,,0), 557 | (58)
= Xo(O)F,(®(6)7,,0) — D(OW(O) | o1 | 0.
|[Fa(@(6)2,,0), 7]

Furthermore, by Equations (46)—(48), we have

1
[fzz(z, 0,0), ﬁr(ll)] WXO(Q)(AZOQZ + 40225 + An1z12;), n=0,

2 00 2 1 ~ ~ ~ (59)
[fz (2,0,0), Bn ] \/mxo(e)(/lzozf + Agyz5 + A112122); n=2n,
where /Ij Lj, 18 defined as follows
gjﬂ'z = Aj1jz - z(nC/f)zAﬁfz’ (60)
1,J2 =0,1,2,j1 +j, =2,
where Aﬁ j, 1s determined by Equation (49), and 4;, ;, will be calculated in the following section. Therefore,

by Equations (42), (57), (58), (59), and by matching the coefficients of zZ and z, z,, we have
( ho,20(0) — 2iwchg20(6) = (0,0)7,

z2:{ . 1
' hO,ZO(O) — Lo (ho,zo(g)) = EAZOJ
50,11(9) = (O,O)T,

ho,11(0) — Ly (h0,11(9)) =

(61)

lez:

1
—A
11

and

13



Mathematics and Systems Science | doi: 10.54517/mss.v1i1.2289

( thC,ZO(H) — 2iwchan,20(0) = 0,007,
£iq 1

“ hane20(0) — Lo (th 20(9)) = \/:Azo.

n=2n ¢ ¢ 21,07'[ (62)
= 4 .
‘ thC,ll(Q) = (O,O)T,

Z1Z3:A - 1

o h2nc.11(0) — Ly (h2nc,11(9)) = %An-

Next, by combining with Equations (61) and (62), we will give the mathematical expressions of
ho20(6), ho,11(6), h2nc,20 (6) and h2nc,11 ).

Calculations of hg ((0) and hy 1,(0):

Notice that
ho,20(6) — 2iwchg 20(8) = (0,0)7,

. 1 (63)
ho20(0) — Lo (hg20(0) ) = —A4,,
0,20(0) 0 ( 0,20 ) N 20
then from (63), we have
ho20(8) = ezmceho,zo(o)
and
ho,zo(o) — 2iwchg 20(0) = (O»O)T-
Notice that
Lo(ho,zo(e)) = TcAho,zo(O):
then we have
1
2iw 1, — 1.A)h 0) =——A4,,,
( ci2 c ) 0,20( ) m 20
and hence
ho20(0) = eZiwcgcl
with
C (2iw, I At ! A
= QRiw.I, — T — .
1 ci2 c m 20
Notice that
ho11(6) = (0,0)7,
. 1 (64)
ho11(0) — Lo (h0,11(9)).— EAn,
then from Equation (64), we have hg 11(6) = hg11(0) and hg11(0) = (0,0)”. Notice that
Ly (h0,11(9)) = TcAho,11(0)»
then we have
1
—1.Ah 0)=—A444,
c 0,11( m 11
and hence h 11(6) = C, with
C (—1.A)7t ! A
= (-1 — .
2 c m 11
Calculations of hy,_50(0) and hy, 11(0):
Notice that
h2n6,20(9) - ZiwcthC,zo(G) = (O;O)T:
(65)

. 1 -
thc.ZO(O) — Lo (thC,zo(e)) = EAZW

14
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then from Equation (65), we have thC_ZO(G)=e21“’69h2nc’20(0) , and hence hyp_»0(—1) =
e_Zi“’CthC’ZO (0). Furthermore, from Equation (65) and

4n?
Ly (thC,zo(e)) =T (DthnC,ZO(O) + D, thC,ZO(_l)) + TcAhgn,_20(0),

we have
, 1 . 4n?
2iwchan,20(0) = \/mAzo ~ T (D1h2nc,20(0) + DZthC,ZO(_l)) + ARy, 20(0). (66)

Therefore, by combining with /4y, >(—1) = e_2i“’0h2n6,20 (0) and (66), we can obtain

_ 4n? 4nZ . 1 .
2iwcl; + 7, {,_le + 7. €—2D2e ¢ = TcA | o 20(0) = ﬁl‘lzo,

and hence
han,20(0) = e?locb

with

_ 4n? né B T
C3 = leCIZ + TCWD]_ + TCWDZe 1We — TCA Azo.

Here, 4,, and A%, are defined by Equations (60) and (49), respectively.

Notice that
han,11(8) = (0,0)7,
i Ly (67)
han11(0) = Lo (thC,ll(H)) = EAM,

then from Equation (67), we have hy, 11(0) = hyn11(0) , and hence hyy_11(—1) = hyy11(0) .
Furthermore, by combining with Equation (67) and

4n?
Ly (h2n6,11(9)) =T (D1h2n6,11(0) + D, thC,ll(_l)) + 1. Ahgn_11(0),

we have
. 4n? 1 .
0,0)" = -7, 7z (DthnC,ll(O) + DZthC,ll(_l)) + 1.Ahyp,11(0) + EAM- (63)

Therefore, by combining with /5y, 11(—1) = hap_11(0) and Equation (68), we can obtain

4n? 4n? 1 .
Tc7D1 + TcWDz —TcA | hap,11(0) = \/ﬁfln:

and hence

h2nc,11(9) = (4
with

4n? 4n? B T
C4 = T67D1+TC€_2D2_TCA \/mAll.
Here, A, and A}, are defined by Equations (60) and (49), respectively.

3.2. Calculations of A and S, (P (0)z,, w)

q192
In this subsection, let

T
F(p, 1) = (FP (g,1), F® (9, 1))
and @ = (@1, ;)" € C, and we write

1 1 (01
FE@0= ) 0l OefO), (69)
' ji¥T=

15
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where
— @ £
fj1j2 = col (fJ'U'z’fJ'ﬂ'z)
with
w0 87172 (9 (0,0)
2 0p](0) 092 (0)
Then from Equation (69), we have
Row) =R@0=2 ) — 0T (002 (0)
Jitjz=2
= f2007(0) + fo2903(0) + 21191 (0)9,(0)

k=12

and
Fy(9,0) = 6% ol 00f©)
= f30903 (0) + fo3903(0) + 3£21905(0)02(0) + 3f12¢01(0) 93 (0).
Notice that

@(8) = ©(0)z; = ¢(6)21n (x) + P(6)Z2¥n, (%)
_ <¢1(9)Z1Vnc(x) + ¢4 (9)Zanc(X)>
B $2(0)21n, (%) + $2(0) 22, (%)
- (@),
©2(6)
and similar to Equation (44), we have
B@0)7,0 = D Agqni @22

q1tqz=2
then by combining with Equations (70), (72) and (73), we have

Ay = fzoffjf(o) + foszj%(o) + 2f11¢31(0)¢32(0),
Aoz = f2091(0) + fo265(0) + 2f11$1(0)p,(0),

A1 = 2f20$1(0)P1(0) + 2f0,$,(0)$,(0) + 214 (¢1(0)¢;2 (0) + ¢, (0)¢p;, (0)) .

Furthermore, by combining with Equations (44), (71) and (72), we have
Az = f30¢3§ (0) + f03¢3§ 0) + 3f21¢3f (0)?2 (0) + 3f12 b1 (0)?% 0),
Aoz = f3093(0) + fo303(0) + 3£21$7(0)h2(0) + 3f1261(0)p3(0),

Az = 3f3097(0)h1(0) + 3f5305(0)2(0) + 3f21 (97 (0)h2(0) + 2¢1(0)1(0)92(0))

+3£12(2¢1(0)2(0)p2(0) + $1(0)$3(0)),

A1z = 3f3001(0)$F(0) + 3fo302(0)P3(0) + 3f21(2¢1(0)p1 (0)9,(0) + $F(0)¢,(0))

+3£12($1(0)p3(0) + 21 (0)2(0), (0)).

Moreover, from Equation (69), we have

B@@ +wh) =FeO) +w0)=2 )

Jitjz=2

JJ'

= f20(91(0) + wy (0))2 + fo2(92(0) + w,(0))* + 2f11(91(0) + w1 (0))(92(0) + w,(0)).

Notice that

16
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PO +w = DOz, + W = G(0) 21V, (%) + P(O)Z2¥n, () + W
_ <¢1(9)Z1Vnc(x) + $1(0) 22, (x) + W1>
 \$2(0)21¥n, (X) + $2(0) 221, (%) + W, (75)
_ (‘Pl @) + W1>
@2(0) + w,

and
F(@@)z + w,u) = F(P(0)z +w,0)
= Y A 4 S, 0@z + O, ()
q1+qz=2

then by combining with Equations (74)—(76), we have

S2(®(8)zy, w)

= 2f20(¢1 (0)21¥n, (%) + ¢1(0) 221y, (x))w (0)

+2fo2 (¢ (0)21¥n, (%) + ¢2(0)z3¥n, (x))Wz 0)

+2f11 (($1(0)21¥n, (%) + B1.(0)Z2 ¥, (1)) W2 (0) + ($2(0)Z1¥, () + $2(0)Z2¥, (1)W1 (0) ).

4. Application to Holling-Tanner model with spatial memory and predator-
taxis

In this section, we apply our newly developed algorithm in Section 2 to the Holling-Tanner model with
spatial memory and predator-taxis, i.e., for the system (3), we let
mu(x, t)v(x,t)

f(u(x, t), v(x, t)) = u(x, t)(l — pu(x, t)) - 1+u(x,t)

(77)
g(ulx, t),v(x, t)) = sv(x, t) <1 N Zg: g)J

where f > 0,m > 0 and s > 0. Thus, the system (3) becomes

)

au((;;, f) — dlluxx(x' t) + f(u(x' t)vx(x: t))x + U(X, t)(]. - ,Bu(x, t)) — Tr]z(ri—w'x € (O,fﬂ), t>0,
ov(x,t) v(x,t) (78)

ot ).xe(O,fn),t>0,

= dyy Uy, (x, ) — d21(v(x, u,(x,t — T))x + sv(x,t) <1 — m
u,(0,t) = u,, (¥, t) = v,(0,t) = v,(¥m,t) = 0,t > 0.
The Holling-tanner model is one of the typical predator-prey models. For the ordinary differential

equation (78) with d,; = & = d,; = d,, = 0, it has been completely analyzed in study!®*?. For the diffusive

model (78) with £ = d,; = 0, the global stability of the positive constant steady state was proved in

studies*4, and the Hopf bifurcation and Turing instability have been studied in study®".

4.1. Stability and Hopf bifurcation analysis

The system (78) has the positive constant steady state E, (u,, v,), where

u, =v, = i(,/R2 +4f —R) (79)

2B
with R = f + m — 1. By combining with E, (u,, v,), (7) and (77), we have
=1-2 e = - <o
B (T R ST (50)
a21 =S >0,a22 =—-s<0.

Moreover, by combining with Equations (6), (8), (9) and (80), the characteristic equation of system (78)
can be written as

17
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I, (A) = det (M, (D) = 22 = T2+ J,,(v) =0, (81)
where
n2
T, =Tr(4) - Tr(Dl)p.
. 5 (82)

- n n
Jn(@ = (diday + d21€u*v*e"”)F — (d11az2 + dypaq1 — api§u, + d2117*a129_h)€_2 + Det(4).
Notice that the mathematical expression in Equation (82) the same as in Equation (10). Furthermore,
when T = 0, the characteristic Equation (81) becomes
A2 =T A+ ],(0) =0, (83)
where

4 n2

- n
Jn(0) = (d11d2 + d21§u*v*)€—4 — (d11az2 + dpp011 — a1 8u, + d2117*a12)€—2 + Det(4). (84)
A set of sufficient and necessary condition that all roots of Equation (83) have negative real parts is

T,, < 0,],(0) > 0, which is always holds provided that a;; < 0, i.e.,
U,

Co):l1—-2pu, ——————

( 0) ﬁu (1 + u*)z

This implies that when 7 = 0 and the condition (Cy) holds, the positive constant steady state E, (u,, v.)

is asymptotically stable for dy; = 0,§ = 0,d,; = 0 and d,, = 0. Meanwhile, if we let d,; = 0, then by
Equation (84), we denote

<0.

4 n2
Jni=dq1dy; 7 (dy1a22 + dypaq1 — (1215“*){—2 + Det(4).

It is easy to verify that T,, < 0 and J,, > 0 provided that the condition (C;) holds. This implies that when
T =0,d,; = 0 and the condition (Cy) holds, the positive constant steady state E, (u,, v,) is asymptotically
stable for d;; = 0, = 0 and d,, = 0. Furthermore, since I',,(0) = J,,(0) > 0 under the condition (C,), this
implies that A = 0 is not a root of Equation (81). Furthermore, let A = iw, (w, > 0) be a root of (81). By
substituting it along with expressions in Equation (82) into Equation (81), and separating the real part from
the imaginary part, we have

n* n?
2
Wy —Jp = <d21€u*v*€—4 —dy V.05 ﬁ) cos (w, 1),
&5
nt n?\ (85)
T, w, = d21§u*v*ﬁ —dy V.04 7z |sin (wpT),
which yields
wp + By +Qn =0, (86)
where
4 2
2 2 2\ 1 n 2 2
P, =Ty — 2], =(di; + d22)£_4 —2(dy1a11 +dpza0, + a21§u*)€—2 +ai; +aj; + 2a42a;51,
and
n* n? n* n?
Qn=\/n+ d21fu*U*F - d2117*a121?_2 Jn— d21€u*v*€—4 - d2117*a12ﬁ . (87)

Notice that for Equation (86), it is easy to see that if
either B, > 0 and Q, > 0 or P? — 4Q,, < 0,

then Equation (86) has no positive root. Suppose that

Q,>0,B, <0and P? — 4Q, > 0,
then Equation (86) has two positive roots. In addition, if

either Q,, <0orQ, =0,P, < 0orP, < 0and P? —4Q, =0,

18
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then Equation (86) has only one positive root.

Case 4.1. Tt is easy to see that if the conditions (Cy) and
(C)):P,>0andQ,, >00rP?>—4Q, <0

hold, then Equation (86) has no positive roots. Hence, by combining with the Assumption 1, we know that
all roots of Equation (81) have negative real parts when t € [0, +00) under the conditions (Cy) and (C;).

If we set the parameters as follows

?=2,dy; =2,dy;, =3,dy; =18,§ =0.06, =0.5,m =0.55s=08n=2,

then by using the MATLAB software for auxiliary calculation, we can check that the conditions (Cy) and
(C,) are satisfied. Then the function images of f(w,) = w5 + Pyw3 + Q, and f(w,) = 0 are plotted in
Figure 1 which verifies the conclusion of Case 4.1.

In the following, we mainly consider the case of Q,, < 0, that is Equation (86) has only one positive
root w,. In the following, we will discuss the case which is used to guarantee Q,, < 0 under the condition

(Co). When t > 0, according to Equations (81) and (87), we can define Q,, = I',(0)Q,, with
4 2

. n n
[2(0) = Ju(0) = (dy1d2, + d21fu*v*)ﬁ — (d11a22 + dypa11 — azi$u. + d21v*a12)ﬁ + Det (4)

and
4 2

~ n n

Qn = (d11d22 — d21€u*v*)1?—4 — (d11az; + d2z0a11 — ap§u, — d2117*a12)ﬁ + Det(4), (88)
and then by a simple analysis, we have I};(0) = J,,(0) > 0 for any n € N,. Therefore, the sign of Q,,
coincides with that of Q,,, and in order to guaranteeing Q,, < 0, we only need to study the case of Q,, < 0.

80

70 e )mw P+ Q, g
f(w )=0

60
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Figure 1. For the parameters £ = 2,d;; = 2,d,, = 3,d,; = 18,§ = 0.06,8 = 0.5,m = 0.5,5 = 0.8, n = 2, the function images of
f@2) = w3 + Py + Qr and f (w;) = 0.

Case 4.2. If (d,,d»; — dy;&u,v,) > 0 and the conditions (Cy),
(C2):Det (A) > 0,d11a5; + dia11 — A218U. — dag V052 > 0,
(dy109; + dpza11 — ap1éu, — dpyv,.a45)* — 4(dy1dz, — dyréu,v,)Det (A) > 0
hold, then from (88), Qn = 0 has two positive roots. Without loss of generality, we assume that the two
positive roots of Q,, = 0 are %, = n?/£? and &, = n%/£? with
_ A F A
Ry = ——, (39)
: 24,

19



Mathematics and Systems Science | doi: 10.54517/mss.v1i1.2289

where
1‘?1 = %11“22 j‘ dp2a11 — Ap18U, — dy1 0,015, Ay = dy1dy; — dyréuv,,
Ay = A2 — 44, Det(A).
Since %; = n?/¢? and %, = n3/¢?, thenn, = £,/%; and n, = £,/%,. By using a geometric argument,

(90)

we can conclude that
~ (<0, ny<n<ny,,
On = Tn(0)Cn {2 0, n<ny or n=n,,

where n € N. Therefore, Equation (86) has one positive root w, for n; <n < n, withn € N, where

2
W, = Py + ;)n 4Qn. (91)

Furthermore, by combining with the second mathematical expression in Equation (85), and by noticing
that a;, < 0, T,, < 0 under the condition (C), then we have sin (w,,7) > 0. Thus, by the first mathematical
expression in Equation (85), we can set

_ 1 CU% —Jn . .
Tnj = w—ﬂ(arccos <d21fu*v*(n4/{’4) — d2117*a12(n2/1,”2)> + 2]n>,n EN,j € Ng. 92)
Next, we continue to verify the transversality conditions for the Case 4.2.

Lemma 1. Suppose that (dy1d,, — dy1éu,v,) > 0, the conditions (Cy), (Cy) hold, and n; < n < n, with
n € N, then we have
dRe (A(1))
dt
where Re (A(7)) represents the real part of A(T).

>0,

T=Tnj

Proof. By differentiating the two sides of
[, (1) = det (M, (1)) =22 = TpA+ J,,(r) =0
with respect to T, where T}, and J,,(t) are defined by Equation (82), we have
da(on "t (21 —T,)e’" T
( dr ) T T Adyyv.a1,(02)07) + Ady Euv. (nt %) AT
Therefore, by Equation (93), we have
re (d/l(r)

(93)

! _R Qiw,, — T,)e'“n™i
dr |-, ; - re —iw,dy1v.a,,(n?/4?) + iw,dy  §u, v, (n*/£*)
2cos (wnrn,j) T, sin (wnrn,j) (94)

N dy1é§u.v.(n*/4*) — dyyv.a.,(n*/€?) - wn(dnfu*v*(n‘*/{"*) — dz1v.aq; (nz/fz)).

Furthermore, according to Equation (85), we have

. ( ) _ _ann
S WnTnj) = dy1§u v, (n* /%) — dyyv.a,(n?/£2)’
) 95)
wn ]TL

cos (wnTn,j) = d, éu, v, (n* /%) — dy v.a,(n%/€%)°

Moreover, by combining with Equations (94), (95) and

—P, ++ P74
wn:\/ I 2n Qn>O,Qn<O,a12<O,

we have
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dA(7)
Re ( ar

- 2cos (wnTp ;) Tosin (0,7, ;)
=1 ]> N dy1§u, v, (n*/4*) — dyyv.a.,(n?/4?) B wn(d21§u*v*(n4/€4) —dy10.ay; (le/fz))
B 203 + w, (T —2],)
- wn(d21§u*v*(n4/€4) - d21v*a12(n2/€2))2

B (dmfu*v*(n‘*/f”') - d21v*a12(n2/€2))2

This, together with the fact that
dA(7)
= si Re
T=Tp, j) s ( < dr

- (dRe (A(®)) N
sign I i
completes the proof, where sign(.) represents the sign function.

Moreover, according to the above analysis, we have the following results.

> 0.

Lemma 2. Assume that the condition (Cy) is satisfied, then

(i) if the condition (Cy) holds, then the positive constant steady state E,(u,,v,) of system (78) is locally
asymptotically stable for all T = 0,

(ii) if (dy1d2, — dy1&u,v,) > 0, and the condition (C,) holds, by denoting T, = min{‘rnlo: n,<n<ny,ne
N}, then the positive constant steady state E,(u,, v,) of system (78) is locally asymptotically stable for 0 <
T < T, and unstable for T > T.. Furthermore, system (78) undergoes mode-n Hopf bifurcations att = Ty j
forn € Nandj € Ny.

4.2. Numerical simulations

In this section, we verify the analytical results given in the previous sections by some numerical
simulations and investigate the direction and stability of Hopf bifurcation. We use the following initial
conditions for the system (78), i.e.,

u(x, t) = uy(x),vix,t) = vy(x),t € [-1,0].

The normal form of Hopf bifurcation for system (78) can be calculated using our newly developed

algorithm in Section 2, with detailed calculation procedures provided in the Appendix.

4.2.1. Mode-1 Hopf bifurcation

If we set the parameters as follows
‘g = 2, d11 = 2, d22 = 3, d21 = 18,5 = 006,B = 05,m = 0.5,5 = 08,
then we can easily obtain that

*

mu
a1 = 1- Zﬁu* - m = _0.5355 < O, dlldzz - d21fu*17* = 3.84 > 0,

Det (A) = ay1a3, — aq2a51 = 0.6627 > 0,d 105, + dyraq1 — az1&u, — dy1vaq, = 4.1814 > 0,
(d118z2 + dppa11 — a18U, — dp10.012)% — 4(dy1dp; — da1u,v,)Det (A) = 7.3041 > 0,
Therefore, the conditions (Cy) and (C,) are satisfied under the above parameter settings. In the
following, we mainly verify the conclusion in Lemma 2 (ii). Furthermore, by combining with Equation (79)
and (80), we have E, (u,,v,) = (1.4142,1.4142),
a;; = —0.5355,a,, = —0.2929,a,; = 0.8,a,, = —0.8.
By combining with Equations (89)—(92), we have n; = 0.8776,n, = 1.8935, and consider that n € N,
we have w, = w; = 0.418 and 7, = 71 = 6.1498. Moreover, by Lemma 2 (ii), we have the following

proposition.

Proposition 1. For system (78) with the parameters € = 2,dy1 = 2,d5, = 3,d,1 = 18,& =0.06,5 =
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0.5,m = 0.5,s = 0.8, the positive constant steady state E,(u,, v,) of system (78) is asymptotically stable for
0 <7 <7119 = 6.1498 and unstable for t > 1, o = 6.1498. Furthermore, system (78) undergoes the mode-
1 Hopf bifurcation at T = 7, 5 = 6.1498.

For the parameters £ = 2,d;; = 2,dy, = 3,dy; =18, = 0.06,8 = 0.5,m = 0.5,5 = 0.8, according to
Proposition 1, we know that system (78) undergoes a Hopf bifurcation at 7; , = 6.1498. Furthermore, the
direction and stability of Hopf bifurcation can be determined by calculating K;K, and K, using the
procedures developed in Section 2. After a direct calculation using MATLAB software, we obtain

K; = 0.016 > 0,K, = —0.9283 < 0,K; K, = —0.0148 < 0,
which implies that the Hopf bifurcation at 7, = 6.1498 is supercritical and stable. Whent =3 <71, =
6.1498, Figure 2a,b illustrates the evolution of the solution of system (78) starting from the initial values
ug(x) = 1.4142 — 0.1cos (x/2) and vy(x) = 1.4142 + 0.1cos (x/2), finally converging to the positive
constant steady state E,(u,,v,). Furthermore, when 7 = 8 > 7, = 6.1498, Figure 3a—d illustrates the
existence of the spatially inhomogeneous periodic solution with the initial values uy(x) = 1.4142 —
0.1cos (x/2) and vy(x) = 1.4142 + 0.1cos (x/2).

1.8
154 —
w18
bt
=145 £
1 e 1.4
5 1.
> 14 g
2 ]
& 435 p12
13, . 303 o
300 :
/(
ZON /ﬁ/ 6
100 . P . W
Time t 00 Distance x Time t g 0 Distance x
(a) (b)

Figure 2. For the parameters £ = 2,d;; = 2,d,; = 3,dp; = 18, = 0.06, = 0.5,m = 0.5,s = 0.8, when 7 = 3 < 177 = 6.1498,
the positive constant steady state E, (., v.) = (1.4142,1.4142) is locally asymptotically stable. The initial values are uy(x) =
1.4142 — 0.1cos (x/2) and vo(x) = 1.4142 + 0.1cos (x/2).
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Figure 3. (Continued).
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Figure 3. For the parameters £ = 2,d;; = 2,dy, = 3,dp; = 18,§ = 0.06,8 = 0.5,m = 0.5,s = 0.8, when 7 = 8 > 7,y = 6.1498,
there exists a stable spatially inhomogeneous periodic solution. (a) and (b) are the transient behaviours for u(x, t) and v(x, t),

respectively, (¢) and (d) are the long-term behaviours for u(x, t) and v(x, t), respectively. The initial values are ug(x) = 1.4142 —
0.1cos (x/2) and vy(x) = 1.4142 + 0.1cos (x/2).

4.2.2. Mode-2 Hopf bifurcation

If we set the parameters as follows

‘g = 3, d11 = 2, d22 = 3, d21 = 18,6 = 006,ﬁ = 05,m = 0.5,5 = 08,
then we can also easily obtain that
mu,
a1 = 1-— Zﬁu* - m = _0.5355 < 0, d11d22 - d21fu*1}* = 3.84 > 0,
Det (A) = a11a22 - a12a21 = 0.6627 > 0, d11a22 + d22a11 - a21fu* - d21v*a12 = 4.1814 > O,

(d11a22 + d22a11 - aZlfu* - d2117*a12)2 - 4‘(d11d22 - d21fu*v*)Det (A) = 7304‘1 > O

Therefore, the conditions (Cy) and (C,) are satisfied under the above parameter settings. In the
following, we mainly verify the conclusion in Lemma 2 (ii). According to (79) and (80), we have
E.(u,,v,) = (1.4142,1.4142),

a;; = —0.5355,a,, = —0.2929,a,,; = 0.8,a,, = —0.8.

By combining with Equations (89)—(92), we have n; = 1.3164,n, = 2.8403, and consider thatn € N,

we have w,, = w; = 0.6870 and 7, = 7, = 3.5361. Moreover, by Lemma 2 (ii), we have the following

proposition.

Proposition 2. For system (78) with the parameters £ = 3,d{1 = 2,d5, = 3,d,; =18, =0.06,8 =
0.5,m = 0.5,s = 0.8, the positive constant steady state E,(u,, v,) of system (78) is asymptotically stable for
0 <7 <1, = 3.5361 and unstable for T > 1,y = 3.5361. Furthermore, system (78) undergoes the mode-
2 Hopf bifurcation at T = 7,7 = 3.5361.

For the parameters £ = 3,d;; = 2,d, = 3,dy; = 18,& = 0.06,8 = 0.5,m = 0.5,s = 0.8, according to
Proposition 2, we know that system (78) undergoes a Hopf bifurcation at 7,y = 3.5361. Furthermore, the
direction and stability of Hopf bifurcation can be determined by calculating K;K, and K, using the
procedures developed in Section 2. After a direct calculation using MATLAB software, we obtain

K; = 0.0410 > 0,K, = —1.3669 < 0,K; K, = —0.0561 < 0,
which implies that the Hopf bifurcation at 7, = 3.5361 is supercritical and stable. Whent =2 < 1,( =

3.5361, Figure 4a and b illustrate the evolution of the solution of system (78) starting from the initial values
Uup(x) = 1.4142 — 0.1cos (2x/3) and vy(x) = 1.4142 + 0.1cos (2x/3), finally converging to the positive
constant steady state E,(u,,v,). Furthermore, when 7 = 6 > Ty = 3.5361, Figure Sa—d illustrate the
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existence of the spatially inhomogeneous periodic solution with the initial values uy(x) = 1.4142 —
0.1cos (2x/3) and vy(x) = 1.4142 + 0.1cos (2x/3).
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Figure 4. For the parameters £ = 3,d;; = 2,d,, = 3,dp; = 18, = 0.06, = 0.5,m = 0.5,5s = 0.8, when v = 2 < 1,5 = 3.5361,

the positive constant steady state E, (u,, v.) = (1.4142,1.4142) is locally asymptotically stable. The initial values are uy(x) =
1.4142 — 0.1cos (2x/3) and vy (x) = 1.4142 + 0.1cos (2x/3).
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Figure 5. For the parameters £ = 3,d,; = 2,dy, = 3,dy; = 18, = 0.06, = 0.5,m = 0.5,5 = 0.8, when 7 = 6 > 1, = 3.5361,

there exists a stable spatially inhomogeneous periodic solution. (a) and (b) are the transient behaviours for u(x, t) and v(x, t),

respectively, (¢) and (d) are the long-term behaviours for u(x, t) and v(x, t), respectively. The initial values are uy(x) = 1.4142 —
0.1cos (2x/3) and vy(x) = 1.4142 + 0.1cos (2x/3).
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5. Conclusion and discussion

In this paper, the diffusive predator-prey system with spatial memory and predator-taxis is proposed,

and we derive an algorithm for calculating the normal form of Hopf bifurcation for this system. As a real
application, we consider the Holling-Tanner model with spatial memory and predator-taxis. Then we study

the dynamics of this system. Firstly, the inhomogeneous spatial patterns, i.e., two stable spatially

inhomogeneous periodic solutions are found. Secondly, the supercritical and stable mode-1 and mode-2 Hopf

bifurcation periodic solutions are found by using the newly developed algorithm. Furthermore, numerical
simulations verify our theoretical analysis results and give us a more intuitive display.

It is worth mentioning that in this paper, the delay only occurs in the diffusion term, not in the reaction

form for our proposed diffusive predator-prey system with spatial memory and predator-taxis. However, the

gestation, hunting, migration and maturation delays, etc., often occur in the reaction term for the general

predator-prey models. By noticing this point, on the basis of system (3), the system

6ug;, t) = dyy Uy (x, £) + E(ulx, Ove(x, t))x + f(ulx, v),v(x, ), ulx, t — o), v(x,t — 0)),
x € (0,¢m),t > 0,
0v(x,t)

= dyy Uy (X, ) — d21(v(x, Ou,(x, t — T))x + g(u(x, t),v(x,t),ulx,t—o),v(xt— a)),
x € (0,¢m),t > 0,

at

which needs further research, where o > 0 is the delay occurs in the reaction term.
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Appendix

Remark 1. Assume that at T = T, the characteristic Equation (81) has a pair of purely imaginary roots
tiw,, with wy, > 0 forn = n. € N and all other eigenvalues have negative real parts. Let A(T) = a1(7) £
ia,(t) be a pair of roots of the characteristic Equation (81) near T = 1, satisfying a,(t:) = 0 and

a, () = wy,. In addition, the corresponding transversality condition holds.

The normal form of Hopf bifurcation for system (78) can be calculated by using our newly developed
algorithm in Section 2. Here, we give the detail calculation procedures of By, By, By, By3 steps by steps.

Step 1:

2
By = 27(0) <A¢>(0> — 25 (D1(0) + qub(—l)))

_ dll fu* _ 0 0) _ ag aip
Dy = ( 0 dzz)'DZ B (—d2117* 0 A= (a21 ‘122)'

1
¢ = a1y — iwy, — dis (nZ/€7) W=n ar — §u.(n?/¢?)
§u,(n/€?) — ag, iy, + dgp(nZ/£2) — ay;

with

Here,

with
iwn, + (nc/€)?dyy — az2
2iwy,, + (N /€)?dyy — ayq + (e /£)?dyy — Az + To012d21 V(N /£)2e710C

}7 =
Step 2:

3
By = ﬂIIJTAm
with
Az = 3f3005(0)h1(0) + 3fo3$5(0)92(0) + 321 (7 (0)P2(0) + 2601 (0)1(0)p2(0))
+3f12(291(0)92(0)92(0) + ¢1(0)p3(0)).
Here,

(1) 4.2

= —6t,m(1 +u,) v, ( ) = 6T, sU; "V,
2(11) =2t.m(1+u,)73, (2) = —4t1.su;3,,
() _ o @ _ Zrcsu* 2’

() _ o (@ _

Step 3:

1 _
By, = \/_—IIJT (52 (4’(9): ho,11(9)) + S, (¢(9); ho,zo(e)))

+ WW (S2(6(6), hang11(8)) + S2(B(6), han,20(6)) )

with
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Here,

$:((9),h0,11(8)) = 2fo001 ()RS (0) + 2fo262(0)RT; (0)
+2f11 (91 (0, (0) + b2 (OS2, (0)),
$:($0), ho20(8)) = 2£2081(0)hS0(0) + 20262 (0)h5(0)
+2f11 ($1(0)h$25(0) + B2 (0)h§2,(0)),
S5 (#(6), hang11(0)) = 2f2001 (OIS 11 (0) + 2forh(0)RSe 1 (0)
+2f11 ($1 (0 11(0) + $2(0)RS, 1,(0)),
S3(8(), hang20()) = 2f201(0)hS. 50 (0) + 225 (0)hS ,5(0)
+2f11 (‘51 (O)hgi)c,zo(O) + ¢, (O)hgz)c,zo (0)) :

(1) = =218 + 2t,m(1 + u,) 3y, f(z) =2t 5u; 3v?
(1) =—t,m(1+u,)7? ( ) = 27 5u2v,,

1 2
0(2) =0, f( ) = =27, 5u; 1.

Furthermore, we have

and

with

Here,

and

with

Step 4:

BZ3

with

(ho,zo(e) = (]VFO (lec)) Ayoe?i®cd

E
h0,11(9) = E (MO(O))_lAn

h ) :L M, (2i _114 2iw0

ZnC,ZO( ) N2 2n, iwc) 20€ )

~ -1 -~
h2nc,11(9) = (MZnC(O)) Aqq

1
V2¢m
M, (1) = AL, + t.(n/£)?D; + 1,(n/£)%e 2D, — T A.

Az = f2097(0) +_f02¢% (0) + 2f11¢1_(0)¢2 (0, ) .
Ayq = 2f5001(0)1(0) + 25202 (0)2(0) + 211($1(0)d2(0) + ¢1(0)2(0))

{Azo = Ay — Z(nc/{))zl‘lgo'
A1 = Aqq — Z(nc/f)zAch

[ 28T.01(0)2(0) N

42, - (oo raoy) =

i 4 =< 4¢7cRe {1 (006 (0)) )
"7\ ~4dy 7 cRe (¢ (~ 1), (0)})

1 _
= (/D (S (60), ho1 () + SV (G(6), ho2o )

1 . , o
t =" Z b} (sgd'”(me),hmc,u(e))+Séd'”(me),hmc,zoce)))

j=1,2,3
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nc b(z) 2n? p3 — _(ch)z

b = -
2 32 2n, 32 ' 2ne T 2

and
£7.$5(0)hSY, (0) )
—dy1 o1 (—1Dh$H,(0))
£7:6h2(0)h{,(0) )
—da1 71 (—1)h(0)
£.¢2(0)RS,) 1,(0) )
dyy Ty (-DhS 11(0))
7 (S2(0RE) 11 (0) + 31 (DR 1,0))
dante (#2(0AS 11 (1) + ¢y (=DAS 1, (@) )
E1:p1 (RS 11(0) )
dy1Tep2 (O)h5y) 11 (=1))

(-

i

( (1)

( §7eh2(0)hzn, 20(0) )
{

.

Sz(d'l) (¢(9)' ho,11(9)) =2 (
Sz(d'l) (‘5(9): ho,zo(g)) =2 (

S (¢(6), hano11(8)) =
S5 ($(6), hang11(8)) =

53°7 (#(0), hzn,11(9)) = 2
S ($(0), hyy, 9 =2
(56 hano®) dyx ey (~1DAE 50(0)
$Tc ¢2 (O)hggc 20(0) + &, (O)hgl)c 20(0)>
~dante (B2(0DAG 2o (~1) + B1(—~DAS 2o(0)) |

Er:h1 (0)hsy 50(0) )
do1 T2 (0)hS, 50(—1))

S (6(6), han,20(8)) =

S‘d P(B0), han,20(0)) = 2
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