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ABSTRACT

In this paper, we define a new subclass of bi-univalent functions of complex order Zq(‘[ ,{; @) which is defined

by subordination in the open unit disc D by using VqF (9) operator. Furthermore, using the Faber polynomial
expansions, we get upper bounds for the coefficients of function belonging to this class. It is known that the calculus
without the notion of limits is called g-calculus which has influenced many scientific fields due to its important
applications. The generalization of derivative in g-calculus that is g-derivative was defined and studied by Jackson. A
function F € A is said to be bi-univalent in D if both ' and F! are univalent in D. The class consisting of bi-univalent
functions is denoted by ¢. The Faber polynomials play an important role in various areas of mathematical sciences,
especially in geometric function theory. The purpose of our study is to obtain bounds for the general coefficients
|a,|(n = 3) by using Faber polynomial expansion under certain conditions for analytic bi-univalent functions in
subclass Y,,(7,{; @) and also, we obtain improvements on the bounds for the first two coefficients |a,| and |as| of

functions in this subclass. In certain cases, our estimates improve some of those existing coefficient bounds.
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1. Introduction

Let A be the class of functions
F(9) =9 +Za£19£, 1)
e=2

defined in D = {9 € C :|9| < 1} normalized by the conditions F(0) = F'(0) —1 = 0 for every 9 €
D and S be the subclass of 4 consisting of univalent functions in D. For every F € S there exists an inverse
function £ ! which is defined in some neighborhood of the origin, and satisfying the conditions,

FY(F(9)) =9, (9 € D)
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and,
1
F(F(@) = o, (@ <1(F);1o(F) 2 7
where,
g() = F Y w) = w—a,w? + (2a% — az)w® + —(5a3 — 5a,a; + a))w*+...= 0 + 21450)5- (2)
£=2
If both F and F! are univalent in D, then ' € A is called bi-univalent in D and the class of these
functions is denoted by o. For there are many studies in this class!' ..
Faber!” introduced a polynomial which bears his name and is very important role in geometric function

theory.

By using the expansion of this polynomial for F € S, the coefficients of its inverse g = F~1 may be
expressed as!®!

1
(@) = F7'(0) = 0+ )~y (@, a5, a0, 3)
e=2
where,
_ (=¢)! _ (=¢)! _
FJ— &-1 £-3
X1 = 2+ Die— )12 T Qe+ ))i(e—3)172 *
_ (—o)! a4 (—&)! e
(—2e+3)! (=4 2 " 2(—e+2)(e=5) *
(=¢)! _
X [as + (—& + 2)a3] + CZe 15 (e =6 as % x [ag + (—2& + 5)asay]
+ 2 a; v,
=7
such that V; with 7 <j < ¢ is a homogeneous polynomial in the variables a,,as,...,a¢". The first three

terms of X*, are
X1t =-2a, x3° =3(2a3 — as), x3* = —4(5a3 — 5aza3 + a,).
In general, for any p € 3 = {0,+1,+2,...}, an expansion of X? is
p(p—1) p! p!

P _ 5 , e
Xe =PAgyq + > Hg+(p_3)!3!H£+...+(P—S)!S!H£'
where ng = ng(az, as,...) and by Jahangiri et al.'%, (see for details!®*!1:12:13])
- m! (a I'Ll___ a He
H*(ay,az,...,0z41) = Z (az) ' ('s+1) ’ "
=0 Uit Ug:

where the sum is taken Vp,...,n. € N ={1,2,...} satisfying

Uyt t.tlUe=m,
U +2Up+..+RU=E.

Note that HE(a,, az,...,a.41) = a5.

In the rest of this paper, assume that ¢ is an analytic function with positive real part in D, satisfying
©(0) =1, ¢'(0) > 0 and (D) is symmetric w. r. to the real axis and has the expansion,
(p(l9) =1 + lplﬁ + 1p2192 + lp3'l93+... (l/)l > 0).
Let u(9) and v(9) be analytic in D with u(0) = v(0) =0, |[u(@)| <1, |[v(¥)| <1, and

2
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u(®) = 9(pr + ) ped*) and v(9) = 9(ay + ) 45 (9 € D). ®
e=2 £=2
Then!',
prsl  pesl-p, @<l g<1-q, (€N}, (6)

Jackson!!®! g — derivative, 0 < q < 1, was defined by Annby and Mansour and other researcherst!®2!:
FO)-F@®) .o
1-q)9 ’
V,F(9) = { u-a)

F'(0), 9=0"
that is,
LE®) =1+ Z[g]qagﬁf-l, )
£=2
where,
o 1-q
e=1—g [O=0 ®)

As q - 17, [j], = and V,F(¥) = F'(9).
Definition 1: For F, g, analytic in D, F is subordinate to g in D written F < g, if 3 2(¥), analytic
in D, with 2(0) = 0 and |2(9)| <1 (9 € D) such that F(9) = g(2(9)) (I € D)2,
Definition 2: For T € C* =C?{0}, 0<({ <1, 0<q<1and FE€o, FEX,(r,{¢) if for all
J,w €D :.
1+ % [Ve (F(9)) + §9V, (7, F(9) — 1] < p(¥), ©)
and
1+ % [Va(g(@)) + CwVy (Vg (@) — 1] < ¢ (w), (10)
where g(w) = F~1(w).
Note that:
1y Lq1:¢0) = L (G5 9).
2) (L= a)e @ cos0,(5¢) = 35,(C0,6030) (0<a<1, 6] <3) ywhere
eV, (F(9)) + {9V, (V,F (9))] — (acos @ + i sin )

_ Feo (1—-a)cosH <<p(19).
- i0 v + v.(V _ 0 +isind )
gEo : e [ 7(g(w)) +{w (ql(_qi()ag))s]g (acos isin@) < o)

3) limg_1- Y . (7,(0) = X (7,¢5 9) 24,
4) lilllqﬁ,l— Z(;(]., C (/)) = Z(C (/)) [25];

5) limg1- >, ((1 = a)e™ cosf,(; 18 = 3¢ o, 6; %)’ 0<a<1l0<?)
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e[F'(9) + (9F'(9)] — (acos O +isinf) 1+

<
_ Feo (1—a)cos@ 1-9
e¥g'(w) + {wg ' (w)] — (acos@ +isinf) 1+w

gEo : <
(1—a)cos@ 1-w

2. Main results
Weassumethat TEC*, 0<g<1,0<{<1 and FY) € 0.

In this section we obtain some inequalities for the function class 22q(T5 65 (/)).

Theorem 1: Let © € ZQ(T’CZ(/))' If @& =0 for 2<¢e < €—1 then,

Yy |7]
T+ Cle— 1) [y (> 3) (11)

lae| <

Proof: For functions ¥ a7 (¥) given by Equation (7) and g = F! we have:
1
1+ = [Vo(F()) + (OVg(VeF () = 1]

o0 (12)
= 1+ % Z (1+¢le—1]g) [e]queﬁf_l,
€e=2
14 [Va(g(w)) + (V4 (Vag(@)) — 1
L& (13)
= 1+> >+ ¢le—1]g) [lgAew.
€=2
Using Equation (3), we have:
1+ 2 [Vo(g(w)) + CwV(Vag(w)) — 1
B (14)
= 1+ % Z (1+¢le—1]q) [G]q%X:jl((I,Q,(Lg, e Bi)® Y,
=2 .

Considering Equations (9) and (10), there are two Schwarz functions %, ¥ - D — D with u(0) =
v(0) = 0, which are given by Equation (5), so that,

1

14— [V (F(9)) + {07 (% F (9)) = 1] = p(u(®)), (15)
1

1+~ [Va(g(@)) + {0V (,9(w)) — 1] = p(v(w)). (16)

Also, by Equation (4) we get:
d(u(®)) = 14 Yp19+ (Y1p2 + Yoep?)® + ...
= 1+ ZZ‘(/)eDf(pl,pg, D)V (9 € D), a7
e=1e=1

and,
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d(v(w)) = 14+9Yqaw+ (Y192 + fz/;2q%)w2 4.
o € E s
- 1+ZZZ/)5D§((]1,(]2,---,(]5)UJ (CLJE HD) (18)
6:1 5‘:1

Comparing the coefficients of Equations (12), (15) and (17), we get:

e-1
1
(L4 8le = Uglelge = ) BiHE s (u,pase 1 Pe) (& 2 2). (19)
=1
Similarly, from Equations (14), (16) and (18), we get:
e—1
1 1 _.
- (1+¢le—1]q) [e]qzxe_l(ag,ag, syl ] = Z'z/)eDi_l(ql,qg, ceeyQe—1) (€ >2). (20)
e=1
Now, from a, = 0 for 25exse- 1, we have Ae = —a. and the Equations (19) and (20) yield
(14 ¢le—1],) [€lgae = TY1Pe-1, o
— (1 +¢le—1q) [elqae = T¥1ge-1.

Taking the modulus of each of the two equations in Equation (21) and using Equation (6), we obtain
Equation (11).

Corollary 1: For ¢(9) = (g)“ 0<a<l), let F€224(7:G9) then

2|7
ae| < €>3). (22)
s e, Y
Corollary 2: For ¢ (9) = % 0<p<1), let’€ 224(7:$:9) then

2|7 (1 =5
1+ (e —1]g) [€elq

Remark 1: For T =1, ¢ = 17 in Corollary 2, we get results obtained by Srivastava et al.l'3], for all
0<¢<1.

la| < ( (€ > 3). (23)

Theorem 2: Let Fe Zq(T’ ¢ ¢). Then,

|(L‘>| < '1/)1\/%|T]

’ 24
(203 (1+ O + [r[Bla (1+ (2 03 — 2R (1407w .
las] < min{K(¢), L(C)}, (25)
where,
'¢1|T| X
Bla(1+¢2l,) b > 2EA+0?
£©) = Bl (1+<[210) 7|93+ [8]a (14+¢[2]0) T3 - [212 (14+€) * ¥ | Y1 2 BLOFCRIT 26)
>/ = [212(14¢) 2%, +|[8]a (1+<[2]¢) T3 — [2]2(1+¢) 2, | , .
Y , Rl a+0)”
Bl (e 2l) 0= %1 = praTeEr
and
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[¥o|T . y
Ky = { [3](,(11;-5[2],,) , Y2l > 94 . o7
BhEy o (Y2l <9
Proof: If we set € = 2 and € = 3 in Equations (19) and (20), respectively, we have
1
T [Z]q(l +a; = Yipy, (28)
1
p [31(1 + C[2]q)as = ¥1p2 + Y201, (29)
1
T [Z]q(l +a; =P1qs, (30)
and
1
;[3]11(1 +{[2]4) (203 — a3) = Y1, + Y47, 31
From Equations (28) and (30), we obtain:
P1 = —q1- (32)
Adding Equations (29) and (31), and using Equation (32), we have:
2
—[31a(1 +¢[2)q) a3 — 2ptps = Y1 (P2 + 42)- (33)
From Equation (28), we get:
2781w (L +C[21) — 20212 (1 + 0% ) a3 = T2} (02 + ). (34)

By Equations (6), (28) and (32), we obtain:

)27[3]quﬁ (1+¢[2q) — 20212 (1 + €)% ¥ Jasf?
2
< P i(pe] + lael) (35)
< 2P - ml?)
= 2>y — 20221 +¢)* ¥ |az|*.
Consequently,
2 .3
|(L2|2 < ol o

212 (1+¢)% v + | [3lg93 (1+C[2lg) — 1203 (14 Q) iy
So, we obtain the bound on |a,| in Equation (24).

Next, in order to find the bound on the coefficient |as|, by subtracting Equation (31) from Equation (29),
and using Equation (32), we get:
23141 +€121)a3 — = [31(1 +<121)as = %102 — p2). 6o
Using Equation (6), we have:
2(3]¢ (14 ¢[2]g) |as] 2(3q (1 +¢[2lg) lazl* + 2 |7| %1 (Ipal + laa)

" i 37
2(3]q (1 +C[2lg) laz|™ + 2|7| 91 (1 = |pa|%).

IAINA

From Equation (28), we get:
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Bl (1+ ¢l Irlrlasl < [P+ [Irl Bl (L+€I20) - 2021+ 0% laal®. (38)

On the other hand, from Equation (29), we have:
8ly (1 + C2Jg) lasl < 7 [2 (1 = Ipal*) + bl Ipa ] -

Consequently,
S Y L o o)
las| < { [3](,(%&+$[2](,) y |Pa] > 24 . (39)
e - el <y

Hence, from Equations (38) and (39), we obtain Equation (25).
By letting { = 0, T = 1, we have:

Corollary 3: Let F € 4(1,0;¢9)

. Then
lag| < min {K(0), £(0)}, (40)
where,
by Blavi+|Blav-25v,| 0. > 120
£)={ Ble * RRorlBlei-rgv P Bl @)
¥ , 27
[3]1[1 aO S (,/)1 S [3](1
and,
ol -y, > 9
KO)=<¢ Bl 7277 (42)
{ [ﬁ]l,, s el <9y

3. Future work

The authors suggest to fined upper bounds for the coefficients of function class 2 xa(T G @) for all
9,w €D

1
1+ [V (F(9)) + {9V, (VL F(9)) — 1] < 9(9), (43)
and,
1
1+ - [Vﬁl(g(a})) + W (Vg (@) — 1] < p(w), (44)
where,
V,{ﬁ](F(ﬁ)) =9+ Z[l + A([k]q — 1)]mak19k,/1 >0,me N, =N U {0}, (45)
k=2

is the ¢ — Al-Oboudi operator is defined by Aouf et al.?],

4. Conclusions

Throughout the paper, we defined a new subclass of bi-univalent functions of complex order Zq (7,¢59)
by using V;F(9) operator. Furthermore, using the Faber polynomial expansions, we find the initial

coefficient bounds for this function class. This paper generalized many results.
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