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Abstract: This proof-of-concept numerical study examines a metaverse rehabilitation
pathway in which a haptic device enables a patient avatar to perform a virtual task inside an
edge-rendered therapy environment. The rehabilitation loop is sensitive to communication
delay, haptic ripple, measurement uncertainty and varying patient fatigue. When the link
goes unstable, a fixed controller generally responds too aggressively and when the patient
regains smooth motion it can react too conservatively. In this regard, the paper formulates
a Fermatean fuzzy model predictive controller (FF-MPC) that updates its state penalty,
control penalty and admissible assistive force at each slot. The method does not rely on
a large corpus of linguistic rules. Instead, a compact algebraic map converts normalized
tracking error, round-trip delay, force ripple and fatigue into a Fermatean tuple and then into
a Fermatean risk index used by the receding-horizon controller. A synthetic numerical study
was designed for a shared metaverse rehabilitation room with a 20 ms sampling interval, a
two-state arm model, bounded assistive force, and delay conditions from 20 to 80 ms. Four
controllers were compared: proportional-integral-derivative control, fixed model predictive
control, type-1 fuzzy MPC, and the proposed FF-MPC. At 60 ms mean delay, the proposed
controller reduced position root-mean-square error from 39.6 mm to 22.4 mm, reduced the
peak interaction-force statistic from 22.7 N to 14.4 N, and reduced the passivity-violation
rate from 24.7% to 8.6%. The worked numerical example also shows how the proposed
method converts a single measured state into adaptive weights Q, = diag(113.53,25.15),
R, =0.0940, and an assistive action of 1.94 N. Across all uncertainty levels, the proposed
controller stayed the most compact in phase space and reached the lowest mean stage cost.

Keywords: Metaverse rehabilitation; Fermatean fuzzy sets; Model predictive control; Haptic
interaction; Network delay; Numerical simulation; Edge intelligence; Process innovation

1. Introduction

Metaverse-based rehabilitation is attractive because it combines immersion,
repetition, scoring, therapist supervision, and data logging in one loop [1-7]. In a
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practical therapy room, however, the quality of control does not depend only on
the visual task. It also depends on how quickly the state of the patient avatar is
synchronized, how stable the haptic channel remains, and how safely the controller
reacts when latency and fatigue increase [8]. A simple task to generate a movement
on the screen may introduce difficulty when cueing a desired force that arrives late
or when changing velocity abruptly. In upper-limb rehabilitation those modifications
directly influence path accuracy, fluidity and confidence of movement [9-14]. What
this means, however, for a metaverse rehabilitation platform is that optimizing
graphics or networking alone is not sufficient [15—19]. It must be careful to take a
balance of quality control and damage mitigation based on the current risk of delays
and unstable haptic exchange from very aggressive intrusive behaviour[20-25].

Classical proportional and derivative control is still used, as it is cheap and
transparent, but it is extremely sensitive to delay and often produces larger peaks
in force when the task becomes dynamic [26-28]. Fixed MPC enhances constraint
handling but still a static pair of weights Q and R presumes a static operating regime.
Regime in rehabilitation is not stationary. A patient may begin a session with high
tracking error and low fatigue and achieve a moderate error but greater muscular
fatigue twenty minutes later. It can also vary by infuse round-trip latency from 20
ms to 80 ms, without needing to change the virtual task itself. If the controller fails
to attend to these shifts, the same gains that are beneficial at one moment become
harmful or ineffective at another moment.

In this arena, fuzzy logic is beneficial as it can condense several indeterminate
signals into a single action variable [8—19]. Previous fuzzy methods usually utilize
type-1 or type-2 sets to configure gains and thresholds. Those approaches are valid,
but a metaverse rehabilitation loop is better served by an even clearer segregation
between support, opposition and ambivalence. As a remedy to this, Fermatean fuzzy
sets provide us that separation thanks to the cube-sum constraint u3 + v3 << 1, which
permits room for hesitation without compressing the uncertainty state into a single
linear score [18]. This additional degree of freedom is desirable in rehabilitation
because the controller can experience both moderate error and moderate delay at the
same time, and still be indeterminate about whether a patient is producing movement
with difficulty or just exploring a new motion pattern. A hesitation term becomes
numerically meaningful, not decorative.

This idea is used in a computationally transparent way in the present research.
Rather than creating a massive base of linguistic rules it maps the 4 normalized
indicators into the support evidence, adverse evidence and hesitancy along with those
values to create a vectorized risk index. Calculating the risk index on the cost of
MPC and merits allowing force It is an algebraic structure, which can be re-created
and so readily tabulated. This is especially important for a journal paper with strong
mathematical and numerical aspects. Requesting for simple academic language is
also consistent with the method can be given by equations instead of lengthy verbal
heuristics.

The contribution is fourfold. First, the study defines a delay-aware rehabilitation
state model for an edge-rendered metaverse loop with measured pose, force ripple
and fatigue. Second, the control weights are directly linked to a Fermatean fuzzy
risk map. Third, to maintain the transparency of our numerical workflow an open-
loop solution with closed-form Riccati recursion is employed. Finally, we present
a compact synthetic benchmark that includes delay sweeps, uncertainty-sweep
ablations, worked calculations and phase-space comparisons [29,30].
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2. Materials and Methods

2.1. System model

We consider one patient moving a haptic end-effector or rehabilitation
exoskeleton while following a metaverse target. The local physical dynamics are
reduced to a two-state model with position and velocity.

Now, this simpler model is intentionally employed as a less opaque task-space
surrogate to one of the rehabilitation coordinates rather than as an anatomical full
upper limb model. A more elaborate multi-joint representation could be expressed
in M(q)g+C(q,9)q+G(q)+F_mus(q,g,eta)=7,+7, with the joint vector given by
q, F_mus accounting for muscle and fatigue effects, 7, being the human disparity and
7, assistive robot torque. The current numerical study maintains the two-state model to
clearly isolate delay, haptic ripple and Fermatean risk adaptation such that multi-joint and
clinical validation remain as relevant future work instead of established clinical evidence.

xkz[fk} X, =Ax, +Bu, +w,, €))
k

where v, is the assistive control action and w, is the disturbance term. With a
sampling period A7 = 0.02 s, effective limb mass m = 2.0 kg, damping b = 3.4 N ¢ s/m,
and virtual stiffness £ = 16.0 N/m, the discrete matrices are

1 At 0
A= , B= : 2
ELYVESELIY A @

m m m

The measurement channel delivers delayed pose information,
Vi :C'xk-dk +17 C:[1 0]’ )
where d, €{1,2,3,4} is the delay in sample units and 7, is measurement noise.

The reference trajectory is denoted by x,ﬁef =[rk, ifk]T. The immediate tracking error
and the haptic force proxy are

€ =N = Vi f;c:keek—i_be(’;k_{}k)’ 4)
with virtual gains k, and b, used only to quantify the interaction load seen by the
controller. The force ripple is

Ae=1i —fia - (5)
Because the measurement is delayed, the controller does not act directly on Y-,

It predicts the current state by replaying the delayed control sequence:
dy -1

X k—d, =A% Xi—a, T ZAJB“/HV- . (6)

j=0

This predictor is simple and explicit. It is not the most sophisticated option, but
it makes the numerical pathway transparent and reproducible.

To investigate the prediction module, the replay predictor was also tested
against Kalman-filter, extended-state-observer and Smith-predictor variants in a
comparable 60 ms delay scenario. Although Kalman filtering gave a slightly smaller
one-step prediction error, the replay predictor was selected because it required fewer
assumptions, preserved a transparent equation-by-equation implementation, and
produced nearly identical closed-loop RMSE and passivity values. The detailed
optimization parameters in Table 1 and an architecture of robot-assisted metaverse
rehabilitation along with delay prediction, Fermatean risk evaluation, and edge-side
MPC are visualized in Figure 1.
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Table 1. Key model and optimization parameters

Quantity Symbol Value Unit
Sampling period At 20 ms
Effective limb mass m 2.0 kg
Viscous damping b 34 N« s/m
Virtual stiffness k 16.0 N/m
Prediction horizon N 10 steps
Maximum assistive force Upax 16.0 N

State weight range Gonin> Grmax 20, 140 —
Control weight range Pinins Vinax 0.03, 0.32 —
Delay upper bound Tnax 100 ms

Delay, force ripple, and patient fatigue jointly tune control aggressiveness

Edge rehabilitation Therapist
controller command console | uplinkto %
o assist level, task gain, room AP S
state, force, fatigue digital safety bounds - ’ (]
twin sync ﬁ
b - -
8
f}at‘i dz!a\: FF"l‘"PC Metaverse cue +force @
. estimator  predictor  solver i
Pai.:lent - therapy world setpoint
haptic reach trajectory %k, Tk, pk, uk are updated every 20 ms

avatar hand, target path,

.3 1.3 score, cues
Pk =V + 7T

Figure 1. System architecture of robot-assisted metaverse rehabilitation with delay prediction, Fermatean risk
evaluation, and edge-side MPC.

2.2. Fermatean fuzzy risk evaluator
The adaptive part of the controller uses four normalized indicators:

e |ek| /e, ..
Tk T/ T

AN v
o | L 6o

where 7, is the round-trip delay and ¢, is the fatigue indicator. The normalizing
constants are taken from the operating envelope of the therapy task. The weight
vector is

.
w=[w1,w2,w3,w4], w+w, +wy +w, =1, ®)

with the default setting w=[0.40,0.24,0.22,0.14] .
Supportive evidence and adverse evidence are defined by cubic aggregation,

4
5= W, (1—z,w. )3, 9)
j=1

4
b =ZWJ-Z§,,-. (10)
j=1
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The Fermatean membership and non-membership values are then

1/3
S
= | 11
. (1+sk+tk] (b
1/3
V= — (12)
g I+s, +1¢, '
so that
+1
R S S
He TV T+s,+1, (13)

The hesitation term becomes

mo=(1-1 ;)" (14)

The scalar risk index used by the controller is

1
p.=V; +Zﬂ,f. (15)

Equation (15) keeps the mapping compact. The term v; captures direct adverse
evidence. The added quarter of the hesitation mass prevents overconfidence when the
system is not clearly safe or clearly unsafe. The quantity p, lies in [0,1).

2.3. Adaptive MPC formulation
The risk index updates the state and control weights. The diagonal state penalty
is
Qk = diag(qmin +(1 _pk )(qmax _qmin )’ qv +(1 _pk )(qv,max _qv ))’ (16)
and the control penalty is
Rk:rmin+pk (rmax_}/;‘nin)' (17)
Thus, if the risk index is small, the controller penalizes tracking error heavily
and accepts stronger motion correction. If the risk index rises, the state penalty

softens and the control penalty becomes larger.
For a horizon of N steps, the optimization criterion is

Nl
ref 112 2 2 2 f 12
Ji ZZ(” Xewil k — Xk ”QA |7 ||Rk +A, T +j“ff;f+i)+” XeeNl k —Xoy . (18)
=0

The controller is subject to the state recursion

Xewirl & :Axlm\ k +B“k+i\ k> (19)
the 1nitial condition
Xl k :)Ack\ k-d, > (20)
and the force constraint
|uk+i|k|<umax (l_ozzpk) . (21)

The coefficient 0.22 was chosen numerically so that the controller still retains
meaningful authority at high risk while staying noticeably more conservative than
fixed MPC.

We further validated the parameter choices using a grid search over prediction
horizons from 6 to 16 steps, state-weight limits between 80 and 160 as well as force-
bound scaling between 0.16 and 0.30. The horizon step of 10 covers a prediction
window of 200 ms, which is longer than the examined network delay range (20-
80 ms) and thus relatively preferable, and the 0.22 scaling factor produced a lower
combined score without raising peak-force statistic.
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To expose the algebra, the Lagrangian for the unconstrained quadratic core is

written as
N-1
L = Z (xl.TQkxl. +u, R, + A (Ax, +Bu, —x,,, ))+x;PxN ) (22)
i=0
First-order optimality gives
L
a7"=2Rku,. +B' % =0, (23)
L
%zszx’ +A' A, -4, =0, (24)
with terminal condition
Ay =2Px, . (25)
This leads to the usual Riccati recursion
F=0, +AT1)1‘+1A - ATPHIB(Rk +BTPi+1B B A, (26)
and gain
K; :(Rk +BTP1‘+1B)_1 BTPMA : (27)
The implemented assistive action is
ui ==Ky (%, —xr")+0.55d, (7 —,)-0.25p, sen (%, ). (28)

The second term corrects the delayed velocity mismatch. The third term damps
the response slightly when the risk index increases. According to Fermatean risk
index and the adaptive MPC optimization problem for Equation flow from normalized

indicators is represented in Figure 2 below.

Normalized
indicators

€r = |ek‘/emax

Support / adverse

X Fermatean tuple
evidence

Sk

, _( tk )1/3
T\ 1ttty

3
E : 3
J

\ J

D N

O

= di&g(qmn 1 (1 - pk)(Qmax - qmin):

Rk = Pmin + pk(rmax - rrmin)

1/3
B oY ui-x) B w= T ™ m=(1- -

313
Pk =V T 7T}

Adaptive quadratic cost

QT (1 B pk)(%,max - qﬂ))

Receding-horizon step

AT + A fiv
ty = angminy st 4.y = A+ Bu, g g1 - 0209

The controller becomes conservative only when delay, force ripple, and fatigue rise together.

Figure 2. Equation flow from normalized indicators to the Fermatean risk index and the adaptive MPC optimization

problem.

2.4. Stability and passivity calculation

Let V, =x, Px,. For bounded disturbance w, and bounded risk p, <p <1, the

receding-horizon law yields
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ViaVes—allx, IF+Bllw P, (29)
for some positive a and S determined by the smallest eigenvalue of O, and the
largest singular value of the disturbance channel. Equation (29) is not used as a long
formal proof here. It is used to justify the numerical stability scan reported later.
A second quantity is the passivity supply,

Se=Svi (30)
If S, stays small and mostly non-positive, the haptic exchange is energetically
safe. A practical session statistic is

1

T

10518, o, 31)
T k=1

where € is a small threshold. This passivity-violation rate is the quantity reported

in the delay tables.

r

2.5. Worked numerical example

The paper includes one explicit controller update to show how the formulas are
actually used. Suppose that, at a given slot, the measured quantities are ¢, = 0.033
m, 7, = 48 ms, |Af,] = 1.60 N, and ¢, = 0.34. The normalized indicators are therefore
or =022, 74 =048 Af, =0.40, and $k=0.34. Using the default weight vector, the
support and adverse evidence from Equations (9) — (10) are

5, =0.40(0.78)’ +0.24(0.52)" +0.22(0.60)’ +0.14(0.66) =0.3113,  (32)

£,=0.40(0.22)’ +0.24(0.48)" +0.22(0.40)’ +0.14(0.34)’ =0.0504 . (33)

Then
1/3 1/3
4, =(0'3“3) =0.6115, v, =[0'0504j =0.3332, (34)
1.3617 13617
and
3 3 1/3
7, =(1-0.6115"-0.3332°) = 0.9022. (35)
The risk index becomes
p, =0.3332° +%0.90223 =0.2206 . (36)

Substituting p, into Equations (16) — (17) gives
0, =diag(113.53,25.15), R, =0.0940 . (37)

ref __

With a predicted state error X, , —%; —[—0-026,—0-122]T and gain K, =
[6.08,13.06], the control action from Equation (28) is

26
u; =—[6.08 13.06] +0.55%2x0.122-0.25x0.2206x sgn(—0.102)=1.94 N .
g 22

(38)
The below Table 2 shows the evaluated values of worked numerical updates
under one controlled slot of this study.

Table 2. Worked numerical update for one control slot

Step Symbol Value

Normalized tracking error e 0.22

Normalized delay Tk 0.48
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Continuation Table:

Step Symbol Value
Normalized force ripple Ek 0.40
Normalized fatigue a)k 0.34
Support evidence Si 0.3113
Adverse evidence t 0.0504
Membership i 0.6115
Non-membership vy 0.3332
Hesitation T, 0.9022
Risk index Di 0.2206
Adaptive position weight Oy 113.53
Adaptive velocity weight 0» 25.15
Adaptive control weight Ry, 0.0940
Feedback gain K, [6.08, 13.06]
Assistive force u, 1.94 N

2.6. Numerical protocol

The numerical study employs a common indoor physiotherapy setting in which
a single patient avatar performs reach-and-return tasks multiple times. The sampling
interval set as 20 ms and round-trip delay is swept through 20,40,60 and 80 ms using
three different levels of uncertainty. The low goes for the smooth link and accurate
force tracking. The medium level is where the representative case is tested. A high
level of uncertainty corresponds to a stronger interference amplitude, accelerated
fatigue growth, and larger force ripple. That is, at every operating point 25 runs are
performed using different draws on the synthetic noise. We compare four controllers:
PID, fixed MPC, type-1 fuzzy MPC, and the proposed FF-MPC.

The reported metrics are root-mean-square tracking error, a 95th percentile
peak-force statistic, passivity-violation rate from (31), cumulative positive interaction
energy, smoothness index, phase-space orbit size and mean stage cost. Improvement
percentages are computed by

This revision provided additional rehabilitation-oriented indicators: response lag
(from the peak cross-correlation delay between target and actual motion); interaction
impedance, calculated as root mean square (RMS) of interaction force divided by
RMS of displacement error; and a comfort-safety index combining normalized lag,
force, passivity violation, and positive energy. These quantities provide a supplement
to RMSE and passivity as they are legible rehabilitation quality measures vis-a-vis
the therapist.

— Ma _Mh 0,
Imp(a —>b)— I x100% (39)

In sensitivity analysis, the error weight in Equation (8) is set to vary from 0.28
to 0.52 with regards to which the other weights are renormalized proportionally.
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3. Results

3.1. Delay sweep

The first numerical sweep investigates the influence of increased round-trip delay
when the uncertainty level is constant at medium for the duration of the investigation.
Table 3: Position RMSE values as expected all controllers have monotone degradation
behavior. What matters is the slope. It has a horizontal range of response time from 19.4
mm to 55.2 mm for PID. The error is still high at 44.3 mm in 80 ms, but a fixed MPC
has more accuracy on this result than the type-1 fuzzy MPC (37.6 mm). Compared to
values of 12.3, 16.8, 22.4 and 29.7 mm, respectively, the forgetting factor fourth-order
MPC flattens the delay-response curve, as longer delay means higher numerical margin.
For a fixed time of 20 ms, the separation between FF-MPC and fixed MPC becomes
only 3.9 mm. This distance is equal to 14.6 mm at 80 ms.

Table 3. Position RMSE under the delay sweep

Delay (ms) PID RMSE (mm) MPC RMSE (mm) Type-1 RMSE (mm) Proposed RMSE (mm)
20 19.4 16.2 14.8 12.3
40 27.8 22.7 20.6 16.8
60 39.6 314 27.5 22.4
80 55.2 443 37.6 29.7
The below Figure 3 shows the same trend graphically based on the listed
numerical values. The most important operating point is 60 ms because it represents
a visibly delayed but still plausible simulated interactive loop. At this point, the
proposed controller improves over PID by
6224, 100=43.43%. (40)
39.6
The improvement over fixed MPC is
1A= 224 100 =28.66%. @1)
314
The improvement over type-1 fuzzy MPC is
MxlOO:IS.SS% . (42)
27.5
Position tracking error vs delay Passivity violation rate vs delay

60 -

50

40 |

30

20

35 4

30 4

25 4

20 4

)

15
10 -
20 40 60 80

20 40 60 80

~#-PID -#-MPC -#-Type-1Fuzzy MPC -#-ProposedFF-MPC ~#-PID -#-MPC -#-Type-1Fuzzy MPC -#-—ProposedFF-MPC

At 60 ms, the proposed controller reduces RMSE by 43.4% and passivity violations by 65.2% relative to PID.

Figure 3. Main delay sweep.
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As the round-trip delay grows, the proposed controller keeps tracking error and
passivity violations low. Table 4 and Table 5 summarize the peak force and passivity
protection, respectively. The same ordering appears again. Considering force, the
output of the proposed controller during an entire delay sweep ranges from 11.2 N
to 17.2 N, in contrast with PID (where it reaches from 15.8 N to 27.9 N); passivity
violations for the proposed controller remain below 12% at input delays of up to 80
ms while reaching over 31% for PID. In other words, for ideal PID control lasting 60
ms, the force improvement of the proposed over PID method is

227184 100=36.56%, 43)

22.7

and the passivity improvement is
247786 100 -65.18% . (44)

24.7

These are large margins, and they matter because delayed rehabilitation should
not trade tracking accuracy for force spikes.

Table 4. Peak interaction force under the delay sweep

Delay (ms) PID Peak Force (N) MPC Peak Force (N) Type-1 Peak Force (N) Proposed Peak Force (N)

20 15.8 13.6 12.5 11.2
40 18.6 15.7 14.3 12.9
60 22.7 18.9 16.4 14.4
80 279 22.5 19.5 17.2

Table 5. Passivity-violation rate under the delay sweep

Delay (ms) PID Passivity Viol. (%) MPC Passivity Viol. (%) Type-1 Passivity Viol. (%) | roposed Passivity Viol.

(%)
20 14.2 9.7 6.9 4.8
40 18.9 12.8 9.2 6.3
60 24.7 16.9 12.7 8.6
80 31.1 21.6 16.4 11.7

3.2. Time-domain response

Time-domain traces at the 60 ms operating point are given in Figure 4. The
traces clarify the numerical patterns without requiring additional assumptions. The
PID curve possesses the largest oscillatory envelope and the largest steady-state error
after the transient. A static MPC is more effective at damping the transient but has
residual oscillation that can be seen. Type-1 fuzzy MPC improves the response, but its
force envelope remains above that of the proposed FF-MPC. The method achieves the
smallest error envelope and lower force ripple after 0.75 s because the state penalty
is tightened during large transient errors, while the control penalty and force bound
restrict aggressive correction as delay and ripple increase.

The FF-MPC is introduced to rapidly reduce oscillatory error and restrict force
ripples during the delayed same session. We can also observe the phase portrait and
cost convergences in the time domain reduction shown in Figure 5 At the same
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time, As can be seen from the four phase-space response of the proposed controller,
they find have minimum size phase orbit. This implies that the delayed therapy loop
stays off long enough to spend less time staggering in large oscillatory excursions of
position—velocity state. It is observed from the convergence plot that for proposed
controller, mean stage cost converges to steady value quite fast. In terms of how
you can think about it (it is essential a numerical issue but not purely rhetorical): the
risk index essentially collapses uncertainty metrics into a single active penalty level,
thereby preventing an unnecessarily long period of waiting for error to also increase
before changing its behaviour.

Tracking error envelope Force envelope

40 25
~9—PID ——=MPC -e-Type-1 Fuzzy MPC -e—Proposed FF-MPC

=®-PID -8—MPC —8-Type-1Fuzzy MPC —#- Proposed FF-MPC

Figure 4. Time-domain numerical response.

Position-velocity phase portrait

Receding-horizon convergence 0.8

20 4

18 - 0.6
16 - 0.4

14 -

==

-0.6

L ————e—e—e— ,—.——.e,e.e"., LAk 08
123456 7 8 910111213 14 15 16 17 18 19 20

—-o-MPC -e-Type-1Fuzzy MPC —e-Proposed FF-MPC
-o-PID -»-MPC -e-Type-1Fuzzy MPC —e-Proposed FF-MPC

Figure 5. Iterative cost convergence and phase-space contraction.

The proposed controller converges fastest and yields the smallest closed-loop
orbit.

3.3. Uncertainty sweep

The second study keeps the mean delay at 60 ms and changes the uncertainty
intensity. Table 6 reports the RMSE values. Again, the proposed controller is best
at each uncertainty level. Under low uncertainty it yields 18.7 mm. Under medium
uncertainty it yields 22.4 mm. Under high uncertainty it yields 28.7 mm. The slope
remains moderate compared with the competing methods, especially when moving
from medium to high uncertainty, where the increase is only 6.3 mm compared with
10.2 mm for fixed MPC and 10.2 mm for PID.
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Table 6. RMSE under the uncertainty sweep

Uncertainty Level PID RMSE (mm) MPC RMSE (mm)  Type-1 RMSE (mm) Proposed RMSE (mm)
Low 31.2 24.6 21.9 18.7
Medium 39.6 31.4 27.5 22.4
High 49.8 39.9 35 28.7

Energy accumulation is reported in Table 7. The proposed method always injects
the least positive interaction energy. At the medium level, the reduction relative to
PID is

15.7-9.5

x100=39.49% , (45)

This result is useful in rehabilitation because lower unnecessary interaction
energy usually means a gentler, more comfortable assistive session.

Table 7. Positive interaction energy under the uncertainty sweep

Uncertainty Level PID Energy (J) MPC Energy (J) Type-1 Energy (J) Proposed Energy (J)
Low 12.4 9.6 8.7 7.9

Medium 15.7 12.1 10.8 9.5

High 19.3 14.9 13.2 11.6

Smoothness values are given in Table 8. The proposed controller again has the
smallest values. The advantage is not as dramatic as in passivity protection, but it
is consistent. The smoothness index grows from 1.43 to 1.94 across the uncertainty
range. Fixed MPC grows from 1.85 to 2.48. This difference is large enough to be
visible in the motion trace and is one reason the proposed phase portrait remains
compact.

Table 8. Smoothness index under the uncertainty sweep

Uncertainty Level

PID Smoothness

MPC Smoothness Type-1 Smoothness Proposed Smoothness

Index Index Index Index
Low 2.28 1.85 1.62 1.43
Medium 2.61 2.13 1.88 1.68
High 3.08 2.48 2.16 1.94

3.4. Ablation and sensitivity

Table 9 removes one component at a time. The full proposed controller achieves
the best value on every metric in the table. Removing the hesitation term increases
RMSE from 22.4 mm to 25.2 mm. Removing the fatigue channel increases RMSE to
26.1 mm. Removing the delay predictor increases RMSE to 27.8 mm and passivity
violations to 11.7%. The worst ablation is the fixed-weight version, which raises
RMSE to 30.6 mm. These numbers show that the benefit is not produced by a single
isolated element. It is the combination of predictor, fatigue term, and Fermatean
hesitation that yields the strongest result.
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Table 9. Ablation study at 60 ms mean delay

Controller Variant RMSE (mm) Peak Force (N) Passivity Viol. (%) Mean Cost
Full proposed FF-MPC 22.4 14.4 8.6 6.84
Without hesitation term 25.2 15.1 9.8 7.41
Without fatigue channel 26.1 15.7 10.4 7.68
Without delay predictor 27.8 16.6 11.7 8.12
Fixed Q,R (no fuzzy adaptation) 30.6 17.8 13.2 8.95

The sensitivity study in Table 10 varies the most important fuzzy weight, w,,
which is attached to the tracking error channel. The optimum is near w, = 0.40. Lower
values make the controller too tolerant of path error, while higher values make it too
eager to correct motion. The minimum RMSE occurs at 0.40 and the risk index there
is 0.221. Figure 6 visualizes this balance and also summarizes the percentage gains
of the proposed controller over PID at the 60 ms operating point.

Table 10. Sensitivity to the weight on tracking error

Risk weight on error wl ~ RMSE (mm) Peak Force (N) Mean Risk Index
0.28 24.1 14.8 0.255
0.34 23 14.5 0.241
0.4 224 144 0.221
0.46 22.8 14.8 0.214
0.52 23.9 15.3 0.208

Improvement summary and weight sensitivity

the best operating point is near w1 = 0.40, where error and force are jointly minimized

Relative improvement of FF-MPC vs PID at 60 ms Sensitivity to weight on tracking error
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Figure 6. Compact result summary. The proposed method delivers the largest gain on passivity protection, and its best

balance occurs near w, = 0.40.
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Table 11. Delay-prediction module comparison at 60 ms mean delay.

Prediction module

-st icti
One-step prediction error Closed-loop RMSE (mm) Passivity violation (%)

(mm)
Replay predictor used in FF-MPC 4.6 22.4 8.6
Kalman-filter predictor 4.1 22.1 8.4
Extended-state observer 43 22.6 8.8
Smith-predictor compensation 5.2 23.5 9.4

Table 11 shows that Kalman filtering gives the smallest one-step prediction
error on average, but the closed-loop difference between Kalman prediction and
the replay predictor is only 0.3 mm in RMSE and 0.2 percentage points in passivity
violation. Thus, the replay predictor was retained as an intuitive, transparent and
low-complexity option for this proof-of-concept simulation, while more advanced
predictors remain important for future nonlinear and clinical studies.

Table 12. Rehabilitation-oriented clinical indicators at 60 ms mean delay.

Controller Response lag (ms) Interaction impedance (N/m) Comfort-safety index
PID 136 62 1.000
Fixed MPC 112 54 0.772
Type-1 fuzzy MPC 96 47 0.641
Proposed FF-MPC 82 39 0.486

The additional rehabilitation-oriented simulation indicators demonstrate the
same relative trend (the proposed controller has both lowest response lag, lowest
apparent interaction impedance, and least comfort-safety burden) in the above Table
12. In a paired comparison across the 25 repetitions at the 60 ms operating point,
FF-MPC showed statistically lower simulated RMSE (p < 0.01 vs fixed MPC) and
passivity violation (p < 0.01). Bootstrap calculations of the 95% confidence interval
for RMSE reductions against fixed MPC did not include zero, indicating that the
simulated RMSE was lower than for the baseline algorithms.

3.5. Compact numerical score
To compress the multi-metric comparison into one scalar index, a normalized
weighted score is computed:

W=0.35E,,+0.25E

force

+0.25E

pssviy + 05 E gy (46)

E where each is divided by the corresponding PID value evaluated at the same
operating point. Finally, for the case with uncertainty at 60 ms, we ended up having
a score of 1.000 with intrinsic PID and fixed MPC got a score of 0.787 while type-
1 fuzzy MPC scored 0.671 and our controller had the lowest burden from this
comparison scale (final score = 0.505), which means that the proposal lowers more
than half of the weighted responsibility of session comparing to PID reference in this

context.
4. Discussion

The numerical evidence itself provides a consistent interpretation. Compared to
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PID, fixed-parameter MPC outperforms due to its more in-line structure-exploring
the rehabilitation plant and the ability of accounting deferred predictions. On the
contrary, if delay and haptic ripple begin to shift together, fixed weights become a
limiting factor. Type-1 fuzzy MPC is improved but collapses uncertainty into a final
score without direct hesitation term (we solved it using type-2 fuzzy MPD now but
this solution adds even more cost). The intermediate risk classification FF-MPC
Ist remove the dependency between all support, resistance, adverse evidence and
hesitance regional outputs before performing the final scalarisation of a risk index.
An Ablation table shows that those extra freedom degrees impact the result. In the
absence of this hesitation term, our controller becomes significantly brittle (RMSE
increase by 12.5%).

The passivity results are especially important. A controller that tracks accurately
but produces spontanecous high-force exertion should not be considered optimal in
immersive rehabilitation. In this simulation, the proposed controller performs well
not only on tracking error but also on force and passivity metrics. This is why the
compact score in (46) is useful. One narrow metric could hide that trade-off. When
the main burdens are aggregated in the multi-metric score, the proposed controller
remains best.

A helpful observation is that the optimal sensitivity point is near w, = 0.40,
which accords with intuition. That means the controller doesn’t require a delicate,
hard-to-maintain calibration. A wide neighborhood around the nominal weight still
yields strong results. That is useful in practice deployment where therapists and
engineers prefer broader settings than narrow optima.

The study has limitations. The numerical framework is simulation-based and
intentionally reduced to maintain mathematical clarity. The patient state reduces to a
vector of two dynamic variables, and the fatigue signal is a scalar measure instead of
being based on physiological modeling. Nevertheless, the study still accomplishes its
goal. It includes a complete mathematical pipeline, precise calculations, reproducible
tables and a possible path toward future implementation in edge-enabled metaverse
rehabilitation. Future work can implement electromyography or grip-strength
feedback instead of the synthetic fatigue model and can extend the plant to multi-
joint motion without altering the core risk-to-MPC formulation. Therefore, the results
should be interpreted only as numerical proof-of-concept evidence; further work
should include nonlinear multi-joint arm dynamics, physiological fatigue measures
such as EMG or grip-strength change, rehabilitation task trajectories, and clinician-
rated comfort/safety validation.

5. Conclusion

This paper introduces a Fermatean fuzzy model predictive control numerical
framework for metaverse rehabilitation. Starting from latencies in pose, force ripple
and fatigue along a previously executed buffer trajectory, the method maps it to
pro-evidence (helpful) and anti-evidence (unhelpful) in terms of a Fermatean risk
index which is then utilized to modify MPC penalties and assistive force bound. The
model is simple, algebraic and can facilitate the equation-based journal reporting.
For the synthetic rehabilitation task, the proposed controller produced (i) the lowest
RMSE, (ii) the lowest peak interaction force, (iii) the minimum passivity-violation
rate, (iv) the least total integrated energy, and (v) the smallest phase-space orbit.
Relative to PID at 60 ms, the improvements were 43.43% for RMSE, 36.56% for
peak force, 65.18% for passivity violations, and 39.49% for positive interaction
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energy. Therefore, these proof-of-concept results suggest that metaverse rehabilitation
control should be evaluated using combined criteria that include network and haptic
uncertainty, rather than trajectory error alone.
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